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ABSTRACT. Given a compact pseudo-metric space, we associate to it upper and
lower dimensions, depending only on the pseudo-metric. Then we construct a
doubling measure for which the measure of a dilated ball is closely related to
these dimensions.

1. INTRODUCTION

Let (X,p) be a compact metric space. Suppose that (X, p) is homogeneous.
This means that there exists a doubling measure i supported by X; i.e. there is a
constant ¢ such that, for € X and R > 0, one has 0 < u(B(z, R)) < oo and

(1) u(B(x,2R)) < cu(B(a, R)).

Dynkin proved in [Dyn| that for certain subsets E of the unit sphere T C C there
exists a doubling measure on F, and he conjectured that any compact £ C R”
is homogeneous. This conjecture was proved in [V-K] by using a dimension first
defined in [Lar] called the uniform metric dimension, in this paper denoted by
T(E). More precisely, Volberg and Konyagin proved that (X, p) is homogeneous if
and only if there is some s < oo such that any ball B(z, kR) contains at most Ck*
points separated from each other by a distance of at least R. The uniform metric
dimension Y (X) = T(X, p) is then defined as the infimum of such s. Furthermore,
given s < oo in the condition above Volberg and Konyagin proved that for any
s’ > s there exists a measure u such that, for 0 < R < kR,

(2) u(B(x,kR)) < Ck* p(B(z, R)).

Clearly, any measure satisfying (2) is a doubling measure, and conversely, it-
erating (I) one gets (@) with s’ = log,c. In particular, Volberg and Konyagin
proved Dynkin’s conjecture by showing that on any compact £ C R™ there exists
a measure y satisfying (2) with s = n (in the maximum metric).

In this paper we generalize their result by showing the existence of a measure
i not only satisfying (), but also the following analogous lower bound condition.
Suppose there is a ¢ > 0 such that any ball B(z, kR) contains at least Ck? points

Received by the editors May 14, 1998 and, in revised form, January 4, 1999.

2000 Mathematics Subject Classification. Primary 28C15; Secondary 54E45, 54F45.

The second author is partially supported by MEC grant PB95-0956-C02-01 and CIRIT grant
GRQ94-2014.

(©2000 American Mathematical Society

3317



3318 PER BYLUND AND JAUME GUDAYOL

separated from each other by a distance of at least R. Then for any ¢’ < ¢ there
exists a measure p such that, for 0 < R < kR,

(3) Ck* u(B(x, R)) < u(B(z,kR)).

In [I=W] Jonsson and Wallin studied function spaces on subsets of R” supporting
measures fulfilling both @) and @) in the special case s’ = #'. Such sets are also
called s-sets or Ahlfors-regular sets.

The general case ' < s’ was considered in [Jon].

The authors of this paper, independently of each other, also studied the general
case t’ < ¢’ in [Byl] and [Gud|. Each of these works contains the main result of this
paper, in [Byl| formulated for Euclidean spaces and in [Gud] for metric spaces.

In this paper the result is stated in terms of pseudo-metric spaces.

2. DEFINITIONS AND STATEMENTS OF RESULTS

Throughout we denote by X = (X,d) a compact pseudo-metric space, where
d: X x X — [0,+00) is a pseudo-metric on X, i.e.

1. d(z,y) =0 < z =y,

2. d(z,y) = d(y,x), Vz,yeX,

3. there is a constant Cy such that d(z, z) < Cy(d(z,y) +d(y, 2)), Vzx,y,z € X.

On X we consider the topology generated by the open pseudo-balls, and without
loss of generality we assume that diam(X) < 1.

Given any ball B(z,kR), v € X and 0 < R < kR, denote by N(z, R, k) the
maximum number of points in B(z, kR) separated by a distance greater than or
equal to R from each other.

Definition 1. Define X € T, if there exists C' = C(s) such that, for 0 < R < kR,
(Ts) N(z,R, k) < Ck®.
The upper dimension Y(X) is then defined as
T(X)=inf{s | X € T,}.
T (X) was introduced in [Lar] called the uniform metric dimension.

Definition 2. A positive Borel measure p1 € Us if there exists C = C(s) such that,
forz € X and 0 < R < kR,

(Us) w(B(z,kR)) < Ck*u(B(x, R)).
The dimension U(X) is then defined as
U(X) =inf{s | Us # 0}.
Note that by taking &k = 1/R in (Us) one gets the weaker condition
(Ul) w(B(z,R)) > CR?, reX, 0<R.

Also note that if yu € U, for some s, then supp(u) = X. As mentioned in the
introduction, p is doubling precisely when p € U for some s < co. We will write
U =, Us for the set of all doubling measures on X.

Volberg and Konyagin proved ([V-K]) that T(X) < U(X), and furthermore:

Theorem 1 (Volberg-Konyagin). Let X be a compact metric space. If X € Y,
then for any s’ > s there exists a measure u € Uy . Consequently, T(X) =U(X).
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Our main result is Theorem [2 extending Theorem 1 to the analogue lower di-
mension. Note that Theorem [2is stated for pseudo-metric spaces.
We start by defining the concept of the lower dimension.

The lower dimension.

Definition 3. Define X € A; if there exists C' = C(t) such that, for z € X and
0 < R<ER,

(Ay) N(z, R, k) > Ck".
The lower dimension A(X) is then defined as
A(X) =sup{t | X € A}

A(X) was introduced in ([Lar]) called the minimal dimension. Note that X € Ag
is trivial.

Definition 4. A positive Borel measure p € Ly if there exists C' = C(¢) such that,
forz € X and 0 < R < kR,

(L) u(B(z, bR)) > CK u(B(z, R).
As before, by taking k = 1/R in (L;) one gets the weaker condition
(L}) w(B(z,R)) < CR, reX, 0<R.
Now, observe that defining the lower dimension as
L(X) = sup{t | Ls # 0}

will not work since 1 € Ly does not imply supp(p) = X, so this will say nothing
about X \ supp(u). The appropriate definition is as follows.

Definition 5. Define the lower dimension L(X) as
L(X) =sup{t | Ly NU # 0}.
Note that Lo poses no restriction on p € Y.
The main theorem. We now state the main result of this paper. Note that in

the special case t = 0 one can take t' =t = 0.

Theorem 2. Let X € T,NA, 0 <t < s < 400, be a compact pseudo-metric
space. Then for any s’ > s and t' < t there is a probability measure p € Uy N Ly .

From Theorem Bl and Propositions 4] and Bl below we then get
Corollary 3. If T(X) < +oo, then Y(X) =U(X) and A(X) = L(X).

3. PROOF OF THE THEOREM

To prove Theorem B we construct a sequence of measures with certain properties
and the desired measure p will be a limit point of this sequence.
We start by proving the trivial inequalities Y(X) < U(X) and A(X) > L(X).
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3.1. The trivial inequalities.
Proposition 4. If u € U, then X € Ts, i.e. T(X) <U(X).

Proof. Let p € Us, fix any € X and let z1,...,2x be points in B(x, kR) with
d(x;,zj) > R for i # j. Since u € Uy and B(z,2CqkR) C B(z;,4C%kR),

(B (2, 2C3kR)) < p(Blai, ACHR)) < C8 CFR p(Blas, 5-).
d

Also, the balls B(z;, R/(2Cq)) are disjoint and lie in B(z,2CqkR), so

N
R w(B(z,2C4kR))
B(z,2 > B(z;, —)) > Nm—~—_ "/
n(B(w,2Ck ) > ;m (@i 56-) o5 ke
Thus N < Ck®, i.e. T(X) < U(X). O

Proposition 5. If u € LyNU, then X € Ay, i.e. A(X) < L(X).

Proof. Let {x1,...,xn} be a maximal set of points in B(xz,kR) separated by a
distance greater than or equal to R. Fix any p € Ly NU. Then, since p is doubling
and B(x;, kR) C B(z,2C4kR) for all 4,

Cu(B(z,kR)) > u(B(z,2CakR)) > u(B(x;, kR)) > Ck'u(B(zi, R)).

Also, B(z,kR) C Uiil B(zi, R), since {z1,...,zx} is maximal, i.e.

N
p(Bla kR)) < 3 p(Bai, R)) < Arcn(Bla, kR)).
=1

Thus, N > Ckt, i.e. X € Ay O

3.2. The main lemma. Assume that X € A; N Y,. Let C; be the constant
associated to the pseudo-metric d, C; the constant appearing in A; and C the one
in Y. Givent' < tand s’ > s, choose A > 16C] large enough such that A5 > O,
and A" > 4C2'C;. For each non-negative integer 7, let S; be a maximal set of
points in X separated by a distance greater than or equal to A77.

Define mappings € = &, : Smt1 — S for m > 0 as follows. For g € Sp41
choose one of the points e € S, for which d(g,e) = d(g,Sm), and denote it by
e = &E(g). Then for e € Sy, let

Se,m-i—l = {g € Smt1, €= g(g)}

It is easy to see that {Sem+1 | € € Sp,} form a partition of Sy,11.

The desired measure p will be a limit of measures pu,,, supported by S,,. Lemma
[ below will allow us to perform the inductive step that constructs p,m,+1 from piy,.
First though we need the following preparatory lemma.

Lemma 6. Lete € S,,. Then
Atl < #(Se,m+1) < AS/7
where # denotes the cardinality of a set.

Proof. Fix any e € Sy,. Clearly Se m+1 C B(e, A~™) since Sy, is maximal. There-
fore, and since X € T, and A5 ~% > Cj,

#(Seams1) < #(Smr1 N Ble,AT™) < N(e, A", A) < C,A° < A7,

which proves the right inequality of the lemma.
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For the left inequality, we first note that there exists g € Sy, +1 for which d(g,e) <
A=m=1 and as A > 2Cy it is clear that e = £(g) for such g.
Also, for ¢’ # €” we have B(e', A=™/2Cy) N B(e"”, A=™/2Cy) = 0. Thus,

(%) Sm+1 N Ble, A7™/(2Cq)) C Se,m+1-
Next, for {g;}1*; = Sm+1 N B(e, A7 /2C4) we have
) n> N(e, A7 1 A/202 —1).

To check it, suppose the contrary, that is, suppose that
n < N(e, A" 1 A/20% — 1) = n,.
Then there would exist points z1,...,z,, in B(e, (A/2C% — 1)A=™~1) separated

from each other by a distance greater than or equal to A=™1,
But, for g € Spm+1 \ (Sm+1 N Ble, A7 /2Cy)) we have
1 A A o L
o) > Godlo.€) = d(e.) > 5 A = (=) A am,

which means that the set

n A —m—
1 = ({212 U Smia) \ (Smia N Ble, 57~ A7)
20y

fulfills #(S;,, 1) > #(Sm+1), a contradiction to the maximality of Sy, 41.
Thus, from (%), (1), the choice of A and the fact that X € A;, we conclude

#(Se,m+1) > #(Sm-l,-l n B(e, A_m/ZCd)) > N(e, A_m_l, A/ch — 1)
Cy (A/2C3 —1)" > C,A'(4C3) "t > AY.

Y

Lemma 7. Let fo be a measure on Sy, such that for any e,e’ € Sy, we have

fo(€") < C1fole)

whenever d(e,e’) < CoA™™, with C; = A and Cy = 8C3. Then there is a
measure fi on Spyy1 with the following properties:

(a) f1(g") < Cifi(g) for any 9,9 € Smy1 with d/(gagl) < CpAmmL,

(b) If g € Se.m+1, then A= fo(e) < fi(g) < A~ fole).

(c) fo(X) = fi(X).

(d) The construction of the measure fi from the measure fo can be regarded as
a transfer of mass from the points in Sy, to those of Sy4+1, with no mass
transferred over a distance greater than 2C4qA~". This means that if g €
Sm+1 receives mass from e € Sy,, then d(g,e) < 2C4A™™.

Proof of the lemma. Let foo be the measure obtained by homogeneously distribut-
ing the mass of each e € S, on the points in S ,,+1. By doing so, we obtain a
measure satisfying (b) (because of Lemma [B), (c) and (d). If foo satisfies (a),
then let f1 = foo and we are done.

Assume that foo does not satisfy (a). Let {g}, ¢/ }7_; be all the pairs of points in
Smt1 with d(gl, g”) < C2A=™~1. We will construct a finite sequence of measures
{foj» 3 = 1,...,T}, such that fo; will satisfy (a) for all the pairs {(g},g}) 3:1,
and as we will see fi = for is the desired measure.
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The construction of fy;41 from fo; is as follows:

If C7 ' foi(9)v1) < foi(g)1) < Cifos(g)yq), then let foj41 = fo;. Otherwise,
only one of these inequalities can fail, and without loss of generality we may assume
that fo;(9}.1) > C1foj(9711). Then we move mass from g}, to g7, ; by defining

f0j+1 as

fo;(9541) — Crfo;(9741)

foisr(d5e1) = foi(ie) - G ,

fO'(gl' ) — leo-(g’./ )

f0j+1(g;-'+1) — ij(Q;IJrl)—l- J\Ij+1 = (9541 ;
foj+1(9) = fo;(9) ifgé {9§‘+1a 93',+1}~

With this definition fo;+1(95.1) = C1foj+1(97;1), which means that (a) is true
for foj+1 with respect to (gj1,9j1). In particular, note that (a) is true for fo;
with respect to (g1, g7)-

We are now going to check condition (b) for fo;4+1. To do so, suppose that (b)
holds for fo;, i.e. suppose that

A fole) < f1(9) <A™V fo(e), g € Semast.

If foj+1 = foj or g ¢ {g;'+179§‘,+1}v then there is nothing to check. Otherwise,
as before we can assume that fo;(g5.1) > Cifoj(g711). Let ¢ = E(g),,) and

e = &(g7;,1). Tt is clearly enough to prove that fo;+1(g} 1) A~ fo(e’) and
foirr(g)in) < A7V fo(e”) (because foj1(g)1) < foi(gjpr) < A7V fo(e') and
foj+1(9741) > foj(9f41) = A7 fo(e”)). Now

d(e',e") < Cqd(€, g§‘+1) + ng(g;-i-la 95‘,4-1) + ng(gﬁl, e”)

< AT 4 CuC2AT™ T L C2AT™ < ChA™™,

v

so fo(e’') < Cyfo(e”). Therefore

fojr1(gf) = Cr'fojr(ghe) < Cr ' foi(gh4)
Cl—lAft'fO(el) < Aft'fo(e//).

IN

Analogously, fo(e”) > C;* fo(e'). Thus,

fojr1(d501) = Cifoj1(gfs1) = Cifoi(g511)
C1A™ fo(e”) = A7 fo(e).

V

Consequently, since (b) holds for fyo it is clear that it holds for f1 = for as well.

We are now going to check that when a pair satisfies (a) with respect to fy;,
it also does with respect to fo;4+1. To this end, pick any pair (g1,92), d(g1,92) <
CyA~™~1 for which

Cr foi(gr) < foj(92) < Crfoigr)-

If (g1, 92) and (g, ,97,,) have no point in common or if fo;1 = fo;, then we are
done. Otherwise, foj+1 # fo; and fo;(gj+1) > C1fo;(g7;1). Then the two pairs
have only one point in common, say g;. In this case fo;1+1(g2) = fo;(g2)-
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We have two possible cases to consider, either g; = 9§‘+1 or g1 = 9§‘I+1:
L. If g1 = g7, 1, then fo;41(g91) > fo;(g1). Thus, in this case it is enough to prove
that f0j+1(g1) < le0j+1(g2). Let ¢/ = 8(g;-+1) and €y = 8(g2). Then

(e’ ea) < Cad(e,gfy1) + Cld(g) 1, 91) + Cid(g1, g2) + Cid(g2, e2)
(4) < CgA™™ +2C3C, A~ L+ C3A™™ < G A™,

so fo(e') < Cifo(ez). Also, since we already know that (b) is true, we have
fole2) < A% foj41(g2) and foj1(g541) < A7 fo(e’). Thus,

foi1(g) = foj1(g)i1) = Cr foje(ghy) < CTP AT fole!)
< A7V foles) < A7 foi(g2) = A¥ 7 foja1(g2) = Cifoje1(g2).

2. Otherwise, if g1 = g}, ;, then fo;+1(91) < foj(g1). Thus, it is enough to
check that ij—i—l(gl) > C;lfoj_i_l(gg). But7 for ¢ = 8(9;!4—1)7 then as in @,
d(e”,e2) < C2A™™. Also, foj+1(91) = C1foj+1(9711). Thus, from (b) we then get

fojr1(g1) = Cifoji(gjy1) > C1A™ fo(e”) > A~ fo(e2)
> A" foir1(92) = O foja(g2).

This concludes the proof that (a) is true for fi.

Clearly foj4+1(X) = fo;(X), so (c) is also true for f;.

It remains to check (d). When passing from fy to foo no mass is moved over
a distance exceeding A~ because S m+1 C B(e, A™™), and when going from f;
to foj+1 no mass is moved over a distance exceeding CyA~™ 1 and Cy/A<1. Tt
therefore remains to prove that in the construction of f; from fy there are no pairs
(91, 92) and (g2, g3) in Sp41 for which mass is first moved from g; to g2 and then
at a subsequent step from go to g3. To prove this, assume the opposite. Then

foo(g1) > C1foo(92) and Joo(g2) > C1 foo(g3)-

But, if e; = £(g1) and e3 = E(g3), then as in @), d(e1,e3) < CoA™™, so by the
hypothesis C; ! fo(e1) < fo(es) < Cyfoler). Also,

A foles) < foolgi) < A7 foles),

for i =1 and i = 3. Adding these two inequalities, we would then get
foler) = A foo(g1) > CLAY foo(gz) > CZAY foo(gs) > C2AY = fo(es),
contradicting fo(e1) < C1 foles), as d(eq, e3) < C2A™™ and Cy = A* V. 0

3.3. Proof of the theorem. We will now use Lemma [7] to construct a sequence
of probability measures and prove that any limit point of this sequence belongs to
Ltl N USI.

We start by defining a probability measure 19 on Sy (note that Sy consists of one
point only, by the assumption diam(X) < 1). Obviously uo satisfies the hypothesis
of Lemma [ By using Lemma [7] to construct p;41 = fi on Sji;1 from p; = fo,
7 > 0, we then get a sequence {uj};";o of probability measures. This sequence
belongs to the unit ball of the dual of the Banach space C(X), and thus has at least
one weak limit point. Let p be any limit point of this sequence. In the proof we
will frequently use the following proposition, based on (d) of Lemma [7l
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Proposition 8. Let j € N, r >0, x € X and put C5 =2C2/(1 — C4/A). Then
pi(B(z,r)) < p(B(z,r +C3A77))

and
w(B(z,7)) < pj(B(z,r + C3A77)).

Proof. According to (d) of Lemma [l no mass is moved at a distance exceeding
2C3A™7 when constructing p;41 from p;. Thus, when passing from p; to pjqx,
k > 1, no mass is moved at a distance exceeding

203
1—Cq/A

k—1
205477 (Ca/A)" <

n=0

AT =C3A79,
which means that there is no mass transfer from B(z,r) into the complement of
B(z,r + C3A77), and vice versa. Thus,
p;(B(z, R)) < pjsr(B(z,r + C3A477))
and
pivk(B(x, 7)) < pj(B(x,r + C3A77)).
Now, as p is a weak limit point of {;4}, the same is true for p as well. |

We will now prove that p € Ly N U . To this end, fix x € X and some R and k
for which 0 < R < kR. Then choose integers m and M such that

(5) ER< A™™ < AkR and % <A M <R,

Denote by epr41 one of the points in Sps41 closest to = (there may be several) and
for j=0,...,M —m define epr—; = E(epmr—j+1) € Sm—j-

First claim.

(6) pm2(€m2) < p(B(w, kR)) < Cs3% (14 C5)*Ch i ().
Proof. By the definition of ej/—; and property 3 of the pseudo-metric d, we have
[ee]
. Cy
< CgA—™2 A = — A2,
d(l‘, €m+2) = Cd jz:;(cd/ ) 1— Cd/A
Let y € B(emy2,C3A~™2). Then, by (),
02
< A—m—2 d —m—2 < —m—1
d(y,x) < CyC3A + 1T-C.J/A Cd/AA <A < kR,

i.e. B(emia, C3A™™2) C B(z,kR). From Proposition B we then get
pm+2(em2) < (Bema, C3A™"7?)) < u(B(z, kR)),

proving the left inequality in (B]). To prove the right inequality, note that (&) and
Proposition [§ imply
w(B(x, kR)) < pim(B(x, kR + C3A™™)) < pim (B(x, (1 + C3)A™™)).
But, d(z,e,) < kgjj—ij—m. Thus, if e € S,, N B(z, (1 + C3)A~™), then
&

< —m
dle,em) < Cq(l4 C5)A™™ 4+ T 74 CalA

AT < ChAT™,
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so from Lemma [7] it follows that pm,(e) < Cipim(€m). Now,

# (Sm N B(z, (1 +C3)A™™)) < Cs(1 + C3)®,
so from Proposition [§ and the fact that kR < A™™, we get

p(B(@,kR)) < pm (B(z, (1 4 C3)A™™)) < Cs(1+ C3)°Crpim (€2,m),

which concludes the proof of the first claim.
Second claim.
(M) pare(ears) < p(B(, R)) < Col1+ o) A Crpnria (enr ).
Proof. By the definition of epr1,

d(erry1, @) = d(x, Syr) < A~M~1 < R/A.
Thus, for y € B(eg a1, C3A™M1),

d(y,z) < CqC3 A1 L cA™ M=t < A=M < R,
Again by Proposition [§],
parsi(enr+1) < p(Blearsr, CsA™YM 1) < p(B(z, R)),

proving the left inequality in ([@). To prove the right inequality, note that from
Proposition [ and the fact that R < A=+ by the choice of M,

W(B(x, R)) < par-1(B(x, R+ C3A™MHY) < ppy -1 (B, (14 C5) A~ M),
Also, for g € B(z, R+ C3A~M+y N Sy 4,
d(g,enr—1) < Cyd(g,x) + Cod(z,enr1) + Cod(erry, enr) + Cad(enr, enr—1)
< Cy(1 + C3)A~M+1 L 0BA=M=1 | 03 4=M | 02 g=M+1 < ¢, g=M+1,
Thus, from (a) and (b) of Lemma [we get (recalling epr—; = E(epr—j+41))s
pr—1(g) < Crpp—1(en—1) < ClAQS/,UM+1(eM+1)-
But,
# (B(z, (14 C5)A™ M) N Syq) < Co(1 4 Cy)°,
S0
W(B(w, R)) < par—1(B(x, (1 + C5)A™MT1)) < Cy(1+ C5)* A Cipar s (enrsa),
proving the second claim. To conclude the proof, note that

< As’(M-i—l—m)

fi(€em) parsr(enrn)  and  pipyo(emia) = AT 0 (earia)

by (b) in Lemma 1 Also note that k < AM~™ < A2k, by the choice of m and
M.
Thus, from the two claims it follows that

W(B(z,kR)) < Cpim(em) < CATM=™) iy (enrn) < Ck* u(B(, R)),
and similarly,
(B2, kR)) > pimia(emsz) > CAY M=)y (enrgn) > CkY u(B(z, R)),
ie. p €Ay Ny
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Note that the final constants C' depend only on the given constants Cy, Cs, C
and the choice of A, s’ and #’. Also note that the last inequality depends on the
fact that T(X) < +oo0. O

4. THE NON-COMPACT CASE

In [L-S] Theorem 1 was generalized to a non-compact complete metric space X.
It is easy to see that their proof holds for a pseudo-metric, too. We conclude this
paper by showing that Theorem 2 combined with their proof gives the analogue
generalization of Theorem 2 as well. Before that we just briefly sketch their proof,
and refer to [L-S] for details:

Let ' > s and cover X € T, with a countable collection of compact balls
X, = B(zg,n),n €N, zg € X. Every X,, carries a p,, € Uy, by Theorem 1.

By using the weak-* compactness of the unit ball of C(X,) and a Cantor’s
diagonal process they show the existence of a subsequence {u}} of {u,} such that,
for every continuous f > 0 with compact support on X, [ x, fduj converges to

Jx fdp for some p € U

Theorem 9. Let X € T, N Ay be any complete pseudo-metric space. Then there
exists a u € Ug N Ly for every t <t and s’ > s.

Proof. We use the notation above. It remains to prove u € Ly. From Theorem 2
it is clear that p € Uy N Ly, where the constant C'in Ly is the same for all j. Let
re X, r>0,k>1 Let 0 <e < (k—1)/(k+1) and pick continuous functions
0 < f,g <1such that f =1 on B(x,(1 —¢)kr) and g = 1 on B(z,r), and such
that f and g have compact support on B(z, kr) and B(z, (1 + €)r), respectively.
Put ¢! = Ck"((1 —¢)/(1+¢))", choose p such that B(z, kr) C X, and choose j
large enough that | pr hdu — pr hdp;| < e for h = f,g. Then

W(B(z,1)) < /X g < /X gl + e < p5(Bla, (1+e)r) +e

< cp(B(z, (1 —¢e)kr)) +e < C/X fdp; +¢

< c/ fdu+ce+e < cu(B(z, kr)) +ce+¢
Xp

Letting ¢ — 0 gives Ck! u(B(x,7) < w(B(x, kr), i.e. p € Ly. O
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