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DISTINCT SUBSET SUMS AND AN INEQUALITY
FOR CONVEX FUNCTIONS

YONG-GAO CHEN

(Communicated by David E. Rohrlich)

ABSTRACT. In this note we prove an inequality for convex functions which
implies a conjecture of P. Erdds about a finite integer set with distinct subset
sums.

Let ap < a; < --- < a, be positive integers with sums Y 1"  €a; (¢, = 0,1)
different. P. Erdés conjectured that
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This conjecture was proved by Ryavec (see [1]). Several different proofs are given
in [4] by A. Bruen and D. Borwein, O.P. Léssers, M. Edelstein and Esther Szekeres.
Hanson, Steele and Stenger [3] proved that

for all a > 0. Frenkel [2] further improved this by proving

n n
(1) > fla) <) f(2)
i=0 i=0
for any convex decreasing function. In this note we prove an inequality for convex

functions. (1) is a special case of the inequality.

Theorem. Let f be any given convex decreasing function on [A, B] and o, a1, -+,
Qn, Bo, B1y -+, Bn real numbers in [A, B] with

k k
ap <y < < ap, ZaiZZﬂi7 k=01, ,n.
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Then
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Proof. We transform ag, a1, -« -, a, into o, o, - -+ , o, and then use induction on
n. The case n = 0 is clear. Let

1 1 (< : |
(5:m1n{ﬁ(B—an),]+—1 ZO&i-Zﬁi :]:0,17-..77’}—1}
=0 =0

and o = oy — (¢ = 0,1,--- ,n—1), al, = ap +nd. Then «af,a}, -, sat-

isfies the condition of the theorem, and either o), = B (in this case we say that

jo=mn-—1) or {(’:0 af = gozoﬂi for some jp, 0 < jo < n — 1. Thus both
g,y al 5 Bo, By By and o gy s Bg g1, - oo, B satisfy the condi-
tion of the theorem. By the induction hypothesis we have
Jo Jo n n
D fa) <Y fB), Y e < Y f(B).
i=0 i=0 i=jo+1 i=jo+1
Hence
n n
> fle) <> F(B)
i=0 i=0
Further,

S Flei) < 3 F(d) = flag —8) + -+ flany — ) + fla +nd)
=0 =0

follows from the property of the convex function

fla=7)+f(B+7) > fla) + f(B)
where A < a—v<a< (< 8+v < B. This completes the proof. O

Remark. By taking g(z) = —f(z), —f(B — z) and f(B — ) we may derive sim-
ilar inequalities for concave increasing, concave decreasing and convex increasing
functions respectively.
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