PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 128, Number 10, Pages 2835-2842

S 0002-9939(00)05464-2

Article electronically published on March 2, 2000

SEMIGROUPS AND WEIGHTS
FOR GROUP REPRESENTATIONS

MOHAN S. PUTCHA

(Communicated by Ronald M. Solomon)

ABSTRACT. Let G be a finite group. Consider a pair x = (x4, x—) of linear
characters of subgroups P, P~ of G with x4+ and x_ agreeing on PN P~.
Naturally associated with x is a finite monoid My. Semigroup representation
theory then yields a representation 6 of G. If 0 is irreducible, we say that x is
a weight for §. When the underlying field is the field of complex numbers, we
obtain a formula for the character of 6 in terms of x4+ and x—. We go on to
construct weights for some familiar group representations.

1. INTRODUCTION

A basic theme of representation theory is the construction of an irreducible
representation from a linear character (degree 1 representation). In particular, this
has been accomplished for finite Lie type groups in the defining characteristic by
Curtis, Steinberg and Richen; cf. [5]. Reinterpreting these results, Alperin [I] came
up with his famous weight conjectures for irreducible modular representations of
arbitrary finite groups.

Motivated by semigroup representation theory [3l Chapter 5], we proceed in this
paper in a completely different way. For a finite monoid M, the irreducible repre-
sentations are indexed by the irreducible representations 6 of maximal subgroups
H of M. We have noted in [13] that 6 gives rise to representations 64,60_ (of the
same degree) of subgroups P, P~ of G. We observe that even in the situation of
irreducible modular representations of a Lie type group [5], a linear character 8 of a
Levi subgroup L lifts to linear characters 64 and 6_ of associated opposite parabolic
subgroups P, P~. In this situation there is an associated Lie type monoid [14]. In
the ordinary representation theory of the symmetric group S,, (cf. [0, Section 28]),
the irreducible representations are indexed by pairs of linear characters—one trivial
and one alternating—of two Young subgroups of S,,. In this case too, there is a
naturally associated monoid. Let e be the primitive idempotent associated with
the Young diagram and let J = S,eS,,. Then

M =5,uUJu{0}
is a monoid and all idempotents in J are conjugate, a special property shared by
monoids of Lie type.
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Let G be a finite group with a pair of linear characters x = (x4, x—) of subgroups
P, P~, with x4, x- agreeing on P N P~. We then construct a monoid M,, which
gives rise to a representation 6 of G. When @ is irreducible, we say that y is a
weight for 6. Over C, we determine the character of 6 in terms of x4 and y_. After
developing the general theory we construct weights for the Steinberg representation
and the unipotent representations of GL,,(F,).

2. SEMIGROUPS AND WEIGHTS

In this section we introduce our notion of a weight of a group representation,
related to semigroup theory. We begin by reviewing some relevant semigroup theory.
Let M be a finite monoid with unit group G. For a,b € M, Green’s relation J is
defined as: a J bif MaM = MbM . For a J-class J of M, we can form a semigroup

JO=JU{0}
where for a,b € J,

ab if ab € J,
aob=
0 ifabée J

We can then also form the monoid
M(J)=GuU.J°

Our interest is in the situation when J° is not null, i.e. J has an idempotent e. In
much of our work, beginning with [10], the following opposite “parabolic” subgroups
have played a significant role:

. P = P(e) = {z € G|ze = exe},
L P~ =P (e) = {z € Glex = exe}.

Let H = H(e) denote the unit group of eMe. Then we have homomorphisms
0r: P— H,6_: P~ — H, agreeing on PN P~ given by:
(2) 0+(p) =pe, 0-(q9)=eq forpeP, ge P".
The data (I)), () does not uniquely determine the monoid M(J). However, we
have shown (11} Theorem 1.1], [12] Theorem 1.3]) that if all the idempotents of
J are conjugate, then M(J) is uniquely determined by (), (). We then denote
M(J) by M(G,P,P~,H), with 64,d_ understood to be part of the data.

Let F' be an algebraically closed field. By a linear character of G, we will mean
a representation of degree 1, i.e. a homomorphism into F*. Let Irr G denote the
set of irreducible representations of G over F. If § € Irr G, we let  denote the dual
representation: 0(g) = 6(g~')*. Let M = M(J) and assume that the characteristic
of F' does not divide |H|. Let FM, F'J denote the contracted semigroup algebras
of M and J, respectively. Thus the zero of J is the zero of F.J. Clearly F.J is an
ideal of FM. By semigroup representation theory ([3], [4] Chapter 5]),

FJ= @ A,
oclrr H

FJ/rad FJ = @ By
Oclrr H

3)

where

Ba = .Aa/l“ad.Ag
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is a simple algebra. Here “rad” is the radical. Since FJ/rad F'J is an ideal of
FM/rad FJ, we have irreducible representations 0: FM — By, 6 € Irr H. These
then restrict to representations 6 of G, 6 € Irr H. We refer to [I3] for details. Of
particular importance to us is the situation when 6 is a linear character. Then we
have linear characters y; = 6 oy and xy_ = # od_ of P and P, that agree on
PNnpP.

We now reverse the above analysis. Let P, P~ be subgroups of a finite group
G. Let x4,x— be linear characters of P and P~ that agree on PN P~. Let
X = (X+,Xx-). Now the subgroup H of F* generated by x4 (P) and x_(P7) is a
finite group of order not divisible by the characteristic of F'. We can therefore form
the monoid M, = M(J) = M(G, P,P~,H); cf. [T1, Theorem 1.1]. Let 7: H — F*
denote the identity map. As in @), let

Ay = Ax, B, = B,
“ A, = FG + A,.

Then Ax is the algebra over F' generated by G and an idempotent e, subject to the
relations:
5) pe=x+() e, eq=x-(q)-e forpe P, ge P,

ege=0 ifgeqG, g¢ P P.
A, is the span of GeG and is an ideal of AX. It will be convenient for us to view
x also as a function with support P~ P:

© x(qp) = x—(@)x+(p) ifpeP qe P,
x(g)=0 ifge G\P P.
Let the right cosets of P~ and left cosets of P be, respectively,
P ay,...,P an,
(7) 1 m
biP, ..., b, P.

Then A, is a Munn algebra in the sense of [4, Section 5.2] with sandwich matrix,
(8) A=Ay = (x(aibs)).

We have the representation 7: G — B,. If 7 is irreducible, then we say that
X = (X+,Xx—) 1s a weight (for 7) and define

9) [X] = D x-] = 7.

Let 0: G — GL(n, F) be an irreducible representation. Let M, (F') denote the
algebra of all n x n matrices over F. Let € be a primitive idempotent in M, (F').
We may assume that e = [} J]. Let g € G. Then

RS |

If @ # 0, then A has an LU-decomposition:

(10) A=LU, L—[)C( 3},U—{g vﬂ

We will say that G has LU-decomposition with respect to € if L,U can be chosen
to be in 0(G) for all g € G with ef(g)e # 0.
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Theorem 2.1. Let 6: G — GL(n, F') be an irreducible representation. Then

(i) 0 has a weight if and only if G has LU-decomposition with respect to some
primitive idempotent € of M, (F).

(i1) 0 =[x+, x—] with x as in (@), if and only if for some primitive idempotent € of
Mu(F), and allp € P, g € P~, g€ G\P™P, 6(p)e = x+(p)e, €(q) = x—(q)e
and €f(g)e = 0.

Proof. First we prove (ii). Suppose 6 = [x4, x—]. Then By, = M, (F). By (@), the
conditions are satisfied with € being the image of e. Conversely if the conditions are
satisfied, then by (), 6 extends to a homomorphism from le to M, (F) by sending
e to e. It follows that B, = M, (F') and that § = [x].

We now prove (i). Suppose G has LU-decomposition with respect to a primitive
idempotent € of M, (F). Let

P ={x € Glf(x)e = ef(x)e},
P~ ={x € G|f(z)e = eb(z) = eb(x)e}.

Let p € P. Since € is primitive, 8(p)e = x4 (p)e for some x4 (p) € F*. Similarly
for ¢ € P~, €0(q) = x—(q)e for some x_(q) € F*. Then clearly x,x_ are linear
characters of P and P, agreeing on PNP~. If g € G, then by definition, ef(g)e # 0
implies that ¢ € P~ P. By (ii), x = (x+,Xx-) is a weight for §. Conversely, if
0 =[x+, x—], then by (ii), G has LU-decomposition with respect to some primitive
idempotent e of M, (F).

Example 2.2. Let G be a finite Lie type group defined over IF,. Let S denote
the set of simple reflections. For I C S, let Pr, P, ,L; denote the associated
opposite parabolic subgroups and Levi subgroup, respectively. By [5], there is a 1-1
correspondence between the irreducible representations of G over F' = Fq and pairs
(I,\), where I C S, and ) is a linear character of L;. If a representation 6 of G
corresponds to (I, A), let x4 = Xody, x— =Aod_, where6y: Pr — Ly, 0_: P —
L; are the natural homomorphisms. Then by [I4] and Theorem 2], 6 has weight

(X+,x—)- In this case (x—, x+) is also a weight, but in general [x_, x+] # X+, x-]-
This is because Pr need not be conjugate to P; . Contrast this with Theorem Bl

Theorem 2.3. Suppose x = (x+,X—) is a weight. Then

(i) X =(X_,Xy) is also a weight and [X] = x].
(ii) The degree of [x| is equal to the rank of the matriz A, of ().

Proof. Ax is given by the relations in (). AY is the algebra generated by G and
an idempotent €, subject to the relations:

ge=X_(q)e, ep=X,(p)e forpe P, g€ P,

ege=0 forge G, g¢ PP™.
The map sending e to € and g to g1, g € G, yields an anti-isomorphism between
A, and Ay. This yields a natural anti-isomorphism between B, and By. It follows
that ¥ is a weight and that [X] is the dual of [x].

By [3] or [4, Chapter 5], the degree of [x] is equal to the rank of the sandwich
matrix which is given in (§). This proves (ii). O
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3. COMPLEX REPRESENTATIONS

In this section we will let F' = C. If ¢, 9 are characters of G, then the intertwining
number is

1 -
(0. %) = 1y > wlg)v(g).
geqG
If o is a character of a subgroup P of G, then the induced character is
1 _
P16 =5 D elaga™)
| | zeG
zgr~leP

Theorem 3.1. Let x = (x+,x—) be a weight. Then

(i) (x—,x+) is also a weight and [x] = [x—, x+]-
(i) Let [x] have degree m. Then with the notation (G)), the character & of [x] is

given by:
m _
£(g) = il Z x(zgz1).
zeG

Proof. (1) We have an anti-automorphism of CG given by:
(11) (Zay9)* = Sa,gt

This anti-automorphism fixes the central idempotents and hence the blocks of CG.
By Theorem 1] G has LU-decomposition relative to a primitive idempotent € in
the block of [x] such that

pe =x+(pe, eq=x-(q)e, peP qeP,

(12) .
ege=0 ifge G\P™P.

Then €* is also a primitive idempotent in the block of [x] and
€p=x+Pe, g =x-(9)¢’, peP qeb,
e*ge* =0 ifgdg PP™.
By Theorem 23], (x_, x+) is also a weight for [x].
(ii) Now CG is a semisimple algebra with
(13) CG= P ¢
oclrr G
where the simple algebra Cy is the block of . The identity element of Cy is:
1 _
(14) =g > 6.
| | zeG
Let m = [x] and let v: G — C be defined by
g) = xlzgz™)

zeG
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where x(g) is as in ([B). Then clearly v is a class function of G. By Theorem 2]
Cr has a primitive idempotent € satisfying (I2). Then for 6 € Irr G, 0 # T,

0=-enp (by (13))

= €T)p€

- ﬁ > 0(g)x(g)e (by (6), (12), (14)).

gea
Since 6 is a class function we see that
Z 0(g)x(xgz™") =0, z €@.
geG

Summing over all z € G, we see that (0,v) = 0. It follows that - is a scalar multiple
— m

of 7. Since (1) = |G|, we see that 7 G = &. This completes the proof. O

We now obtain a sufficient condition for x = (x4, x—) to be a weight. Let

(15) ey => xlg)g™"

g€G
Theorem 3.2. Suppose ey, has rank 1, i.e. dime,CGe, = 1. Then x is a weight
and € = de‘é[‘X] €y 15 a primitive idempotent of CG. The corresponding representation

of Ay is obtained by sending e to €.

Proof. Let
1 _ 1 _
(16) Q=L e=m Y x@d
pEP qeEP~
Then
|PN P
(17) e% = €1, e% = €9, €169 = Wex.

By (),
€261 = €5¢] = (€162)".

So by ([I4), €€, €261 are rank 1 elements of C, for some m € Irr G. Since Cj is
a simple algebra, the rank 1 elements of C, form a [J-class of the multiplicative
semigroup of C,. So by [4, Chapter 3], if a,b, ¢ are elements of rank 1 in C,, then

(18) ab, bc # 0 = abc # 0.
Let p € P,q1,q2 € P~. Then since x4, x— agreeon PN P~
qpgz =1=p=q; a3 € PNP~ = x—(q1)x+@)x-(g2) = L.

It follows that the coefficient of 1 in es€;1€5 is non-zero. Hence exe1e2 # 0. Similarly

e1e2¢1 # 0. So by (I8),
(6162)2 = (6162)(6261)(6162) 75 0.

By (@), Ei # 0. Since €, has rank 1, ei = ae,, for some a € C,ar # 0. So € = éex

is a primitive idempotent of C, The linear operator E: CG — CG given by
E(z) = ex, x € CG,
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is idempotent of rank degn. By (IH), F has trace % Hence a = d‘g‘w. By (9,
(I,
(19) pe=x+(p)e, eq=x-(g)e forpe P, ge P .

Let x € G,p1,p2 € P,q1,q2 € P~. Then

piq1zpege = 1= 27! = pagopiqn.

Hence the coefficient of 1 in exe is equal to the coefficient of 7! in €2 = €. Since
exe is a scalar multiple of €, we see by ([5) that

(20) exe#0=z € P P.

By (@), @0) and Theorem 1], x is a weight and [x] = #. This completes the
proof. O

Corollary 3.3. If (x4+ 1 G,x— 1T G) =1, then x = (x+,x-) s a weight of the
representation corresponding to the common component of x+ T G and x— T G.

Proof. Let m be the common component of x4 T G and x— T G. Let C,n, be as in
(@), ([4), respectively. Since (x4 T G,m) =1 = (x_ 1 G, w), we see by Frobenius
reciprocity that n,:€; and n,€2 are primitive idempotents and that nge;ea = 0 if
0 € Irr G, 6 # 7. Hence

€162 = Nr€1€2 = (Nr€1)(Nr€2)

is a rank 1 element of C.. Hence by (), €, has rank 1. By Theorem B2, x is a
weight. O

Example 3.4. Let G = S,,, the symmetric group of degree n. Let «, ' be dual
partitions of n, and [a] the associated irreducible representation of S,,. Let S, So
be the associated Young subgroups with S, NS, = 1. Let x4 be the trivial char-
acter on S, and let x_ be the alternating character of S,. By [8, Theorem 2.1.3],
(x+ 1 G,x— T G) = 1 with the character of [« being the common component.
Hence by Corollary B3] (x4,x—) is a weight for [a]. We also note that €, as in
(I3) is the associated Young Symmetrizer; cf. [6] Section 2], [7, Section 4.1].

Example 3.5. Let G be a finite Lie type group with opposite Borel subgroups
B,B~. Let U denote the unipotent radical of B. Let U’ denote the product of
the positive root subgroups not corresponding to the simple roots. Let x4 be a
linear character of U lifted from a non-degenerate linear character of U/U’, as in [2]
Chapter 8]. So x4+ T G is the Gel'fand-Graev character of G. Hence the irreducible
components of x4 T G have multiplicity one and are the regular characters of G.
Let x— be the trivial character of B~. Then the Steinberg character occurs with
multiplicity one in xy_ T G and the irreducible components of x_ T G are among the
unipotent characters of G. By [2, Chapter 12], the Steinberg character is the only
character of G that is both regular and unipotent. Hence (x4 1 G,x—- 1 G) =1
with the Steinberg character being the common component. By Corollary B3]
(X+,Xx—) is a weight for the Steinberg representation of G.

Example 3.6. Let G = GL,(FF,). We can combine Examples B.4land B.5lto obtain
weights for all the unipotent representations of G. Let «, o’ be dual partitions of n
and let S,, S, be associated Young subgroups with S, NSy = 1. Let P,, P, be
parabolic subgroups with Weyl groups S, So/, respectively. We may assume that
P, consists of block upper triangular matrices. Let L, denote the Levi subgroup
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of block diagonal matrices of P,. Let U denote the group of unipotent upper
triangular matrices. Let U’ denote the normal subgroup of U generated by root
subgroups with the root not corresponding to a simple reflection of S,. Let x4+ be
a linear character of U obtained by lifting a non-degenerate linear character of the
abelian group U/U’ to U. Thus x4+ 1 P, is equal to the Gel'fand-Graev character
of L, lifted to P,.

Since S, NS, =1, Py N L, is a Borel subgroup of L. Hence, for some o € S,
o071 (Py N Ly)o consists of lower triangular matrices. Let P, = 0! Pyo and let
X— be the trivial character on P, . Then

X+|Ump(; :X7|Ump<;a X+ TG x-1G) =1

By Corollary B3, xo = (x4, Xx-) is a weight. Thus [x], @ a partition of n, are all
the unipotent representations of G.

Let G be a finite group of Lie type. The unipotent characters of G have been
studied in detail by Lusztig [9]. Finding weights for these unipotent representations
remains an open problem.
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