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ABSTRACT. We investigate the behaviour of Auslander-Reiten sequences of
modules over a finite dimensional algebra over a field £ under base field exten-
sion. It is proved that an Auslander-Reiten sequence splits into a direct sum
of Auslander-Reiten sequences provided the extension is separable in the sense
of MacLane.

1. INTRODUCTION

Throughout this paper R denotes a finite dimensional algebra over a field k and
RE) =R ® K, where k C K is a field extension. We investigate the behaviour of
the functor

(1.1) (-) @k K : mod(R) — mod(R¥))

on almost split sequences and irreducible maps in the category mod(R) of right
finitely generated R-modules. The main result is Theorem 3.8 asserting that after
applying the functor (1.1) to a minimal almost split map in the category mod(R)
we obtain a direct sum of minimal almost split maps in the category mod(R¥)) if
the extension k C K is separable in the sense of MacLane [4], [3]. Using this result
we obtain an alternative proof of the result of Jensen and Lenzing [4], that the
algebra R is of finite representation type provided R is also and the extension
k C K is MacLane separable.

In Section 4 we consider the following problem: determine components D of the
Auslander-Reiten quiver of mod(R¥)) such that if D contains a module defined
over k, then all modules in D are also defined over k. We prove in Proposition 4.12
that stable and semi-stable infinite components containing a cycle of irreducible
maps have the above property. We also make some observations of this kind in the
case when the algebra R is hereditary.

Throughout this paper given any Artin algebra A (see [I]) we denote by rad A
the Jacobson radical of A and by A°P the algebra opposite to A. All modules
considered are right finitely generated. By mod(A) we denote the category of right
finitely generated A-modules. Given an A-module X we denote by rad X and soc X
the radical and the socle of X respectively. By I' 4 we denote the Auslander-Reiten
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quiver of A, 74 = DT'r, 7, = T'rD are the Auslander-Reiten translates in mod(A).
By a component of I"y we mean a connected component of I 4. We often identify
vertices of I'4 with A-modules. An arrow X — Y in I'y4 has valuation (a,b) if a
is the multiplicity of X as a direct summand in the domain E of the minimal right
almost split morphism £ — Y and b is the multiplicity of Y as a direct summand
in the codomain E’ of the minimal left almost split morphism X — E’. For further
notation related with Auslander-Reiten quiver and almost split sequences we refer
to [I.

Following [6] we denote by sT'a (resp. ;T'a, rI'4) the stable (resp. left stable,
right stable) part of I'4 obtained by removing 74-orbits of projective and injective
modules (resp. projective modules, injective modules). A connected component of
s[4 (resp. (T4, -I'4) is called a stable (resp. left stable, right stable) component of
I"4. By a semi-stable component we mean a left stable or right stable component.

If C is a connected subquiver of I'y and X and Y are vertices of C, then the
distance from X to Y in C is by the definition the minimal length dist¢(X,Y") of
a (non-oriented) path in C connecting X with Y. The distance is zero if and only
fXY.

Let k£ C K be an arbitrary field extension. Given an embedding v : X — Y of
k-vector spaces we shall identify X ®; K with the image of v ® K. For simplicity
we shall write X9 instead of X ®; K. If X has an additional structure of an
algebra or a module, then X ) has the structure induced by the structure of X.

2. PRELIMINARY FACTS

In this section we collect some observations concerning the behaviour of the
category mod(R) under the action of the functor (1.1). Note that this functor is
exact. We shall say that an R )-module X is defined over k provided X is
isomorphic to Y5 for an R-module Y.

Lemma 2.1. If P is a projective R-module, then PUS) is a projective R -module.
Each indecomposable projective R -module is a direct summand of PY) for some
projective R-module P.

The proof is obvious. O
Lemma 2.2. (a) For any R-modules X, Y and i > 0 the canonical homomorphism
Extiy(X,Y) @ K — Extly ) (X5, y(K))

is an isomorphism. The isomorphisms are natural with respect to homomorphisms
X -X,Y->Y.

(b) For any right R-module X and left R-module Y and i > 0 the canonical
homomorphism

Torly (X, Y) @5 K — Tork e, (X ),y (H))

is an isomorphism. The isomorphisms are natural with respect to homomorphisms
X—-X,Y->Y.

Proof. (a) The statement follows easily for X = R and then for X projective. If X
is arbitrary, consider the projective resolution

P, .. p % p 0
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of X. By applying to P, the functor (—)®y K we obtain by Lemma 2.1 a projective
resolution of X*). The complexes Homg(P,,Y)) and Hom px) (PiK),Y(K))
are isomorphic. The assertion (a) follows since the functor (=) ®x K : mod(k) —
mod(K) is exact.

The proof of (b) is analogous. O

Lemma 2.3. (R°P)) = (RU)Y°P and for any R-module X there exists a natural
isomorphism Homy, (X, k) @x K = Hompg (X5, K) of (RY))°P-modules.

The proof is routine. O
The following corollary is a direct consequence of Lemmata 2.3 and 2.1.

Corollary 2.4. If F is an injective R-module, then E) is an injective RF-
module. Each indecomposable injective R -module is a direct summand of EU)
for some injective R-module E. O

Lemma 2.5. Let X,Y be R-modules.

(a) If X is indecomposable, then X is a direct summand of Y if and only if X %)
and Y5 have a common nonzero direct summand.

(b) X 2V if and only if XF) =y (K),

(c) If X is indecomposable and XE) ~ X, @ Xy with X1, Xs nonzero, then X,
and Xo are not defined over k.

Proof. (a) The “only” part is obvious. For the proof of the converse implication we
assume that X5 and Y5 have a common nonzero direct summand. It follows
that there exist RU)-homomorphisms f : X&) — Y() and g : YE) — X(K)
such that gf is a nonzero idempotent in End g (X)), Tt follows from Lemma
2.2 that there exist f; € Homg(X,Y), g; € Homgr(Y, X), \i,pt; € K, i =1,...,r,
j=1,..,ssuchthat f = >0, fi®Xand g =37, g;®u;. We treat the canonical
isomorphisms from Lemma 2.2 as identities. Then gf = >.._; E;Zl 95 fi @ Niptj.
Since this is a nonzero idempotent and the ring Endg(X) is local, it follows that
for some i, j the homomorphism g; f; is invertible in Endg(X). Thus X is a direct
summand of Y.

Statement (b) follows directly from (a).

(c) If X, is defined over k, say X; = Y5 for an R-module Y, then by (a) X is
a direct summand of Y. Comparing the lengths of X and Y we obtain X 2 Y and
X5 =0, a contradiction. O

3. MACLANE SEPARABLE EXTENSIONS AND ALMOST SPLIT SEQUENCES

A crucial role in our considerations will be played by field extensions separable
in the sense of MacLane; see Definition 3.1 below. The significance of this class of
extensions for the representation theory of algebras was observed in [4].

Definition 3.1 (|3, Chapter IV, Definition 3]). A field extension & C K is
MacLane separable if chark = 0 or chark = p > 0 and K is linearly dis-
joint from kP over k, that is, the natural homomorphism K ®j k= — K kP
is bijective.

Here kP ' is the subfield of the algebraic closure of k consisting of elements x
such that 2 € k. We consider K and kP as subfields of the algebraic closure K
of K. O
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Lemma 3.2. Ifk C K is a MacLane separable field extension and A is a semisim-
ple finite dimensional k-algebra, then AT is a semisimple K -algebra.

Proof. The assertion follows from a result of Jensen and Lenzing [4] that the global
dimension of a k-algebra is preserved under a MacLane separable extension of the
base field k. However for convenience of the reader we present an alternative proof
of semisimplicity of A¥) which does not use model theoretical arguments.

It is enough to prove the assertion in the case of A being a division algebra. If A
is a field, then by [3, Chapter IV, Theorem 23] we know that A) has no nonzero
nilpotent elements. Since A) has finite dimension over K, it follows that A< is
semisimple.

If A is not a field, then by [2, Theorem 4.2.1] there exists a maximal subfield
k € L C A such that L ®z4) A = M, (L), the full n x n matrix algebra with
coefficients in L, where n = [A : Z(A)] and Z(A) is the center of A. Hence

L®Z(A) A®kK§Mn(L®k K)

Since L ®j, K is semisimple, it follows that the algebra M, (L ®j K) has no nonzero
two-sided nilpotent ideals so A ®;, K has no nonzero two-sided nilpotent ideals.
Thus A ®;, K is a semisimple K-algebra. O

An immediate consequence of the above lemma is the following fact.

Lemma 3.3. (a) (rad R)%) C rad R(),
(b) (rad R)) =rad R¥) if k C K is MacLane separable extension.

Proof. Statement (a) follows immediately since rad R and consequently (rad R)()
are nilpotent ideals in R and R respectively. To prove (b) it is enough to observe
that it follows from Lemma 3.2 that the algebra R /(rad R)¥) is semisimple if
k C K is a MacLane separable extension. [l

Remark 3.4. The assumption that k& C K is MacLane separable is essential. Con-
sider the following example from [3]. Let k be a field of characteristic 2 containing
an element ¢ being not a square of an element of k. Let K = k§/t) = k[S]/(S% —t).
Then K ®; K is commutative but contains a nonzero nilpotent element 1®s—s®1,
where s is the residue class of the variable S. Hence it is not semisimple. O

Corollary 3.5. (a) If X is an R-module, then (rad X)) C rad X5) and if the
extension k C K is MacLane separable, then (rad X)) = rad X %),

(b) If X is an R-module, then soc X %) C (soc X)) and if the extension k C K
is MacLane separable, then soc X (%) = (soc X )(F),

(¢) If P — X is a minimal projective cover of X in mod(R), then the induced
homomorphism PY) — X ) is g minimal projective cover of X 5 in mod(R¥).

(d) If X — E is a minimal injective envelope of X in mod(R), then the in-
duced homomorphism X — EU) 4s a minimal injective envelope of X5 in
mod(R(5)).

Proof. The proof of (a) follows from the well-known fact that for a finitely generated
module X over a finite dimensional algebra R we have rad X = Xrad R. Statement
(b) follows dually whereas (c) and (d) are direct consequences of (a), (b), Lemma
2.1 and Corollary 2.4.

It follows immediately from the above corollary that if

P1—>PQ—>X—>0
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is a minimal projective presentation of X in mod(R), then the induced sequence
PR P x B 0

is a minimal projective presentation of X ) in mod(R(K)). This observation to-
gether with Lemmata 2.1, 2.2 and 2.3 yields the following corollary.

Corollary 3.6. For any X in mod(R) there exist isomorphisms (TpX)U) =
oo X ) and (77 X)) = Tg(K)X(K). O

Now we turn to the main question of this section. We shall deal with almost
split sequences in mod(R) and apply the functor (1.1) to them. Let us precede the
main theorem by the following lemma.

Lemma 3.7. Let A and B be rings with 1 and let S be an A-B-bimodule which
is simple as a left A module and as a right B-module. Given a natural number
n € N let A, and B, be the full n X n matrix rings with coefficients in A and
B respectively. Consider S, = S ®p B, 2 A, ®4 S as an A,-By-bimodule with
the obuvious structure. Then for any element s = [s;;] € S, there exist invertible
elements a € A, and b € B,, such that asb is a diagonal element of S, that is,
asb = [s};], where sj; =0 fori # j.

Proof. The proof follows from the observation that we can diagonalize the element

[si;] by elementary row and column transformations. O

Theorem 3.8. Let X — Y be a minimal left (resp. right) almost split homomor-
phism in mod(R) and the extension k C K be MacLane separable. Then the induced
homomorphism X5 — Y ) js isomorphic to a direct sum of minimal left (resp.
right) almost split homomorphisms in mod(RY)). In particular, if

0—X—F—Y—0

is an Auslander-Reiten sequence in mod(R) and Y 5) = @7 | Z; with indecompos-
able modules Z;, then the induced exact sequence

00— X&) _L,pE) _,yE) _,q
is isomorphic to the direct sum of Auslander-Reiten sequences
0— 7T 2Zi— F;,— Z; —0
fori=1,...r.

Proof. Assume first that Y is projective and not simple. Then the embedding
radY — Y is the minimal right almost split morphism. Thus the assertion follows
by Corollary 3.5 (a). In case of a minimal left almost split morphism starting from
an injective non-simple module X we proceed dually.

Now consider the case of Y non-projective and let

e: 0—RY — F—Y —0
be the Auslander-Reiten sequence ending at Y. Consider the induced sequence
e o —)TR(K)Y(K) — B Ly o,

It is well known (see [Il Chapter V, Proposition 2.1], [12, proof of Theorem 11.27])
that e is represented by an element of the two-sided socle S of the Endgr(7rY)-
Endg(Y)-bimodule Exth(Y,7zY). It follows from Corollary 3.5 (b) that S is
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the two-sided socle S’ of the End gx) (g Y F))-End g (Y ))-bimodule
EXt}%(K) (Y(K), TR(K) Y(K))

and the sequence e(®) is represented by an element ¢ € S’.

Fix a decomposition Y (¥) =~ @::1 Z; into indecomposable R5)-modules Z;. It
follows from Lemmata 2.1 and 2.5 that the modules Z; are not projective. This
decomposition induces a direct sum decomposition

n
Ext e, (Y, 7ra0 YI) = @) Extihao (Zis Troo Z5).
i,j=1

Observe first that S’ = @ijl Sij, where S;; = S’ N Ext}w{) (Zi, Truo) Zj) for
i,j = 1,...,n. This follows from the fact that p)sp; € Extpoo (Zi, Trao Z;) 0 S” for
any s € S’, where p; and pg are the composition of the canonical maps @l":l 7z —

n n n .

Zi — @1 Zand @, TR Z1 — TruZ; — @, Truo Zi respectively for
,j=1,...,n.

Next assume that Z; 22 Z;. We show that S;; = 0. Take an arbitrary element
145 of Si; representing an exact sequence

0— Ty Zj — X — Z; — 0.
If this sequence does not split, then there is a commutative diagram

0 — T4 — F; — Z; — 0

I

0 — Tr4; — X — Z; — 0

where the first row is an Auslander-Reiten sequence. Since the homomorphism g
is not an isomorphism, it follows that 7;; is not annihilated by rad End zx) (Y(K ))
from the right and thus 7;; ¢ S;;.

Moreover it follows from [I, Proposition 2.2 that if Z; = Z;, then S;; coin-
cides with the two-sided socle Ej of the Endgx) (Tra) Z;5)-End gx) (Z;)-bimodule
Ext}%(K) (Z;i, Truo) Zj). This bimodule is simple as a left End ) (Tpx) Z;)-module
and as a right End px) (Z;)- module and its nonzero elements represent almost split
sequences

0—>TR(K)Zj —>F—>ZIL—>O

We claim that for any n = [n;] € S’ there exist invertible elements f €
Endpx) (Y(K)) and g € Endgx) (TR(K)Y(K)) such that if gnf = [mj], then 7;; = 0
for i # j.

Since, as we have shown, S;; = 0 if Z; 2 Z;, without loss of generality we may
assume that 77 = ... = Z,,. Then our claim follows from Lemma 3.7.

We have just proved that the sequence

0 — TRt yE L ) Ly g
is isomorphic to the direct sum of exact sequences
0—>TR(K)Zi—>Fi—>Zi—>O

represented by elements 7;; € Sy for i =1,...,n.

Assume that some 7;; is zero. It means that Z; is a direct summand of F; and
since E) = @7_| F; it follows by Lemma 2.5(a) that Y is a direct summand of
E, a contradiction.
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It follows that all elements 7;; are nonzero and they correspond to almost split
sequences in mod(R(%)) (see [12, Theorem 11.27]). O

4. APPLICATIONS TO IRREDUCIBLE MORPHISMS
AND AUSLANDER-REITEN SEQUENCES

Lemma 4.1. Assume that the field extension k C K is MacLane separable. As-
sume that X is an R-module and X %) = @7 | X, is a decomposition into in-
decomposable direct summands. If there exists an irreducible morphism X; — Z
(resp. Z — X;) in mod(RU)) and Z is indecomposable, then there exist an in-
decomposable R-module Y and an irreducible morphism X — Y (resp. ¥ — X)
such that Z is a direct summand of Y 5.

Proof. If there exists an irreducible morphism X; — Z in mod(R9)), then X; is
not simple injective and hence by Corollaries 2.5 and 3.5(b) X is neither. Moreover
it follows from Theorem 3.8 that Z is a direct summand of E(X), where E is a
codomain of the minimal left almost split morphism X — FE in mod(R). We take
for Y an indecomposable direct summand of F such that Z is a direct summand of
Y () In case of an irreducible morphism Z — X; the proof is analogous. O

Proposition 4.2. Assume that the field extension k C K is MacLane separa-
ble. Let X,Y be indecomposable R-modules and let X(F) = @;1 X{“’,Y(K) =
@‘;:1 ij’, where the modules X1, ..., X, (resp. Y1,...,Ys) are indecomposable and
pairwise nonisomorphic.

(1) The following conditions are equivalent.

(a) There is an irreducible morphism X — Y in mod(R).

(b) For any 1 < i <r there exist 1 < j < s and an irreducible morphism X; — Y
in mod (R,

(c) For any 1 < j < s there exist 1 < i <r and an irreducible morphism X; — Y
in mod (R(9)).

(d) For some 1 <j <s and1l <i<r there is an irreducible morphism X; — Y
in mod(RU)).

(2) If the above conditions (a)—(d) hold and the arrow X — Y in T'r has valua-

tion (a,b), then
S
n;a = Z m;a;;
j=1

foranyi=1,..,r and
T
mjb = Znibij
i=1

for any j =1, ..., s, where (a;j,bi;) is the valuation of the arrow X; — Y; in I'guo
if such an arrow ezists and a;; = b;; = 0 otherwise.

Proof. Assume that there is an irreducible map X — Y and the corresponding
arrow in I'g has valuation (a,b). Consider the right almost split morphism
XX —-Y

where X’ has no direct summand isomorphic to X. By Theorem 3.8 the induced
homomorphism
(X(K))a o X'(K) _, y&E)
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splits into a direct sum of minimal right almost split morphisms Z; — Y; for
j=1,...,s and since each X, is a direct summand of some Z; the condition (b) in
(1) follows. We have just shown the implication (a)=-(b). Moreover, calculating
multiplicities of X; and Y; in the direct sum decompositions of (X#))e ¢ X'(K)
and Y (5) we easily obtain the first equality in the statement (2). Observe that the

module X'¥) has no direct summand isomorphic to X; by Lemma 2.5.
The implication (d) = (a) follows from Lemma 4.1 and 2.5(a). The remaining
implications in (1) as well as the second equality in (2) can be proved analogously.
O

Remark 4.3. The result above as well as Theorem 3.8 has flavour similar to the
results of I. Reiten and Ch. Riedtmann [8] 4.1] concerning relationships between
irreducible maps and almost split sequences over an Artin algebra A and a skew
group algebra A * G. It would be interesting to work out a universal framework
containing these facts.

Proposition 4.4. Assume that the field extension k C K is MacLane separable.
Let C be a connected component of T'g. There exists a family {Ds}scs of connected
components of I gxy having the following properties.

(1) If X belongs to C and X5 decomposes into a direct sum of indecomposable
R _modules X1, ..., X, then for each s € S there exists 1 < i < r such that X;
belongs to Ds. In particular the family {Ds}ses is finite.

(2) For any s € S each module in Dy is a direct summand of Y5 for some Y

in C.

Proof. For {Ds}scs we take the family of those connected components of T' )
which contain at least one direct summand of the module Y¥) for a module Y in
C.

(1) Let Y be a module in C and Y’ an indecomposable direct summand of ¥ (%)
lying in Ds. We shall prove that X; belongs to Dy for some 1 < ¢ < r. We proceed
by induction on the distance distc(X,Y) of X from Y in C.

If this distance is zero, that is, X = Y, there is nothing to prove. Assume the
distance is positive and there is an irreducible morphism X — Z or Z — X in
mod(R) with diste(Z,Y) < diste(X,Y). Consider the case X — Z; the remaining
one is analogous. Let Z(F) = @‘;zl Z; with Z; indecomposable. By the induction
hypothesis Z; belongs to D, for some 1 < j < s. By Proposition 4.2 there exists
an irreducible morphism X; — Z; for some i and hence X; belongs to Dy as we
required.

The assertion (2) follows directly from Lemma 4.1. O

By Lemmata 2.1, 2.5 and Corollaries 2.4, 3.6 an indecomposable R-module X
belongs to a Tr-orbit of a projective (resp. injective) R-module if and only if each
indecomposable direct summand of X ) belongs to a Trx)-orbit of a projective
(resp. injective) RUS)-module. Hence the Proposition 4.4 is also valid for a stable
(resp. semi-stable) component C of I'g.

Proposition 4.5. Assume that the field extension k C K is MacLane separable.
Let C be a stable (resp. semi-stable) component of T'r. There exists a family
{Ds}ses of stable (resp. semi-stable) components in Ty having the following
properties.
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(1) If X belongs to C and X5 decomposes into a direct sum of indecomposable
RY) _modules X1, ..., X, then for each s € S there exists 1 < i < r such that X;
belongs to Ds. In particular the family {Ds}ses is finite.

(2) For any s € S each module in Dy is a direct summand of Y for some Y
inC.

If C and {D,}scs are as Proposition 4.4 or 4.5, we denote by C*) the subquiver
USES DS Of FR(K).

The following result is due to Jensen and Lenzing [4] (see also [5, Proposition
12.38, Corollary 12.39)).

Corollary 4.6. Assume that the field extension k C K is MacLane separable. If
R is of finite representation type, then the algebra RY) is of finite representation
type and each indecomposable R -module is a direct summand of a module X )
for some indecomposable R-module X .

Proof. The quiver I'g has only finite components. It follows by Lemma 2.1 and
Proposition 4.4 that each connected component of I'p(x) containing a projective
R™)_module is finite. Thus by well-known arguments (see e.g. [T, Chapter IV,
Theorem 1.4]) we see that the algebra R is of finite representation type and
each component of I'p(x) contains a projective module. The remaining statement
of the corollary follows again by Proposition 4.4. O

C R

Example 4.7. Let R = (O R

). The Auslander-Reiten quiver I'p has the fol-

lowing form:

P(2) E(2)

The valuations of the arrows are marked at the above figure. By P(i) (resp. E(i))
we denote the indecomposable projective (resp. injective) R-module corresponding
to the idempotent matrix e; having 1 at the (¢,¢)-th place and zeros elsewhere.

C 0 C
The algebra R(® is isomorphicto [ 0 C C | and the Auslander-Reiten quiver
0 0 C
I"ge has the following form:
P'(1) E'(1)
/ N\ /
P'(3) E'(3)
N\ / \
P'(2) E'(2)

Here P’(i) (resp. E’(i)) denotes the i-th indecomposable projective (resp. injective)
R©)-module.

Proposition 4.8. Assume that the field extension k C K is MacLane separable. If
C is a connected component (resp. stable, semi-stable component) of T'r in which all
arrows have trivial valuations, X is a module in C such that X %) is indecomposable,
then for each Y in C the induced module Y %) is indecomposable. In particular
CE) = C as translation quivers and each module in C5) is defined over k.
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Proof. We proceed by induction on the distance of Y from X in C. If the distance
is zero, then X = Y and there is nothing to prove. Let Z be a module in C such
that diste(X, Z) < dist¢(X,Y) and there is an irreducible morphism ¥ — Z or
Z —'Y in mod(R). Consider the case of Y — Z; the remaining one is dual. Then
by the induction hypothesis the module Z) is indecomposable. Assume that
Yy (K) o~ @P._, Y™ where the modules Y7, ...,Y, are indecomposable and pairwise
nonisomorphic. It follows from Proposition 4.2 that for any 7 = 1,...,r there
is an arrow Y; — Z5E) in T p) and if (a;,b;) is the valuation of this arrow,

then a = Z;Zl mja;, where (a,b) is the valuation of the arrow ¥ — Z in I'p.

Since a = 1 by our assumption, it follows that » = 1 and m; = 1 and Y5 is
indecomposable. [l

Example 4.9. Let £ C K be the field extension from Remark 3.4 and let R =
k[z]/((x? + t)™) for some natural m. The Auslander-Reiten quiver of R has the
form

kla]/((2® + ™) = klz]/(@*+0)™7h) = . = kla]/(@® +1).

The algebra R is isomorphic to K[z]/(z + s)*™, where s is an element of K such
that s? = t. Hence the Auslander-Reiten quiver of RU) has the following form:

Klz]/((x +5)*™) — Klz|/((x+s)*™ 1) = ... = Kla|/(z+s).
Observe that not each module in this quiver is defined over k.

Lemma 4.10. Assume that the field extension k C K is MacLane separable. Let
A be the path algebra of a connected quiver QQ with coefficients in K and let D be a
connected component in I' 4. If a module X in D is defined over k, then all modules
i D are defined over k.

Proof. 1t is easy to check that all preprojective and preinjective modules are defined
over the prime subfield of K.

Assume that D is regular. Let X = Y¥) be an indecomposable module in D
and let C be the connected component of I'g containing Y. It is clear that C is
a regular component in the Auslander-Reiten quiver of kQ and by [1, Theorem
IV.4.15] either D is a stable tube or it is isomorphic to ZA (see [I, Chapter VII.4]
for the notation). Then the statement follows from Proposition 4.8. O

Recall (see e.g. [10]) that an R-module is exceptional if it is indecomposable and
has no selfextensions.

Corollary 4.11. Let A be the path algebra of a quiver Q with coefficients in an
algebraically closed field K and let D be a component in T's. If D contains an
exceptional module, then all modules in D are defined over the prime subfield of K.

Proof. Without loss of generality we may assume that D is regular. By results of
Ringel [10], see also [I1], we know that an exceptional module is defined over the
prime subfield F' of K. Since prime fields are perfect, the extension F© C K is
MacLane separable and our claim follows by Lemma 4.10. O

We finish with a proposition describing a class of stable and semi-stable com-
ponents of I'px) having the similar property as connected components of the
Auslander-Reiten quiver of a hereditary algebra.
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Proposition 4.12. Assume that the field extension k C K is MacLane separable
and assume that D is an infinite stable (resp. semi-stable) component in I e
containing a cycle of irreducible morphisms. If there is a module X in D defined
over k, then each module in D is defined over k.

Proof. Let X = Y ) for an indecomposable R-module Y and consider the stable
(resp. semi-stable) component C of I'p containing Y. Then by Proposition 4.5 D
is a connected component of C%¥). Next we note that there is a cycle of irreducible
morphisms in C. Indeed, let

X1i—2Xo—-Xg—>...—- X, - Xy

be a cycle in D and X is direct summand of Yi(K) for an indecomposable R-module
Y; in C. It follows by Lemma 4.1 that then there is a cycle

Y1 - Y5 —->Y5—>...—=Y, -V

in C.
Now by results of S. Liu (see [7], [6]) each arrow in C has trivial valuation and
hence by Proposition 4.8 each module in D is defined over k. O

We finish the paper with the remark about the case of an algebraic separable
extension k C K.

Proposition 4.13. Assume that the extension k C K is separable algebraic. Then
any RE) -module is a direct summand of a module defined over k. Any connected
component of the Auslander-Reiten quiver T gix) is a component of C5) for a con-
nected component C of I'g.

Proof. The proof follows [4]. Take an R)-module Y. We shall prove that Y is a
direct summand of a module defined over k. The module Y is defined over a finite
extension of k; hence we can assume that the extension k£ C K is finite separable.
Then the K-K-bimodule K ®; K is semisimple and the trivial K-K-bimodule K
is a direct summand of K ®; K. The module Y has a natural structure of an
R-module. The module Y ®, K 2Y ®k K ®; K which is defined over k contains
Y as a direct summand.

The remaining statement follows now from Proposition 4.4. O
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