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ABSTRACT. We prove that every symplectic manifold possesses a real analytic
structure. Moreover this structure is unique up to isomorphism.

1. INTRODUCTION
The purpose of this note is to prove the following

Theorem. Any symplectic manifold possesses a unique (up to isomorphism) real
analytic structure.

To be more precise, let M be a smooth (i.e., C*°-) manifold and w a smooth
symplectic form on M. Then the existence part of the theorem states that there
exists a real analytic manifold M® together with a real analytic symplectic form
w® and a diffeomorphism f: M* — M satisfying f*w = w® On the other hand,
the uniqueness part of the theorem says the following. Suppose that (M7,w;) and
(M3, ws) are real analytic symplectic manifolds and suppose that there exists a
smooth symplectomorphism f: M; — Mo, i.e., f*ws = wy. Then there exists also
a real analytic symplectomorphism.

The idea of the proof is essentially a combination of some well-known facts in
differential topology due to H. Whitney, in analytic geometry due to H. Grauert
and in symplectic geometry due to J. Moser. In fact, by a theorem of Whitney [15]
one may assume that M is already a real analytic manifold and one has to look for
a smooth diffeomorphism f of M transforming a given smooth symplectic form w
into a real analytic symplectic form w®. To this end, using Grauert’s embedding
theorem [I] and Whitney’s approximation theorem [I4], one can assume that there
exists a real analytic symplectic form w® quite near to w in the sense of a strong
topology, the so-called Whitney topology. Overcoming some technical difficulties
this shows then that the Moser deformation trick [11] yields in fact a diffeomorphism
of M transforming w into w®.

2. PROOF OF THE EXISTENCE PART

So let M be a smooth manifold and w a smooth symplectic form on M. By
Whitney’s theorem we may assume that M is real analytic and we have to find a
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diffeomorphism f of M such that f*w =: w® is real analytic. Of course, f*w is sym-
plectic anyway since d(f*w) = f*(dw) = 0 and (f*w)™ = f*(w™) # 0 everywhere
on M where 2n is the dimension of M.

Next, by Grauert’s theorem, we may assume further that M is embedded prop-
erly into some euclidean space R and using Whitney’s extension theorem we may
also assume that w is defined on a fixed neighborhood Q C RY of M.

Recall now the basic notion of the Whitney topology for smooth functions (and
also for differential forms) on € given by the following. If g € £(2) where £(Q)
denotes the smooth functions on €2, then the basic neighborhoods of ¢ are given by
the data K = (Kj)jen, m = (m;)jen and € = (¢;)jen where (K) is a compact
exhaustion of Q, Q = J K, K; Cint(K;11), mj € N and €; > 0. Then h is in the
neighborhood of g corresponding to the data (K, m,¢), if the difference of h and ¢
on K1\ int(K;) is smaller than €; up to the m;’th differentiation order, i.e.,

1
—~ sup [D%h—g)[<g;

|0"Smj (2 IEKJ‘_*_l\intKj

(cf., e.g., [ or [12]). Whitney’s approximation theorem [I4] then states that
() C () (£ denoting the real analytic functions) is dense with respect to the
Whitney topology.

Finally we recall the fundamental Moser deformation trick in symplectic geo-
metry. Suppose that wy and wy are symplectic forms on M representing the same
de Rham cohomology class on M, [wo] = [w1] € H35(M;R), which are close enough
so that the straight line curve ¢t — w; := (1 — t)wp + tw; has non-degenerate values
in £ (M) (E®) (M) denoting the differential k-forms on M) for all t € [0, 1]. Then
for a choice of a potential 3 € £V (M), i.e., —df = o := w; — wp, one finds a unique
(smooth) curve of vector fields ¢ — & such that

Z.Ef,wt = ﬁa

thanks to the fact that w; is non-degenerate. (Here i¢w denotes the contraction of
the form w in the first argument by the vector field £.) Taking derivatives one finds
that di¢,w; + o0 = 0. Finally suppose that the non-autonomous vector field & on M
is integrable up to time one, i.e., there exists a curve ¢ — f; in the diffeomorphism
group of M with fy =id and

%ft =& o fr

Then, since the Lie derivative L, satisfies £¢ = di¢ + i¢cd and the forms w, are
closed, one concludes that

d * * d * .
E(ft wi) = fi (E&Wt + Ewt) = [ (dzgut +0) =0,
for all ¢ € [0,1]. This shows that f := f; fulfills the requirement f*w; = wy since

1
d
fron—an = fiwn — fjon = [ Gliiw)dt=o.
0

Therefore, to prove the theorem, it is enough to find a real analytic symplectic form
w® on M which satisfies
(a) [w] = [w®] € H3,(M;R);
(b) w and w® are close enough such that w; := (1 — t)w + tw® is non-degenerate
for all ¢t € [0, 1];
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(c) there exists 3 € M (M) with d = w — w® such that the induced vector field
& is integrable up to time one.

Lemma 1. Let M be a real analytic manifold and w € ) (M) a smooth and
closed differential k-form on M (k > 0). Then there exists a real analytic closed
differential k-form w® on M representing the same de Rham cohomology class,
[w] = [w] € HYL(M;R).

Proof of Lemma 1. By a theorem of Whitney-Bruhat [I6] there exists a totally
real embedding of M into a complex manifold X, say ¢t: M <— X, meaning that
for all m € M we have T'X, () = t«T My, © Ju, T M,,, J denoting the complex
structure of X in ¢(m). Moreover, by Grauert’s solution of the Levi problem [I],
we may further assume that X is a Stein manifold, i.e., X is holomorphically
separable and holomorphically convex. We may in addition assume that ¢: M — X
is the homotopy inverse of a strong deformation retract of X onto M, m: X —
M, inducing therefore an isomorphism on the level of de Rham cohomology (with
coefficients in C). (This result is stated in [2], chap. V, §4. For more general
results see also [10] and [8].) Let t*: H35(X; C) — H2p(M; C) denote this induced
isomorphism.

Now H2,(M;C) = H2,(M;R)®C and we regard w as an element in £ (M; C).
We want to consider now m*w € £3)(X). Of course, 7*w represents a de Rham
cohomology class on X as well. Now, Cartan-Serre’s so-called Theorem B for
Stein manifolds implies that the de Rham cohomology on X is representable by
holomorphic forms (see [2], chap. V, §4). Therefore we can choose a holomorphic
and closed 2-form w"®! on X such that [w"] = [r*w] € H3,(X; C). Then

w® == Re(t*w) € £E@ (M)

is real analytic and represents the same cohomlogy class as the given w proving the
lemma.

Therefore we have fulfilled condition (a). However, w® is not necessarily close
enough to w to satisfy conditions (b) and (c). In fact, to fulfill condition (b) it would
be sufficient to find a real analytic representative w® of [w] € H3z(M;R) in every
Whitney neighborhood of w (as an element in £()(M)). However, for condition
(c) it is better that not only is w “Whitney near” to w?, w &~ w®, but moreover we
must find a potential 8 € EM (M), i.e., dB = w — w?, which is in addition Whitney
near to zero, § ~ 0. In fact, this would also imply that the induced vector field
& is Whitney near to zero, & = 0; in particular it goes to zero, if x € M goes to
infinity, & (x) — 0 for |z| — oo (recall that we have embedded M properly in some
RY). In fact, by a standard argument for the range of the short time existence of
the solution curve of a dynamical system & = &(x) on M, one can conclude then
that ¢ — fi(z) exists for all 0 < ¢ <1 and all z € M. So it is enough to prove the
following

Lemma 2. Let M be a real analytic manifold and let w be a smooth and closed
differential k-form on M. Let B C E*~V(M) be an arbitrary small Whitney
neighborhood of the zero (k — 1)-form on M. Then there exists an element 3 € B
such that w® := w + df is real analytic.

Proof of Lemma 2. Choose first a real analytic representative w{ of [w] on M ac-
cording to Lemma 1. Thus there exists an a € £F~Y (M) such that da = w — wf.
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Now, by the Whitney approximation theorem, there exists a § € B € £#=1 (M)
such that a® := a + ( is real analytic and therefore da® as well. Therefore

w+df = (da+wt) +d(a® — a) = wi + da®
is real analytic.

Altogether we have now found a real analytic symplectic form w® on M satisfying
conditions (a), (b) and (¢) and we have proved the existence part of our theorem.

3. PROOF OF THE UNIQUENESS PART

So let M; and M> be two real analytic manifolds with real analytic symplectic
forms wy and we respectively, and let f: M; — Ms be a smooth diffeomorphism with
f*ws = w1. Now, on the one hand, the homotopy class {g € Diff (M7, Ms) | g ~ f}
of f in Diff (M7, M>) is open, and on the other hand, using Grauert’s embedding the-
orem, the real analytic diffeomorphisms Diff*(M;, Ms) are dense in Diff (M7, Ms)
(which proves that the real analytic structure of a smooth manifold is unique up
to isomorphism, by the way). Thus there exists a real analytic diffeomorphism
f* € Diff*(My, My), arbitrarily Whitney near to f, and in the same homotopy
class, of course. Therefore for @y := (f%)*(w2) we conclude that @; is real analytic,
[wi] = [@1] € H3(My), and @; is Whitney near to wy. Therefore it suffices to find
a real analytic potential § € 5(1)(M), i.e., df = wy — wy, which is Whitney near to
zero, § ~ 0. In fact, then Moser’s deformation trick would produce a real analytic
diffeomorphism ¢g: M; — M; with ¢g*@; = w; and therefore the diffeomorphism
f*og € Diff*(M;, M>) is the desired real analytic symplectomorphism between M;
and Mos.

So what we may assume now is the following. Let M be a real analytic manifold
and let wp, wy be real analytic symplectic forms on M such that [wg] = [w1] and wq
and wy are arbitrarily Whitney near to each other. We may also assume that there
exists a smooth curve [0, 1] — Diff (M), t — f; with fo =id and f{(w1) = wo which
is entirely contained in an arbitrary small Whitney neighborhood of the identity.
However, f; is only smooth and we want to find a real analytic diffeomorphism g
such that ¢*(w1) = wo.

Lemma 1. (a) (“Real analytic Poincaré Lemma”) There exists a real analytic
B € EM(M) such that df* = wy — ws.
(b) (“Whitney-Poincaré Lemma”) There exists a smooth 8 € V(M) such that
0B is Whitney near to zero, 3 ~ 0, and df = wg — w1.

Proof. (a) We consider again a Stein tube ¢: M — X for M and denote by 7: X —
M the retraction. We look at X as a germ around M, i.e., all neighborhoods of
t(M) C X which we use in the sequel are again denoted by X.

Now, since wy —wy is real analytic, there exists a holomorphic 2-form w™! on X,
whel € Q@)(X), such that *(wh') = wy — wi. Moreover 1*(dwh®) = d(1*whe!) =
dwo—dw; = 0 and by the identity theorem in several complex variables we conclude
that dw"!' = 0. Furthermore ¢ induces an isomorphism on the level of cohomology.
But o*([w"]) = [t*w"°!] = [wy — w1] = 0 and therefore [W'!] = 0 € H2,(X;C).
Since X is Stein, we have

ker{d: Q) (X) — QG (X)}

Hin(X:0) = e ) )
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where Q*)(X) denotes the holomorphic k-forms on X. So we can choose a "' €
QW (X) such that d3"°! = whel. Now set 3% := Re(¢*3"°!). Then (¢ is real analytic
and

dB* = Re(dv* ") = Re(1*w™') = Re(wy — w1) = wp — w1
(b) Define the curve of smooth vector fields t — & on M by

ft © ft = %ft

and set §; := ig,wo and finally 8 := — fol Bidt. Since f; ~ id for all t € [0,1], we
conclude that & = 0 and therefore 8; ~ 0 and finally # ~ 0. On the other hand,
we see that

1
Gren = filen) = fiten) = [ GhiGend

1 1 1 1
= / ﬁftwo dt = / digtwO dt = / dﬁt dt = d(/ 515 dt) = —dﬁ
0 0 0 0

Remarks. 1. Part (a) of Lemma 1 is not used in the subsequent proof. However,
we think it is interesting on its own, since together with Lemma 1 of section 2 it
shows that the inclusion of real analytic k-forms on M into the smooth k-forms on
M induces an isomorphism between the de Rham cohomology groups with respect
to real analytic k-forms and smooth k-forms.

2. We leave it to the reader to formulate a more quantitative version of part (b)
of the lemma, i.e., how near one can choose § to 0 in terms of how near wy is to
w1. The only thing we need in the sequel is that we have § close enough to zero
such that the vector fields & given by i¢,wo = df are going to zero when v € M
goes to infinity since we want & = & (x) to be integrable up to time one. Thus § —
or even better d3 — has to be closer to zero than wq is. But we can regard wy as
fixed and w; we can assume as near to wg as we want which shows then that the
constructed in part (b) satisfies the requirement.

However, the § constructed in part (b) is not quite the correct one since it is
not real analytic. What we need is a potential for wy — w; satisfying (a) and (b)
(“real analytic Whitney-Poincaré Lemma”). To this end assume that the following
lemma is true.

Lemma 2. Let f € £V (M) be such that df is real analytic. Then there exists a
v € E(M) so that B+ dvy is real analytic.

End of the proof of the uniqueness part of the theorem. So let 8 be smooth and
Whitney near to zero and df = wg — w1 Choose a smooth function v on M
according to Lemma 2 so that 8+ dvy =: 5% is real analytic. Next use the Whitney
approximation theorem to find a smooth function A on M with h =~ 0 such that
~% := ~ 4+ h is real analytic and set 8% := 8 — dh. Then we have 5% =~ 0 and
moreover d3* = df = wy — wy and finally

B = (B —dy) —d(y* —~) = B* — dy*

is real analytic.
We use this 8% in the Moser deformation trick to find a real analytic g € Diff (M)
with ¢g*w; = wp thus proving the theorem.
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For the proof of Lemma 2 we need the following ingredients. Consider again a
Stein tube ¢: M — X with deformation retraction 7: X — M. Then it is well-
known (see e.g. [3]) that there exists a homotopy operator I: £+ (X) — £F)(X)
satisfying

(i) w—=(tom)*w = (dI + Id)(w),

(i) *I(w) =0,
for all differential forms w on X. In particular one gets a relative version of the
Poincaré Lemma in the sense that a closed form w on X satisfying t*w = 0 has a
potential « satisfying t*a = 0, namely a = [w.

The other ingredient is again a consequence of Theorem B for Stein manifolds
(see [2], chap. V, §4): If X is Stein and 7 € £M(X) is smooth such that dr is
holomorphic, then there exists an f € £(X) such that 7 — df is holomorphic.

Proof of Lemma 2. Let w = dB and choose a Stein tube ¢: M — X with a holo-
morphic 2-form o on X with ¢*(¢) = w. By the identity principle we have do = 0.
Therefore there exists an o € £ (X) such that 1*a = 0 and

do=(tom)* (o) — 0o
(namely « = —Io). From this we see that
d(r*f—a) =m1"'w—da=7"1"(0) —da=o0c

is holomorphic. Thus we can find an f € £(X) such that 78 — o — df € QM (X).
Finally we set v := Re(¢* f) and conclude that

B+ dy=Re((r00)"(B) ~ 1" (a) 1 (df)) = Re(t" (x5 — @ — df))

is real analytic.

4. CONCLUDING REMARKS

1. The following equivariant version of the theorem is also true. Let K be a
compact Lie group (with its natural real analytic structure). Then:

Theorem. Any symplectic K-manifold has a unique real analytic K -structure.

More precisely: If M is a smooth K-manifold and if w is a K-invariant symplectic
form on M, then there exists a real analytic manifold M®, on which K acts real
analytically, together with an invariant real analytic form w® and an equivariant
symplectomorphism f: M* — M. Moreover, if (M;,w;) and (Ms,wq) are real
analytic K-manifolds and if f: M7 — Ms is a smooth equivariant diffeomorphism,
then there exists also a real analytic equivariant diffeomorphism.

For the proof of the existence part we would like to mention that Whitney’s
theorem is true also in the equivariant case (see [3], [9]). So we may assume that
M is already real analytic and K acts on M in an analytic fashion. Now, using the
average method over the compact group K, Lemma 1 is true also in the equivariant
case, i.e., every cohomology class on M can be even represented by a K-invariant
real analytic differential form.

One difficulty arises from the fact that M is in general not equivariantly embed-
dable in some euclidean space R, where K acts linearly. (For this one needs that
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M has only finitely many orbit types.) However, the first author has proved [7]
that £% (M) C Ex (M) is nevertheless dense with respect to the Whitney topology
(which can be defined without an embedding of M, of course) and the same state-
ment is true for differential forms. Therefore one finds in fact an invariant 1-form
on M, Whitney near to zero (such that the corresponding equivariant vector field
& is integrable up to time one), so that w® := w + df is real analytic. Therefore
Moser’s method yields indeed an equivariant diffeomorphism f with f*w = w®.

Similar reasoning, which we leave to the reader, shows also the uniqueness part
of the theorem using essentially the averaging over the compact group.

A more general version of the theorem, namely with respect to a proper action of
an arbitrary Lie group, should be true. The existence of the real analytic structure
is known in that case (see [5]). The uniqueness is not known in general. However,
it has been proved in the case where the Lie group has finitely many components
(see [7]) or, more generally, can be embedded into a Lie group with finitely many
components (see [0]).

2. We would like to mention that when M is compact, the proof of the theorem
is much easier. For instance, a real analytic representative in each cohomology
class can be found by taking the unique harmonic representative with respect to a
real analytic Riemannian metric using Hodge’s theorem and avoiding Stein theory
completely. Moreover, one has no difficulties with the short time range of the
flow with respect to a vector field, thus avoiding the discussions on the Whitney
topology.

3. Another method in the compact case is to use the heat flow with respect to
a real analytic metric (the heat flow is clearly used in the proof of the Whitney
approximation theorem, too). It is well-known (and easy to see) that the heat flow
for differential forms respects the closed forms and moreover the cohomology coset
classes inside the closed forms. On the other hand, the heat flow is regularizing,
i.e., if t — w; is the solution of

%wt = Awt
and the initial value wy is smooth, then w; is (immediately) real analytic for ¢ > 0.
Even Moser’s method can be used directly with the curve ¢ — w; given by the heat
flow instead of the straight line segment.

In the non-compact case there also exists a heat kernel on the manifold (cf. [T3]).
However, this gives a solution of the heat flow only for initial values for which one
knows some restrictions on the asymptotics, and not in the general case. Neverthe-
less, we could also use this method for proving the real analytic Whitney-Poincaré
Lemma in section 3 (cf. Lemma 2).
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