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A “UNIVERSAL” DYNAMICAL SYSTEM GENERATED
BY A CONTINUOUS MAP OF THE INTERVAL

DAVID POKLUDA AND JAROSLAV SMÍTAL

(Communicated by Michael Handel)

Abstract. In this paper we show that there is a continuous map f : I → I
of the interval such that any ω-limit set W of any continuous map g : I → I
can be transformed by a homeomorphism I → I to an ω-limit set W̃ of f .
Consequently, any nowhere-dense compact set and any finite union of compact
intervals is a homeomorphic copy of an ω-limit set of f .

1. Introduction

Let I = [0, 1] be the unit interval in R and let C(I, I) denote the class of contin-
uous functions from I to I. For f ∈ C(I, I), f0 is the identity function, and for any
positive integer n, the n-th iterate fn is defined by fn = f ◦ fn−1. A set W ⊂ I is
called an ω-limit set for f if there is an x ∈ I such that W is the cluster set of the
sequence {fn(x)}. Denote this set by ωf (x), and let ωf be the class of all ω-limit
sets of f . Any W ∈ ωf is a non-empty closed subset of I and f(W ) = W .

The following characterization of ω-limit sets is due to Agronsky et al. [1]: a
non-empty compact set W ⊂ I is an ω-limit set of a map f ∈ C(I, I) if and only
if W is either a finite collection of compact intervals or nowhere dense (by interval
we mean a non-degenerate one, exceptions are stated explicitely). Recall that the
necessary condition was proved already in the sixties by Sharkovsky [8]; a simpler
proof of the sufficient condition is given in [5]. In fact, [5] contains a stronger result:
any infinite nowhere dense compact set W is an ω-limit set of homoclinic type for
a suitable continuous map of I. A characterization of sets in ωf , for any fixed
continuous f , is given in [3]; it involves a transportation condition on the sets. The
system ωf equipped with the Hausdorff metric is a compact set [3].

In view of the above-mentioned facts there is the following natural problem:
how large can the system ωf be? In [7] Keller gives a simple example of a function
f : I → I continuous everywhere except for a single point such that any nowhere
dense compact set F ⊂ I has a homeomorphic copy F̃ in ωf ; the corresponding
homeomorphism can be extended to the whole of I. By Evans et al. [6], if f ∈
C(I, I) has periodic orbits of all periods, then any non-empty countable compact
set has a homeomorphic copy in ωf . This homeomorphism, however, cannot be in
general extended from F to the whole interval I. In this paper we prove that there
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is a “universal”continuous function, up to homeomorphisms of the interval, solving
a problem formulated by A. M. Bruckner (cf., e.g., [4]). Our main result is the
following one.

Theorem 1.1. There is a map f ∈ C(I, I) such that, for any non-empty compact
set F ⊂ I which is either nowhere dense or is the union of finitely many non-
degenerate intervals, there is a homeomorhism ϕ of I such that ϕ(F ) is an ω-limit
set of f .

Clearly, the condition “up to homeomorphism” cannot be omitted, and the func-
tion involved cannot be simple. In our case f is strongly irregular, having infinite
variation on any open interval which intersects a Cantor set Cf . Moreover, the
ω-limit sets of f which are contained in Cf form our universal system for infinite
nowhere dense ω-limit sets. Instead of Theorem 1.1 it is more convenient to prove
the following equivalent statement.

Theorem 1.2. There is a countable family of maps fn ∈ C(I, I), n = 1, 2, . . . ,
such that, for any non-empty compact set F ⊂ I which either is nowhere dense or
is the union of finitely many non-degenerate intervals, there is a homeomorhism ϕ
of I such that ϕ(F ) is an ω-limit set of fn, for some n.

The equivalence follows by the “diagonalization” method. Assume that Theorem
1.2 is true, and let {In} be pairwise disjoint compact intervals in I. Let f ∈ C(I, I)
be any map such that f |In is conjugated to fn (i.e., fn ◦ ψ = ψ ◦ (f |In), where ψ
is a homeomorphism In → I). Then f is the universal function from Theorem 1.1.
The converse implication is obvious.

Remark 1.3. For any positive integer k, it is easy to find a continuous map which
has an ω-limit set consisting of exactly k disjoint compact periodic intervals and
hence, a k-cycle. So, to prove Theorem 1.2, it suffices to show that it is true for
the infinite nowhere dense compact sets F .

In this paper we use standard terminology and notation (see, e.g., [2]). However,
some notions should be fixed. A Cantor set is any nowhere dense non-empty
compact set without isolated points. A homeomorphic copy of a set A ⊂ I is a
copy with respect to an order-preserving homeomorphism (which can be extended
to the whole interval). The following notion of an ω-limit set of homoclinic type
plays a central role in our construction.

Definition 1.4. Let W be a nowhere dense compact set, and A = {a0, . . . , ak−1} 6=
∅ a subset of the set of limit points of W . Assume there is a system {W i

n}∞n=1,
i = 0, . . . , k − 1, of non-empty pairwise disjoint compact subsets of W such that
W \

⋃
i,nW

i
n = A and limn→∞W

i
n = ai, for any i. Let f : W →W be a continuous

map and let A be a k-cycle of f such that, for any i (mod k), f(ai) = ai−1,
f(W i

n) = W i−1
n−1 if n > 1 and f(W i

1) = ai−1. Then W is called a homoclinic set of
order k with respect to f .

A homoclinic set W of f is an ω-limit set of f if, for any a ∈ A and any open
set U intersecting W , fk(U) is a neighborhood of a, for some k (cf. Lemma 4.1
below).

The paper is organized as follows. Section 2 contains preliminaries on mappings
between uncountable nowhere dense compact sets (Lemma 2.3). This and the
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Itinerary Lemma 4.1 are the tools allowing us to construct a universal function for
uncountable nowhere dense compact sets (Proposition 5.1). The universal function
even need not have the 3c-property (Definition 3.1 and Lemma 4.2), GC-maps
(Definition 2.2) are quite sufficient in this case. However, the “countable part”
of the construction is not so simple. Preliminaries are given in Section 3, with
Propositions 3.6 and 3.7 as the main results (they play a role similar to Lemma 2.3
in the uncountable case). Section 5 contains the main constructions.

2. Preliminaries - uncountable case

Denote by Q and R the sets of rational and real numbers. For F ⊂ R, let F
be the closure of F , and F+ or F− the set of right- or left-isolated points in F ,
respectively. For S ⊂ R, let E(S) be the family of nowhere dense compact sets P
such that P+ ∪ P− ⊂ S. The following result must be known but we are not able
to give a reference. Its proof uses standard techniques (cf., e.g., [9]).

Lemma 2.1. Let F be a Cantor set in E(S). Then any nowhere dense compact
set A has a homeomorphic copy Ã ⊂ F in E(S).

Proof. We may assume that A is infinite, minA = minF = α and maxA =
maxF = β. Let I = {In}∞n=1 and J = {Jn}∞n=1, Jn = (an, bn), be an enumeration
of the intervals complementary to A or F , respectively. Assume that I1 = J1 and
I2 = J2 are the intervals complementary to [α, β]. Consider I and J as ordered
sets with the natural ordering. To get Ã it suffices to get a system K = {Kn}∞n=1,
Kn = (un, vn), of intervals complementary to Ã and use the fact that A and Ã are
homeomorphic if and only if I and K are.

Let K1 = I1 and K2 = I2. Assume by induction that K1, . . . ,Kn are defined
such that their end-points are end-points of intervals from J and Ii 7→ Ki is a
homeomorphism between {I1, . . . , In} = In and {K1, . . . ,Kn} = Kn. Let Ij be the
left neighbor of In+1 in In, and let k be the smallest index such that Jk is disjoint
from

⋃
Kn, and Kj is the left neighbor of Jk in Kn. If there are intervals from I

between Ij and In+1, put un+1 = ak; otherwise let un+1 = vj . Similarly find vn+1.
The choice of Jk at any step implies that Ã contains no interval. Thus both A and
Ã are nowhere dense and, consequently, Ii 7→ Ki is a homeomorphism between I
and K.

Definition 2.2. Let X and Y be compact intervals. Then τ ∈ C(X,Y ) is called a
generalized Cantor map, or GC-map, provided there is a Cantor set C = Cτ ∈ E(Q)
contained in the interior of X such that the family Sτ of closures of the intervals
complementary to C in X has the following properties.

(i) Sτ is the family of the maximal intervals of constancy of τ ;
(ii) for any x ∈ X , τ(x) ∈ Q if and only if x ∈

⋃
Sτ .

Let τ ∈ C(X,Y ) be a GC-map. For any L ∈ Sτ , let CL be a Cantor set in
E(Q) contained in the interior of L. Denote Dτ = Cτ ∪

⋃
L∈Sτ CL. Then Dτ is a

Cantor set contained in the interior of X and Dτ ∈ E(Q). Let Rτ be the family
of closures of the intervals complementary to Dτ . For any L ∈ Rτ let EL be a
Cantor set in E(Q) containing the end-points of L which are interior to X . Denote
Eτ = Dτ ∪

⋃
L∈Rτ EL. Again, Eτ ∈ E(Q).
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Lemma 2.3. Let X and Y be compact intervals, τ ∈ C(X,Y ) a surjective GC-
map, and A ⊂ Y , B ⊂ X nowhere dense compact sets such that B is uncountable
and A ∈ E(Q). Then there is a homeomorphism ψ of X such that B̃ = ψ(B) ∈
E(E+

τ ∪ E−τ ) and τ(B̃) = A.

Proof. By Definition 2.2, M = τ−1(A ∩ Q) is the union of intervals from Sτ . Let
K be the set of points in Dτ interior to M . Then C = K is a Cantor set, and
τ(C) = τ(K) = τ(M) = A ∩Q = A; the last equality follows since A ∈ E(Q) and
A+ = A.

Let J = (a, b) be an interval complementary to C, with minC < a < b < maxC.
Then a ∈ D+

τ and b ∈ D−τ . Indeed, τ(a) and τ(b) are points in A; if both are in
Q the statement is true by definition of τ . On the other hand if, say, τ(a) /∈ Q,
then any one-sided neighborhood of τ(a) contains a point in A∩Q since A ∈ E(Q).
By Definition 2.2, τ cannot be constant on J ; hence τ(J) contains a one-sided
neighborhood of τ(a) and consequently J intersects M - a contradiction.

Let B = B1 ∪ B2, where B1 is a Cantor set and B2 is countable. Without loss
of generality we may assume that the system MB of the closures of the comple-
mentary intervals of B1 with natural ordering has the first and the last element.
Hence it is similar to the corresponding system MC for C. Let ψ : X → X be a
homeomorphism with ψ(B1) = C. Then for any L in MB, ψ(L) is in MC , and
L∩B is non-empty (since L is closed), countable and compact. Apply Lemma 2.1
to get a homeomorphic copy B̃L of B ∩L such that B̃L ∈ (E+

τ ∪ E−τ ), B̃L ⊂ ψ(L),
min B̃L = minψ(L), and max B̃L = maxψ(L). Finally, let B̃ be the union of C
and all B̃L, for L ∈ MB.

3. Preliminaries - countable case

We start with some terminology and notation. For A,B ⊂ R write A ≤ B if
x ≤ y whenever x ∈ A and y ∈ B, and write A < B if A ≤ B and A 6= B. Let
J be a system of intervals. For any J ∈ J , let JJ be a finite system of intervals
(with disjoint interiors) which form a partition of J . Then

⋃
J∈J JJ is called a

finite refinement of J .
Let f ∈ C(X,Y ), and K ⊂ X , L ⊂ Y be compact intervals. Then K f -covers

L three times, if K contains three non-overlapping intervals (i.e., intervals with
disjoint interiors) K1,K2,K3 such that f(Ki) ⊃ L, for any i. Moreover, f |K is an
i-map if there are points u < v in K such that f(u) < f(v) are the end-points of
f(K); f |K is a d-map if there are points u < v in K such that f(u) > f(v) are the
end-points of f(K). Note that one map may well be both an i-map and a d-map.

Definition 3.1. A map f ∈ C(X,Y ) has the 3-coverings property, or 3c-property
if the following three conditions are satisfied:

(a) X f -covers Y three times;
(b) f attains a rational value at any point of local extremum;
(c) if K ⊂ X and L ⊂ Y are compact intervals such that f(K) ⊃ L, then there

are finite partitions K1 < K2 < · · · < Kn of K and L1 < L2 < · · · < Ln of L if f |K
is an i-map, and Ln < Ln−1 < · · · < L1 otherwise, into non-overlapping intervals
such that the dividing points in L are rational numbers and Ki f -covers Li three
times, for any i.

Note that by (a) and (b), Y must have rational end-points.
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Lemma 3.2. Let τ ∈ C(X,Y ) be a GC-map with the 3c-property, and let τ(a) /∈ Q.
Then any one-sided neighborhood of a is mapped onto a neighborhood of τ(a) in Y .

Proof. Denote τ(a) = b and assume that, e.g., τ(K) = L, where K = [a, a + δ],
L = [b, b + ε], and δ, ε are positive. Then by Definition 3.1(c) there is a compact
interval K ′ contained in the interior of K such that b ∈ τ(K ′). Thus, there is a c
interior to K such that τ(c) = b; hence τ has a local minimum at c, contrary to
Definition 3.1(b).

A sequence {In}∞n=0 of intervals is monotone if it is monotone with respect to
the ordering < among sets, i.e., if this sequence accumulates to the right or to the
left.

Lemma 3.3. Let τ ∈ C(X,Y ) be a GC-map with the 3c-property. Let I = {In}∞n=1

and J = {Jn}∞n=1 be monotone sequences of compact subintervals of X and Y ,
respectively such that the intervals in I are pairwise disjoint, and these in J are
non-overlapping and have the end-points in Q. Finally, assume that there is a
compact interval K in X such that τ(K) = Y , τ |K is an i-map if the sequences I
and J have the same orientation, and τ |K is a d-map otherwise.

Then there is a finite refinement J̃ = {J̃n}∞n=1 of J , and a homeomorphism
ϕ : X → X such that ϕ(In) ⊂ K and ϕ(In) τ-covers J̃n three times, for any n.

Proof. Assume first that both sequences are increasing and K is a minimal interval
such that τ(K) = Y and τ |K is an i-map. Let u1 < v1 be the minimal points in K
such that τ(u1) < τ(v1) are the end-points of J1. By induction, let un+1 < vn+1

be points in K such that vn < un+1 and τ(un+1) < τ(vn+1) are the end-points of
Jn+1. Moreover, since τ |K is an i-map, we can choose vn+1 to be the minimal point
satisfying the above conditions. Denote Kn = [un, vn]. Then τ |Kn is an i-map,
for any n. Consequently, since τ has the 3c-property, there are finite partitions
Kn1 < Kn2 < · · · < Knk of Kn, and Jn1 < Jn2 < · · · < Jnk of Jn such that Kni τ -
covers Jni three times. Rearrange all Jni into a monotone sequence J̃ = {J̃n}∞n=1.
Denote by K̃ni a minimal compact subinterval of Kni which τ -covers Jni three
times. Since each Jni has rational end-points and τ is a GC-map, any neighbors
K̃ni, K̃nj are separated by an interval of constancy of τ . Hence the intervals K̃ni

can be rearranged into an increasing sequence Ĩ = {Ĩn}∞n=1 of pairwise disjoint
compact intervals. So there is a homeomorphism ϕ : X → X such that ϕ(In) = Ĩn,
for any n.

If both sequences are decreasing, the argument is similar. In the other case use
the fact that τ |K is a d-map.

Let A ⊂ R be a countable compact set, and let Ω be the first uncountable
ordinal. Define a non-increasing transfinite sequence {Aα}α∈Ω of sets as follows:
A0 = A, Aγ =

⋂
α<γ Aα if γ is a limit ordinal, and Aγ is the derivative (i.e., the

set of limit points) of Aγ−1 otherwise. By the Baire-Hausdorff theorem, there is an
ordinal β < Ω such that Aβ is non-empty and finite (and hence, Aβ+1 = ∅); denote
this β by T (A), and call it the depth of A. The set AT (A) will be referred to as the
center of A. We say that a sequence {In}∞n=1 of intervals converges to a point a,
and write limn→∞ In = a, if any neighborhood of a contains all but a finite number
of In. For countable compact sets A and B in R put A ≺ B if either T (A) < T (B),
or T (A) = T (B) and #AT (A) ≤ 2#BT (B).
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Lemma 3.4. Let A ⊂ R be a non-empty countable compact set with T (A) = α, and
Aα = {a}. Then there is a sequence {Jn}∞n=1 of pairwise disjoint compact intervals
covering A \ {a}, and converging to a, which has one of the following forms:

J1 < J3 < · · · < J2n−1 < · · · < a < · · · < J2n < · · · < J4 < J2,(3.1)

J1 ≤ a < · · · < Jk < · · · < J3 < J2,(3.2)

J2 < J3 < · · · < Jk < · · · < a ≤ J1,(3.3)

possibly with J1 = {a} in cases (3.2) or (3.3), such that Jn∩A ≺ Jn+1∩A for each
n. Moreover if {Bn} are countable compact sets such that Bn ≺ A, then intervals
{Jn} can be chosen such that Bn ≺ Jn ∩A, for n > 1.

Proof. Let u = minA, v = maxA, Al = A ∩ [u, a], and Ar = A ∩ [a, v]. If
T (Ar) = β < α put J1 = [a, v]. In this case, T (Al) = α. For x ∈ [u, a), ψ(x) =
T (A ∩ [u, x]) < α is a nondecreasing function, and limx→a ψ(x) is α if α is a limit
ordinal, and is α−1 otherwise. Since A is nowhere dense, there are compact pairwise
disjoint intervals Ji, for i > 1, satisfying (3.3) such that β < T (A∩Ji) < T (A∩Ji+1)
if α is limit, and β ≤ T (A ∩ Ji) = α − 1 otherwise. The case T (Al) < α similarly
leads to (3.2), and T (Al) = T (Ar) = α to (3.1).

Lemma 3.5. Let A be a countable compact set whose center is a singleton {a}.
Then there are non-overlapping, possibly degenerate intervals {Hn}∞n=1 with end-
points in Q, covering A \ {a} such that H1 ≤ H3 ≤ · · · ≤ a ≤ · · · ≤ H4 ≤ H2,
limn→∞Hn = a, and Hi ≺ A, for i ≥ 1.

Proof. Apply Lemma 3.4 to get intervals {Jn}. In case (3.2) find disjoint intervals
H2n such that H2n ⊃ Jn+1, for n > 0. If a is left-isolated, take H1 ⊂ J1 \ {a},
H1 ⊃ J1∩A\ {a}, and H2n−1 = {a}, for n > 1. Otherwise cover J1∩A\ {a} by an
increasing sequence {H2n−1} of disjoint intervals. Similarly in the other cases.

Proposition 3.6. Let X and Y be compact intervals with rational end-points, and
τ ∈ C(X,Y ) a GC-map with the 3c-property. Let A ⊂ Y and B ⊂ X be countable
compact sets such that A ∈ E(Q) and A ≺ B. Then there is a homeomorphism ψ
of X such that ψ(B) ∈ E(D+

τ ∪D−τ ) and τ(ψ(B)) = A.

Proof. The statement is obviously true if T (A) = 0, so assume by transfinite in-
duction that it is true whenever T (A) < α, and let T (A) = α.

Case 1. Assume that the center of A is a singleton Aα = {a}. Apply Lemma 3.5
to get intervals Hn. Since A ≺ B there are two disjoint compact intervals U < V
such that T (B ∩ U) = T (B ∩ V ) = β ≥ α, (B ∩ U)β = {u}, and (B ∩ V )β = {v},
where u and v are end-points of U and V , respectively. Apply Lemma 3.4 to B ∩U
to get a monotone sequence Iu = {Iun} of compact subintervals of U which covers
B ∩U \ {u}, such that limn→∞ Iun = u, and B ∩ Iun � A∩Hi, for i ≤ 2n. Similarly
find Iv = {Ivn} for B∩V such that limn→∞ Ivn = v and B∩Ivn � A∩Hi, for i ≤ 2n.

If both sequences Iu and Iv are increasing, let K0,K1 be non-overlapping com-
pact intervals with τ(K0) = τ(K1) = Y such that τ |K0 is an i-map and τ |K1 a
d-map. Such intervals exist since τ is a 3c-map. If K0 < K1 apply twice Lemma
3.3, first to K = K0, I = Iu and J = {H2n−1}, and then to K = K1, I = Iv
and J = {H2n}, to get a homeomorphism ϕ of I such that the intervals from
Ĩu = ϕ(Iu) are contained in K0, and these from Ĩv = ϕ(Iv) in K1. For any interval
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L in Ĩu ∪ Ĩv, τ |L is a GC-map in C(L, τ(L)) with the 3c-property. Since A ∩ τ(L)
and B ∩ L satisfy the hypothesis of the proposition, and the depth of A ∩ τ(L) is
less than α, by the induction hypothesis there is a homeomorphism ϕL of L such
that ϕL(B∩L) is mapped by τ onto A∩τ(L). It remains to insert a homeomorphic
copy of B \ (U ∪ V ) into E(D+

τ ∪D−τ ) \ ϕ(U ∪ V ) such that it is mapped into A.
But this is easy since τ has 3c-property and the sets ϕ(U) and ϕ(V ) are separated
by intervals of constancy of τ – cf. Definition 2.2 and Lemma 2.1.

If K0 > K1, exchange above Iu and Iv. The argument is similar, when Iu and Iv
are decreasing: it suffices to exchange above {H2n−1} and {H2n}. If the sequences
have opposite orientation, choose intervals K0 and K1 such that τ |K0 and τ |K1 are
both i-maps or both d-maps.

Case 2. Let #Aα = m > 1, where α = T (A). Then there are disjoint compact
intervals I1 < I2 < · · · < Im covering A such that the depth of any Ai = A ∩ Ii is
α, and its center is a singleton. Find a similar decomposition B1 < B2 < · · · < Bm
of B such that any pair Ai, Bi meets the hypothesis of Proposition 3.6 and apply
the result proved in Case 1.

Proposition 3.6 and the next result make it possible to transform any infinite
countable compact set A, by a suitable homeomorphism of the interval, to a homo-
clinic set of τ .

Proposition 3.7. Let W ⊂ R be a countably infinite compact set, with depth
T (W ) = α and center Wα = A = {a0, . . . , ak−1}. Then there is a system {W i

n}∞n=1,
i = 0, . . . , k−1, of non-empty pairwise disjoint compact portions of W with the fol-
lowing properties:

(i) W \
⋃
i,nW

i
n ⊂ A;

(ii) limn→∞W
i
n = ai, for any i;

(iii) W i−1
n−1 ≺W i

n, for any n > 1, and any i taken mod k.

Proof. Find disjoint compact intervals I0, . . . , Ik−1 covering W such that ai ∈ Ii.
Apply Lemma 3.4 (with all Bn empty) to any W i = Ii ∩W to get intervals {J in}.
A suitable decomposition of W can be constructed by amalgamating the portions
W∩J in into bigger pieces. LetW i

1 = J i1∩W . Let βi = T (W i
1); then β = maxi βi < α.

Note that W i \W i
1 is a portion of W i.

Let s be the minimal index such that J is is disjoint from W i
1 . Let J is1 =

J is, J
i
s2 , . . . , J

i
sp be a minimal portion of intervals (i.e., the system of intervals J ij

contained in an interval) from one side of ai and disjoint from W i
1 such that

(J is1 ∪J is2 ∪ · · · ∪J isp)∩W �W i−1
1 . Such a finite portion exists by Lemma 3.4. Put

W i
2 = (J is1∪J is2∪· · ·∪J isp)∩W . The sets W i

n are defined similarly by induction.

4. General results

An elementary result, which is well-known as the Itinerary Lemma, says that
for any f ∈ C(I, I) and any sequence {Un}∞n=0 of compact intervals such that
f(Un) ⊃ Un+1, for any n, there is a point x such that fn(x) ∈ Un, for any n. The
following result is its generalization.

Lemma 4.1. Let f ∈ C(I, I), and let P be a countable set, {Un}∞n=0 a sequence
of compact intervals such that f(Un) ⊃ Un+1 and Un ∩ P 6= ∅, for any n. Let any
p ∈ P be an element of Un, for infinitely many n, and limn→∞ diam Un = 0. Then
there is an x ∈ U0 such that ωf(x) = P .
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Proof. By the Itinerary Lemma, there is an x ∈ U0 such that fn(x) ∈ Un, for any n.
Since ωf (x) is closed, to prove the lemma it suffices to show that P ⊂ ωf (x) ⊂ P .
The first inclusion is trivial since, for any p ∈ P , both p and fn(x) belong to Un,
for infinitely many n. To prove the other one, let a ∈ ωf(x), and let Uε be the open
ε-neighborhood of a. Then there is a subsequence {nk} such that fnk(x) ∈ Uε, for
any k, and hence, Unk ⊂ U2ε, for any sufficiently large k. Thus, U2ε ∩ P 6= ∅ and
consequently, a ∈ P .

Lemma 4.2. Let X and Y be compact intervals, Y with rational end-points, and
let C ⊂ E(Q) be a Cantor set contained in the interior of X. Then there is a
GC-map τ ∈ C(X,Y ) with the 3c-property such that Cτ = C.

Proof. Let S = {In}∞n=1 be the system of closures of intervals complementary to C
inX , and let {rn}∞n=0 be an enumeration ofQ∩Y . Assume without loss of generality
that r0 = minY , r1 = maxY , I1 < Ij < I2 for j > 2, and I1 < I3 < I4 < I2. Define
a sequence {τn}∞n=1 of maps in C(X,Y ) as follows. Let τ1(x) = r0 for x ∈ I1 ∪ I4,
τ1(x) = r1 for x ∈ I3 ∪ I2, and let τ1 be linear on the intermediate intervals.
Next assume by induction that τn is constant on any interval from a finite system
Sn ⊂ S, and is linear and non-constant on any intermediate interval. Moreover,
τn takes on any value r0, r1, . . . , rn, but only on the intervals of constancy. Hence,
T = τ−1

n (rn+1) is a finite set. For any t ∈ T find neighbor intervals Ut < Vt
in Sn such that t is between them. Let Ik(1), . . . , Ik(5) be the first five intervals
from S \ Sn such that Ut < Ik(1) < · · · < Ik(5) < Vt. Let τn+1(x) = τn(x) for
x ∈

⋃
Sn, τn+1|Ik(2) = τn|Vt, τn+1|Ik(4) = τn|Ut, and τn+1|Ik(1) ∪ Ik(3) ∪ Ik(5) =

rn+1, and let τn+1 be linear on the intermediate intervals. Thus, Sn ⊂ Sn+1,
and ‖τn+1 − τn‖ ≤ δn, where δn is the length of maximal interval disjoint from
{r1, . . . , rn}. Consequently, τ = limn→∞ τn has the required properties.

5. Proof of the main theorem

Proposition 5.1. Let I = [0, 1]. Then there is a map f ∈ C(I, I) such that for
any uncountable nowhere dense compact set W ⊂ (0, 1) there is a homeomorphism
ϕ of I such that ϕ(W ) is an ω-limit set of f of homoclinic type.

Proof. Let a ∈ Q∩(0, 1), and let {Jn}∞n=1 be a sequence of pairwise disjoint compact
intervals with rational end-points in (0, 1) satisfying (3.1) such that limn→∞ Jn = a.
Put J0 = I and, for n > 0, let τn ∈ C(Jn, Jn−1) be a GC-map with the 3c-
property (cf. Lemma 4.2). For any x ∈ Jn, let xD ∈ Dτn be a point such that
dist(x,Dτn) = |x− xD|. Define f : I → I as follows.

f(x) =


τn(x), if x ∈ Dτn and n > 1,
a, if x ∈ Dτ1 or x = a,
min{1, τn(xD) + |x− xD| sin(1/|x− xD|)}, if x ∈ Jn and n ≥ 1,

and let f be linear on the intermediate intervals. Clearly, f is continuous.
Without loss of generality assume that a ∈ W , {Jn}∞n=1 covers W \ {a} and,

for any n, Wn = W ∩ Jn is an uncountable compact set. By Lemma 2.1 find a
set W̃1 ∈ E(D+

τ1 ∪ D−τ1) homeomorpic to W1. Then, by Lemma 2.3, there is a
homeomorphic copy W̃2 ∈ E(E+

τ2 ∪ E−τ2) such that f(W̃2) = τ2(W̃2) = W̃1. By
induction, let ˜Wn+1 ∈ E(E+

τn+1
∪ E−τn+1

) be homeomorphic to Wn+1 such that
f( ˜Wn+1) = W̃n. Denote W̃ = {a} ∪

⋃∞
n=1 W̃n. Then W̃ is homeomorphic to W .
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To finish the proof put E =
⋃∞
n=1Eτn ∪{a}, P = W̃ ∩ (E+ ∪E−), and let {pn}∞n=1

be a sequence of points in P containing any point infinitely many times. Denote
by U ′n the open interval with center pn and diameter 1/n and note that any U ′n is
eventually mapped by f onto a neighborhood of a. Then apply Lemma 4.1.

Proposition 5.2. Let f be as in Proposition 5.1 and W ⊂ (0, 1) a countably infi-
nite compact set, whose center is a singleton {a}. Let {Wn}∞n=0 be disjoint compact
portions of W given by Proposition 3.7 and, for any n, let Jn be the convex hull of
Wn. If the intervals Jn satisfy (3.1), then there is a homeomorphism ϕ of I such
that ϕ(W ) is an ω-limit set of f of homoclinic type.

Proof. The argument is almost the same as for Proposition 5.1. The main difference
is that to get the sets W̃n, for n > 1, we apply Proposition 3.6 instead of Lemma
2.3.

Proposition 5.3. There are maps g, h ∈ C(I, I) with the following property: let
W ⊂ (0, 1) be a countably infinite compact set, whose center is a singleton {a}. Let
{Wn}∞n=0 be disjoint compact portions of W given by Proposition 3.7 and, for any
n, let Jn be the convex hull of Wn. If the intervals Jn satisfy (3.2) or (3.3), then
there is a homeomorphism ϕ of I such that ϕ(W ) is an ω-limit set of homoclinic
type of g or h, respectively.

Proof. In the proof of Proposition 5.1, modify the construction of f so that instead
of (3.1) assume (3.2) or (3.3), and instead of Lemma 2.3 apply Proposition 3.6.

Proposition 5.4. For any integer k > 0 there is a countable family Mk ⊂ C(I, I)
such that any countably infinite compact set W ⊂ I whose center has k elements is
mapped by a homeomorphism of I onto an ω-limit set of homoclinic type of a map
in Mk.

Proof. The statement is true for k = 1 by Propositions 5.2 and 5.3. For k > 0 the
argument is similar. Note that there is a countable family of all possible orderings
(up to homeomorphisms) of portions W i

n given by Proposition 3.7. To any such
ordering ρ assign a map fρ ∈ C(I, I) similarly, as in Propositions 5.2 and 5.3.

Proof of Theorem 1.2. It follows by Propositions 5.1, 5.4, and Remark 1.3.

References

1. S. J. Agronsky, A. M. Bruckner, J. G. Ceder and T. L. Pearson, The structure of ω-limit sets
for continuous functions, Real Anal. Exchange 15 (1989/90), 483 – 510. MR 91i:26008

2. L. Block and W. Coppel, Dynamics in one dimension, Lecture Notes in Mathematics 1513
(1991), Springer, New York, Heidelberg, Berlin. MR 93g:58091

3. A. Blokh, A. M. Bruckner, P. D. Humke and J. Smı́tal, The space of ω-limit sets of a contin-
uous map of the interval, Trans. Amer. Math. Soc. 348 (1996), 1357 – 1372. MR 96j:58089

4. A. M. Bruckner, Some problems concerning the iteration of real functions, Atti Sem. Mat.
Fiz. Univ. Modena 41 (1993), 195 – 203. MR 94h:58114

5. A. M. Bruckner and J. Smı́tal, The structure of ω-limit sets for continuous maps of the

interval, Math. Bohemica 117 (1992), 42 – 47. MR 93a:26002
6. M. J. Evans, P. D. Humke, C. M. Lee, and R. O’Malley, Characterizations of turbulent one-

dimensional mappings via ω-limit sets, Trans. Amer. Math. Soc. 326 (1991), 261 – 280;
correction, ibid. 333 (1992), 939 – 940. MR 91j:58133

http://www.ams.org/mathscinet-getitem?mr=91i:26008
http://www.ams.org/mathscinet-getitem?mr=93g:58091
http://www.ams.org/mathscinet-getitem?mr=96j:58089
http://www.ams.org/mathscinet-getitem?mr=94h:58114
http://www.ams.org/mathscinet-getitem?mr=93a:26002
http://www.ams.org/mathscinet-getitem?mr=91j:58133


3056 DAVID POKLUDA AND JAROSLAV SMÍTAL
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