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ARE COVERING (ENVELOPING) MORPHISMS MINIMAL?

EDGAR E. ENOCHS, J. R. GARCÍA ROZAS, AND LUIS OYONARTE

(Communicated by Wolmer V. Vasconcelos)

Abstract. We prove that for certain classes of modules F such that direct
sums of F-covers (F-envelopes) are F-covers (F-envelopes), F-covering (F-

enveloping) homomorphisms are always right (left) minimal. As a particular
case we see that over noetherian rings, essential monomorphisms are left min-
imal. The same type of results are given when direct products of F-covers are
F-covers. Finally we prove that over commutative noetherian rings, any direct
product of flat covers of modules of finite length is a flat cover.

1. Preliminaries

This study was prompted by the following question. If f : M → M is an
endomorphism of a (left) R-module such that the restriction of f to some essential
submodule N is the identity on N , then is f an automorphism of M?

In this paper we will show that the answer is yes if the ring R is left noetherian.
In fact we will note that this question is a special case of a more general one and
that our techniques provide answers in the more general situation.

Definition 1.1 ([2, pgs. 6 and 8]). Let R be any associative ring (not necessarily
commutative). A morphism of R-modules f : M1 → M2 is said to be left (right)
minimal if any endomorphism g ∈ EndR(M2) (any g ∈ EndR(M1)) such that
g ◦ f = f (f ◦ g = f) is an automorphism.

Thus, the main concern of this paper will be the study of left (right) minimal
homomorphisms.

All rings considered in this paper will be associative and, unless otherwise spec-
ified, not necessarily commutative. For any module M , E(M) will denote the
injective envelope of M , and if the ring R is local with maximal ideal m, R̂ will
denote the completion of R with respect to the m-adic topology.

We will use the language of covers and envelopes from Xu [6]. (We note that
these notions are also known as right and left approximations [1].)

The symbols E and F will denote classes of modules closed under isomorphisms,
and such that E contains the class of injective modules and F contains the class
of projective modules. Then it is well known that E-envelopes are injective and
F -covers are surjective.

Received by the editors April 21, 1998 and, in revised form, November 14, 1998.
2000 Mathematics Subject Classification. Primary 16D10; Secondary 16D40, 13H99.
Key words and phrases. Essential submodule, superfluous submodule, cover, envelope, minimal

homomorphism, covering homomorphism, enveloping homomorphism.

c©2000 American Mathematical Society

2863



2864 EDGAR E. ENOCHS, J. R. GARCÍA ROZAS, AND LUIS OYONARTE

The next definition, which was given in [5], will be very useful throughout this
paper.

Definition 1.2. A morphism f : M1 → M2 is said to be F -covering (or covering)
if M1 and M2 have F -covers ϕ1 : F1 → M1 and ϕ2 : F2 → M2 and if some (so
every) lifting g : F1 → F2 is an isomorphism.

The morphism is said to be E-enveloping if the dual situation holds.

Remark. Note that if f : M1 → M2 is any covering (enveloping) homomorphism
and ϕ1 : L1 →M1 is any cover of M1 (ϕ2 : M2 → L2 is any envelope of M2), then
f ◦ ϕ1 is a cover of M2 (ϕ2 ◦ f is an envelope of M1).

So our basic general question is whether an F -covering (E-enveloping) morphism
f : M1 →M2 is right (left) minimal.

2. When F-covers (E-envelopes) are closed under direct sums

In this section we will assume that the classes E and F are such that the direct
sums of E-envelopes and F -covers are also E-envelopes and F -covers respectively.
We will show that under these circumstances we can give a positive answer to our
general question.

Definition 2.1. An endomorphism of modules f : M → M is said to be locally
nilpotent on M , if for any x ∈ M there exists a natural number n such that
fn(x) = 0.

Proposition 2.2. Let M be any R-module and let ϕ : M → E be an E-envelope.
If g ∈ EndR(E) is such that g ◦ ϕ = ϕ, then if g = idE + g, g : E → E is locally
nilpotent on E.

Proof. It is clear that any g ∈ EndR(E) such that g ◦ ϕ = ϕ can be written as
g = idE + g where g ∈ EndR(E) and Im(ϕ) ⊆ Ker(g).

Since direct sums of E-envelopes are E-envelopes,
⊕
NM →

⊕
NE is an E-

envelope. If we consider the map h ∈ EndR(
⊕
NE), given by

h ((xi)i∈N) = (x0, x1 − g(x0), x2 − g(x1), . . . ),

we get h ◦
⊕
ϕ =

⊕
ϕ.

Thus the map h is an automorphism and for any x ∈ E there exists an element
(xi)i∈N which is mapped onto (x, 0, 0, . . . ). It follows that xn = gn(x) for all n, so
for n sufficiently large gn(x) = 0.

We note that the above result says that E =
⋃∞
n=1Ker(g

n), or equivalently that
E = lim−→Ker(gn).

A proposition similar to the above also holds if we replace E-envelopes by F -
covers. Then, if ϕ : F →M is an F -cover and g : F → F is such that ϕ ◦ g = ϕ, g
can be written as g = idF + g with g locally nilpotent on F .

Proposition 2.3. If f : M1 → M2 is an E-enveloping homomorphism, then it is
left minimal.
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Proof. Let g ∈ EndR(M2) be such that g ◦ f = f . Then, if ϕ : M2 → E is an
E-envelope, the diagram

M1

f

}}{{{{{{{{
f

!!CCCCCCCC

M2

ϕ

��

g
// M2

ϕ

��

E
h // E

can be completed commutatively by a morphism h. This h is an automorphism
because f is enveloping, so the map ϕ ◦ f is an envelope.

Now, since ϕ ◦ f is an envelope, by Proposition 2.2 we get that h = idE +h with
h locally nilpotent on E. Let g = idM2 + g. The equality ϕ ◦ g = h ◦ ϕ gives the
equality ϕ ◦ g = h ◦ ϕ.

Therefore, for any x ∈M2 and any n ∈ N we have (ϕ ◦ gn)(x) = (h
n ◦ ϕ)(x), so,

for n sufficiently large we get (ϕ ◦ gn)(x) = 0 because h is locally nilpotent on E.
Thus we get that gn(x) = 0 since ϕ is injective, and so g is locally nilpotent on M2.

The fact that g is locally nilpotent on M2 says that the map

idM2 +
∑
i≥1

(−1)i gi : M2 →M2

is well defined. It is straightforward to prove that this morphism is the inverse of
g.

As an application we return to the problem mentioned in the preliminary section.
We are now able to say that over a left noetherian ring, the answer to this problem
is always yes.

Corollary 2.4. Let R be a left noetherian ring. If M1 is an essential submodule
of a left R-module M2 and f ∈ EndR(M2) is the identity on M1, then f is an
automorphism.

Proof. If the ring is noetherian, then any direct sum of injective envelopes is an
injective envelope. Moreover, the inclusion M1 ↪→ M2 is an enveloping morphism
(cf. [5, pg. 6]), so then apply Proposition 2.3.

The same type of results holds for covering morphisms. Following the same type
of arguments we get.

Proposition 2.5. If f : M1 → M2 is an F-covering homomorphism, then f is
right minimal.

Corollary 2.6. Let R be a left perfect ring. If S ≤M is a superfluous submodule of
a left R-module M and f ∈ EndR(M) is such that p ◦f = f (note that p : M → M

S
is the canonical projection), then f is an automorphism.

Proof. If R is left perfect, every left R-module has a projective cover and any direct
sum of projective covers is a projective cover. Moreover the projection p is in this
case a covering morphism (cf. [5, Proposition 3.2]), so apply Proposition 2.5.

It is an interesting question whether Corollaries 2.4 and 2.6 hold for more general
rings other than left noetherian and left perfect respectively. The general question
is whether E-enveloping and F -covering morphisms are always minimal.
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3. When products of F-covers are F-covers

In this section F will denote a class of modules such that any direct product of
F -covers is an F -cover.

It is easy to prove the next proposition by using dual arguments to these of
Proposition 2.2, and the homomorphism

ξ ∈ EndR(
∏

F ) ξ(x0, x1, . . . ) = (x0 − f(x1), x1 − f(x2), . . . )

instead of the given h ∈ EndR(
⊕
N F ) in Proposition 2.2.

Proposition 3.1. Let ϕ : F → M be an F-cover. Let f ∈ EndR(F ) be such that
ϕ ◦ f = ϕ and let f = idF + f (so that Im(f) ⊆ Ker(ϕ)). If

⋂
Im(f

n
) = 0, then

F ∼= lim←−Coker(f
n
). If f is an injection, then

⋂
Im(f

n
) = 0.

Example. Let R be an integral domain such that every nonzero torsion module
has a simple submodule. Then any direct product of torsion free covers is a torsion
free cover ([4, Theorem 4.1]). Let r ∈ R∗ and let M be an R-module such that
rM = 0.

If ϕ : F → M is a torsion free cover, let us define the morphism f : F → F ,
f(x) = x+ rx. It is clear that Im(f) ⊆ Ker(ϕ) and that f is an injection; then by
Proposition 3.1 F ∼= lim←−

F
rnF .

Let us now prove the dual result of Proposition 2.5, for which we will need the
following lemma.

Lemma 3.2. Let f : M1 → M2 be a covering homomorphism and let g : M1 →
M1 be such that f ◦ g = f . If g = idM1 + g and if

⋂
Im(gn) = 0, then M1

∼=
lim←−Coker(g

n).

Proof. If we note that
∏
f :

∏
n∈NM1 →

∏
n∈NM2 is also covering, we see that

a straightforward modification of the proof of Proposition 3.1 gives the desired
result.

Proposition 3.3. Let f : M1 → M2 be an F-covering homomorphism such that
for every homomorphism g : M1 →M1 with f ◦ g = f it is true that

⋂
Im(gn) = 0

when g = idM1 + g. Then f is right minimal.

Proof. By Lemma 3.2 M1
∼= lim←−Coker(g

n) so M1 is complete with the topology
having the Im(gn) as neighborhoods of 0. Then if t : M1 → M1 is defined by
t =

∑
n≥0(−1)ngn we see that t is well defined. Then it is easy to check that

t = g−1 and so g is an automorphism.

At this point it is natural to raise the question of which conditions (on the ring
or on the class) guarantee that a direct product of F -covers is still an F -cover.
This question has been studied for certain classes of modules over particular rings;
for example, the class of torsion free modules over integral domains [4]. Using the
techniques developed in this paper we give another partial result in this direction
in Theorem 3.7. We will consider the class F of flat modules over a commutative,
noetherian ring. We recall that a left R-module C (over any R) is said to be
cotorsion if Ext1(F,C) = 0 for each flat left R-module F .

The proof of the following lemma is straightforward.

Lemma 3.4. Let M be a module over a commutative ring R, and let E be an
injective R-module. Then the module HomR(M,E) is cotorsion.
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Theorem 3.5. Let R be a local commutative noetherian ring and A an R-module
of finite length. Then there exists a morphism ϕ : R̂n → A which is a flat cover of
A as an R-module, for some n ∈ N. Furthermore, Ker(ϕ) ⊆

∏n
i=1 mR̂.

Proof. Since A is of finite length, it is an R̂-module and, furthermore, as an R̂-
module it is Matlis reflexive. We know that over a local ring every finitely generated
module has a projective cover, which is actually a free cover since over local rings
all projective modules are free. So there exists a projective cover ϕ : R̂n → A of A
as an R̂-module.

Let C be the kernel of such a cover. Then C is a finitely generated R̂-module,
and so Matlis reflexive. Furthermore, Cν is an artinian R̂-module, which implies
that HomR̂(Cν , E(Rm )) = HomR(Cν , E(Rm )) (note that the injective envelope of
R
m as an R-module is the same as an R̂-module, so we can write E(Rm )), thus
C ∼= Cνν = HomR(Cν , E(Rm )). Therefore, by Lemma 3.4 C is a cotorsion R-
module, and then ϕ : R̂n → A is a flat precover of A as an R-module.

Now it is known that any R-homomorphism R̂n → R̂n is also an R̂-homo-
morphism, so since any R̂-homomorphism f : R̂n → R̂n with ϕ ◦ f = ϕ is an
automorphism, we get that ϕ : R̂n → A is in fact a flat cover of A as an R-module.

For the rest note that ϕ = ϕ1 + · · · + ϕn where ϕi = ϕ ◦ ki (ki : R̂ ↪→ R̂n

denotes the ith injection). So Ker(ϕ) *
∏n
i=1mR̂ if and only if ϕi = 0 for

some i. But in this case the morphism f : R̂n → R̂n given by f(x1, . . . , xn) =
(x1, . . . , xi−1, 0, xi+1, . . . , xn) is such that ϕ ◦ f = ϕ, so that f must be an auto-
morphism, which it is not since it is not a monomorphism.

Corollary 3.6. Let R be a commutative noetherian ring and A an R-module of
finite length. Then there exists a flat cover of A of the form ϕ :

⊕k
i=1 R̂

ni
mi →

A where mi are maximal ideals of R and k, ni ∈ N. Furthermore Ker(ϕ) ⊆⊕k
i=1

(⊕ni
j=1 miR̂

)
.

Proof. Since A is of finite length, by the Chinese Remainder Theorem it can be
written as A = A1 ⊕ · · · ⊕ As, where each Ai is annihilated by a power of some
maximal ideal mi of R. Thus, to get a flat cover of A we just need to find one for
each Ai. But each Ai is naturally an Rmi -module. Hence Ai as an Rmi -module
has a flat cover of the form R̂nimi → Ai. But then it is easy to see that this is
also a flat cover as an R-module. For if F is a flat R-module, any linear F → Ai
gives an Rmi-linear Fmi → (Ai)mi = Ai. So, we can factor through R̂nimi → Ai.
Hence, we have a flat precover as R-modules. Since any R-linear R̂nimi → R̂nimi is
also Rmi-linear, in fact we have a flat cover as R-modules. If we now appeal to
Theorem 3.5 and use the fact that finite sums of flat covers are flat covers (see [3,
Proposition 4.1] or [5, Proposition 2.8] for a simple proof) we get the result.

Theorem 3.7. Let R be a commutative noetherian ring, and {Ai; i ∈ I} a family
of R-modules of finite length. If ϕi : Fi → Ai is a flat cover for all i, then

∏
ϕi :∏

i∈I Fi →
∏
i∈I Ai is a flat cover.

Proof. First we note that by the last corollary we can suppose Fi =
⊕ti

j=1 R̂
αij
mij

and Ker(ϕi) ⊆
⊕ti

j=1

⊕αij
k=1 mijR̂mij .

Now we know that the product of flat covers is a flat precover since the class of
flat modules is closed under direct products (R is noetherian). We only need to
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show that if f :
∏
i∈I
⊕ti

j=1 R̂
αij
mij →

∏
i∈I
⊕ti

j=1 R̂
αij
mij is such that

∏
ϕi ◦ f =

∏
ϕi,

then f is an automorphism.
Such a homomorphism f can be written as f = id+f , where Im(f) ⊆ Ker(

∏
ϕi)

⊆
∏
i∈I
⊕ti

j=1

⊕αij
k=1 mijR̂mij . Since R̂mij is complete with respect to the mij-adic

topology for all i, j, then
∏
i∈I
⊕ti

j=1 R̂
αij
mij is also complete. From this fact it is

easy to see that
∏
i∈I
⊕ti

j=1 R̂
αij
mij
∼= lim←−Coker(f

n
).

Therefore, we can conclude that the map g =
∑
n≥0(−1)nf

n
is a well-defined

morphism of R-modules, and g = f−1, so f is an automorphism.
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