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THE HOMOTOPY TYPE
OF HYPERBOLIC MONOPOLE ORBIT SPACES

URSULA GRITSCH

(Communicated by Ronald A. Fintushel)

Abstract. We prove that the space B0
U(1) of equivalence classes of U(1)-

invariant connections on some SU(2)-principle bundles over S4 is weakly ho-
motopy equivalent to a component of the second loop space Ω2(S2).

1. Introduction

In this note we prove that the space B0
U(1) of gauge equivalence classes of U(1)-

invariant connections on an SU(2)-principle bundle over the 4-sphere S4 of even
Chern class is weakly homotopy equivalent to one component of the second loop
space of the sphere S2. In other words we prove:

Theorem 3.2.1.

B0
U(1) 'w Ω2

kS
2 .

This U(1)-action on S4 ⊂ R5 is just the rotation in the 〈x1, x2〉-plane leaving
the x3, x4 and x5-coordinates fixed.

We use an equivariant version (see [G, theorem 2.3.1]) of a theorem in [AB,
prop. 240, p.540] or [DK, prop. 5.1.4, p.174], which identifies the invariant orbit
space B0

U(1) as an equivariant mapping space. We then analyze this mapping space
using methods from equivariant homotopy theory. Usually theorems of this kind
are proved using tools from analysis and gauge theory.

Anti-self-dual connections invariant under this U(1)-action on the 4-sphere S4

are called hyperbolic monopoles and were first studied by Atiyah in [A]. For this
reason we call the space B0

U(1) the hyperbolic monopole orbit space.
In [A, section 2, p.3] Atiyah shows that anti-self-dual connections on the 4-sphere

S4 invariant under this particular U(1)-action are in one-to-one correspondence
with pairs (A,Φ), where A is a connection on the trivial SU(2)-bundle over the
hyperbolic 3-space H3, the Higgs field Φ is a section of the adjoint bundle H3 ×
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su(2) → H3, and the pair (A,Φ) satisfies the Bogomolny equation DΦ = ∗FA on
the space H3 and has finite energy.

In [T] Taubes investigates the Euclidean analogue. He studies pairs (A,Φ) where
A is a connection on the trivial SU(2)-bundle over R3, the Higgs field Φ is a section
of the adjoint bundle R3 × su(2) → R3 satisfying a regularity condition and the
pair (A,Φ) has finite energy with respect to the Yang-Mills-Higgs functional. In [T,
Theorem A1.1, p.347] he shows that the configuration space B (that is the space
of smooth pairs (A,Φ), where A and Φ are as above) modulo the action of the
based gauge group of the trivial SU(2)-bundle over R3 is homotopy equivalent to
the space of smooth maps f : S2 → S2. The space B fibers over the 2-sphere S2

and C.H. Taubes shows that the fiber B̂ over the north pole is homotopy equivalent
to the space of based smooth maps f : S2 → S2.

2. The hyperbolic monopole orbit space B0
U(1)

2.1 Notation and terminology. Let S4 denote the 4-sphere in R5 and let η =
(P → S4) be an SU(2)-principal bundle over the manifold S4. Denote by A the
space of smooth connections on the bundle η. Let G be the group of smooth gauge
transformations of this bundle. This means that elements g ∈ G are smooth auto-
morphisms of η. Let G0 be the subgroup of the group G of gauge transformations
whose elements are the identity over a given base point m ∈ S4.

The circle U(1) acts on the 4-sphere S4 ⊂ R5 by the rotation in the 〈x1, x2〉-plane
leaving the x3, x4 and x5-coordinates fixed. We assume that the U(1)-action on the
base S4 lifts to the total space P of the bundle η. It follows from [Ba, proposition
2.1, p.434] and [A, 2.6, p.6] that this is the case if and only if the second Chern
class c2(η) = n is even. In [Ba, p.430] P. Braam shows that the induced action
of the non-trivial double cover Ũ(1) of U(1) on the 4-sphere S4 always lifts to the
bundle η regardless of the parity of n.

By abuse of notation we denote by η = (E = P ×SU(2) C2 → S4) the two
dimensional complex vector bundle associated to the principle bundle via the stan-
dard representation of SU(2) on the complex vector space C2. The complex vector
bundle η can be given the structure of a quaternionic line bundle using the isomor-
phisms SU(2) ∼= Sp(1) and C2 ∼= H as SU(2) ∼= Sp(1) left modules. (We consider
the quaternions H as a right quaternionic vector space.)

We define the invariant gauge group GU(1) to be the subgroup of the gauge
group G such that each gauge transformation commutes with the action of the Lie
group U(1) on the total space P of the bundle η. Analogously we define the based
invariant gauge group G0

U(1) to be the equivariant gauge transformations which are
the identity over a given based orbit Om ⊂ S4.

The groups G and G0 act naturally on the space of connections A from the right
by the pull back of connections. We define the orbit space B to be the space A/G
of connections modulo the action of the gauge group and the based orbit space B0

to be the space A/G0 of connections modulo the action of the based gauge group.
The left action of the group U(1) on the bundle η induces a right action on the

space of connections A again by the pull back of connections. The fixed points
of this action are called U(1)-invariant connections. We denote the space of fixed
points by AU(1). The invariant groups GU(1) and G0

U(1) act on the space of in-
variant connections AU(1) as above. As in the non-equivariant setting we define
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the invariant orbit space BU(1) to be the space AU(1)/GU(1) of invariant connec-
tions modulo the invariant gauge group and the based invariant orbit space (the
hyperbolic monopole orbit space) B0

U(1) to be the space AU(1)/G0
U(1) of invariant

connections modulo the based invariant gauge group.
It is customary to complete spaces of connections in the L2,2-Sobolev norm and

elements of the gauge group in the L3,2-Sobolev norm using a fixed connection on
the bundle η. However for the purpose of this paper this is not necessary. So the
reader can either think of smooth connections and smooth gauge transformations
or of L2,2-connections and L3,2-gauge transformations.

2.2 The mapping space model of the hyperbolic monopole orbit space
B0
U(1). In this section we briefly describe the model for the hyperbolic monopole

orbit space B0
U(1) in terms of an equivariant mapping space given in [G, theorem

2.3.1]. This model is a direct generalization of the model for the orbit space B0

given in [DK] and [AB] to the invariant situation. The results in this section hold for
any action of a compact Lie group H on a principle bundle η = (P →M) over any
compact H-manifold M . However we state them only for SU(2) ∼= Sp(1)-principle
bundles over S4 and H = U(1).

We first introduce a few notions from equivariant bundle theory. Let V be a
fixed quaternionic U(1)-representation. That means V is a quaternionic right vector
space with U(1) left action. Let G1(V k) be the Grassmannian of quaternionic lines
in the vector space V k = V ⊕ · · · ⊕ V︸ ︷︷ ︸

k times

for k > 1. The group U(1) acts naturally on

the space G1(V k) because it acts on the space V k. (G1(V k) is just a quaternionic
projective space with a U(1) left action.)

We denote by G1(V∞) = limk→∞G1(V k) the direct limit as a U(1)-equivariant
space. Let γ1(V k) = (E1(V k) → G1(V k)) denote the canonical unitary bundle
over the Grassmannian. The fiber over a line P ∈ G1(V k) are the points p ∈
P . The U(1)-action on the Grassmannian lifts naturally to a U(1)-action on the
total space of the canonical bundle giving this bundle the structure of a U(1)-
equivariant bundle. We take the limit E1(V∞) = limk→∞ E1(V k) and obtain the
U(1)-equivariant bundle γ1(V∞) = (π : E1(V∞)→ G1(V∞)).

Definition 2.2.1. We call a U(1)-equivariant quaternionic vector bundle
η = (E → S4) subordinate to the representation V if for every m ∈ S4 the isotropy
representation of the isotropy group U(1)m on the fiber over m is equivalent to a
sub-module of the U(1)m-module V induced by the given U(1)-module V .

The bundle γ1(V∞) = (π : E1(V∞) → G1(V∞)) classifies vector bundles sub-
ordinate to the representation V . This is proved by Wasserman in [Wa, section 2,
p.132] for the case of real vector bundles and by Segal in [Se, section 1, p.131] for
complex vector bundles. These proofs also hold in the quaternionic category.

Similarly if η = (P →M) is a U(1)-equivariant SU(2) ∼= Sp(1)-principle bundle
such that the associated vector bundle η = (E = P ×Sp(1) H→ S4) is subordinate
to the representation V , then the frame bundle associated to the bundle γ1(V∞) =
(π : E1(V∞)→ G1(V∞)) classifies the principle bundle η.

Definition 2.2.2. We call G1(V∞) a classifying space for the bundle η provided
it is subordinate to the U(1)-representation V .
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Remark 2.2.3. Fix a point e ∈ S4 which is fixed under the U(1)-action. Also we fix
a trivialization of the bundle η over the point e once and for all. Then there is a
point ∗ ∈ G1(V∞) such that the bundle (η, η/e) is classified by the pointed space
(G1(V∞), ∗). Of course the base point ∗ ∈ G1(V∞) also has to be a fixed point of
the circle action on G1(V∞).

Proposition 2.2.4. Assume that the U(1)-equivariant SU(2)-principle bundle η =
(P → S4) is subordinate to the U(1)-module V . Then there is a weak homotopy
equivalence

B0
U(1) 'w Map0

U(1)(S
4, G1(V∞))η

where the right hand side denotes the component of the mapping space of maps
which classify the bundle (η, η/e). (The mapping space is given the compact-open
topology.)

The proof is given in [G, theorem 2.3.1]. It is a direct generalization to the
invariant situation of the corresponding theorem in [DK, prop. 514, p.174].

3. The weak homotopy type

of the hyperbolic monopole orbit space B0
U(1)

3.1 Background and definitions. In this section we apply Proposition 2.2.4 to
compute the weak homotopy type of the hyperbolic monopole orbit space B0

U(1).
Recall that the U(1)-action on S4 ⊂ R5 is just the rotation in the 〈x1, x2〉-plane,
leaving the x3, x4, and x5-coordinates fixed. The fixed point set is the two-sphere
consisting of the points with x1 = x2 = 0 and hence x2

3 + x2
4 + x2

5 = 1.
However, to use methods from equivariant homotopy theory it is better to think

of the sphere S4 as the second suspension of a certain representation sphere. For
an orthogonal representation V of U(1) let S(V ) denote the unit sphere in the rep-
resentation V and SV the 1-point compactification. Both spaces carry an induced
U(1)-action. The 2-sphere with the standard circle action given by rotation around
the axis through the north and south pole is the unit sphere Sc = S(1 + c). Here
c denotes the standard representation of U(1) on C and 1 denotes the trivial one-
dimensional representation. The 2-sphere with the trivial circle action is the unit
sphere S2 = S(1 + 1 + 1).

For any space X let S0 ∗ X denote the (unreduced) suspension of X . Hence
S0 ∗ X = X×I

X×{0},X×{1} where the space I denotes the unit interval [0, 1] and we
collapse the subspaces X × {0} and X × {1} to two different points. The space
S1 ∗X denotes the two fold suspension of X , i.e. we suspend the space X twice.

If the space X is acted on by the group U(1), then the two-fold suspension S1∗X
is acted on naturally by U(1) as well, namely: λ · [s, t, v] = [s, t, λ · v] for elements
s, t ∈ I, v ∈ S2 and λ ∈ U(1). There is a well-known homeomorphism between the
4-sphere S4 and the second unreduced suspension of the 2-sphere. Choosing this
2-sphere to be Sc induces a U(1)-action on S4, i.e. S4 = S1 ∗ Sc as a U(1)-space.

Remark 3.1.1. We could also regard S4 as the third unreduced suspension of the
circle U(1) where U(1) acts on itself by multiplication. However this is not very
useful when using Proposition 2.2.4: The action of U(1) on itself has no fixed points
but the mapping space in Proposition 2.2.4 is a based space. Since methods from
equivariant homotopy theory when applied to based mapping spaces work well when
one has fixed points, we prefer to work with the suspension of a U(1)-space with
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fixed points; for example the second suspension of the 2-sphere Sc. (This is used
in the paragraph following (3.2.3).)

The U(1)-action on Sc fixes the north and south poles N and S, and hence the
circle action on S4 fixes the space S1 ∗ (N ∪ S) ∼= S2. Therefore the circle action
on S4 has a 2-sphere inside the 4-sphere as the fixed point set.

In order to apply Proposition 2.2.4 we need to compute the family of isotropy
representations of the U(1)-action on the bundle η and to determine a classifying
space for the bundle η. The following analysis can be found in [A, p.4 and 5].

There are two types of isotropy groups. If a point m ∈ S4 lies in the complement
of the fixed point set, then the isotropy group U(1)m is trivial and hence the
corresponding isotropy representation is trivial. If a point m ∈ S4 lies in the fixed
point set S2 ⊂ S4, the isotropy group is the whole circle U(1).

Let Em denote the fiber of the two dimensional complex vector bundle η over the
fixed point m. Since the structure group of η is SU(2) the U(1)-action on the vector
space Em is conjugate to the standard two dimensional complex representation of
U(1) given by the matrix (

λp 0
0 λ−p

)
for some non-negative integer p called the mass.

Let A be any U(1)-invariant connection on the bundle η. For two different points
m1 andm2 in the fixed point set S2 the parallel transport induced by the connection
A defines an isomorphism as U(1)-modules of the fibers Em1 and Em2 . Hence the
mass p is independent of the choice of the point m in the fixed point set S2 ⊂ S4.

The bundle η restricted to the fixed point set S2 splits into the direct sum of
two complex line bundles lp and l−p. The fiber of the bundle lp at a point m ∈ S2

consists of the eigenspace with eigenvalue λp for λ ∈ U(1). Likewise the fiber of
the bundle l−p consists of eigenspaces with eigenvalues λ−p for λ ∈ U(1). The line
bundles lp and l−p are complex conjugate to each other.

Definition 3.1.1. Let k be the first Chern class c1(lp) of the bundle lp. The integer
k is called the charge.

It is well known [A, 2.6, p.6] that there is the equality n = 2pk between the
mass, charge and the second Chern class of the bundle η.

If we consider the bundle η as a quaternionic line bundle, then over the fixed
point set S2 the isotropy representation of U(1) is conjugate to the one dimensional
quaternionic U(1)-module H where an element λ ∈ U(1) acts by left multiplication
with the element λp on the quaternions H. We say that as a U(1)-module H
has weight p. Hence as a quaternionic line bundle the bundle η is subordinate
to the U(1)-module H of weight p and therefore the equivariant Grassmannian
G1(H∞) = HP∞ classifies the bundle η.

We choose the point e := [1, 1, N ] ∈ S1 ∗ Sc as the based orbit where N ∈ Sc is
the north pole. Also we fix a trivialization of the bundle η over the point e once and
for all. Then, as mentioned in Remark 2.2.3, there is a point ∗ ∈ G1(H∞) such that
the bundle (η, η/e) is classified by the pointed space (G1(H∞), ∗) for some point
∗ ∈ G1(H∞). Of course the base point ∗ ∈ G1(H∞) also has to be a fixed point of
the circle action on G1(H∞).
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3.2 Proof of the main theorem. For any topological space X denote by Ω2X =
Map0(S2, X) the based continuous maps from the 2-sphere S2 into X together
with the compact-open topology. This space has components labeled by the second
homotopy group π2(X) of X . For some element k ∈ π2(X) let Map0

k(S2, X) denote
the component labeled by k. Recall that the hyperbolic monopole orbit space
B0
U(1) = AU(1)/G0

U(1) is the space of U(1)-invariant connections on the bundle η
modulo the based equivariant gauge group G0

U(1).

Theorem 3.2.1. There is a weak homotopy equivalence B0
U(1) 'w Ω2

kS
2, where

k is the charge of the bundle η as defined in section 3.1 and Ω2
kS

2 denotes the
component of the second loop space Ω2S2 labeled by the charge k.

Proof. Proposition 2.2.4 already gives a weak homotopy equivalence

B0
U(1) 'w Map0

U(1)(S
4, G1(H∞))η.(3.2.2)

Here the superscript η in the mapping space denotes the component of maps which
classify the bundle η. We will first show that there is a homotopy equivalence

Map0
U(1)(S

4, G1(H∞)) ' Ω2S2.(3.2.3)

In section 3.3 we will identify which components correspond to each other under
this homotopy equivalence.

For two pointed topological spaces (X,x0) and (Y, y0) define the smash X ∧ Y
to be the pointed space X×Y

X×{y0}∪{x0}∪Y . If the spaces X and Y are acted on by the
circle group U(1) with fixed points x0 and y0, then the smash X ∧ Y is acted on in
a natural fashion by the circle U(1) as well. Hence the circle group U(1) acts on
the smash S2 ∧ Sc where we have chosen the north pole in both 2-spheres as the
base point. Here we recall that Sc denotes the 2-sphere with the standard circle
action and S2 the 2-sphere with the trivial circle action.

We have identified S4 = S1 ∗ Sc and there is a well-known U(1)-equivariant
homotopy equivalence S1 ∗ Sc ' S2 ∧ Sc. Hence we have to analyze the mapping
space Map0

U(1)(S2 ∧ Sc, G1(H∞)). Taking U(1)-fixed points of the equivariant
homeomorphism

Map0(S2 ∧ Sc, G1(H∞)) ∼= Map0(S2, Map0(Sc, G1(H∞)))
∼= Ω2Map0(Sc, G1(H∞))

gives the homotopy equivalence

Map0
U(1)(S

4, G1(H∞)) ' Ω2Map0
U(1)(S

c, G1(H∞)) .(3.2.4)

The proof of the homotopy equivalence (3.2.3) follows now from Lemma 3.2.5 below.

Lemma 3.2.5. There is a homotopy equivalence Map0
U(1)(S

c, G1(H∞)) ' S2 .

Proof. The sphere Sc is U(1)-equivariantly obtained by gluing in along the north
and south pole a U(1)-equivariant 1-cell. Hence there is a U(1)-equivariant cofibra-
tion sequence

U(1)+ → S0 → Sc(3.2.6)

where the zero dimensional sphere S0 consists of the north and south pole of the
sphere Sc. Applying the equivariant mapping functor Map0

U(1)( , G1(H∞)) to the
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sequence (3.2.6) gives the fibration sequence

Map0
U(1)(U(1)+, G1(H∞))← Map0

U(1)(S
0, G1(H∞))← Map0

U(1)(S
c, G1(H∞)) .

(3.2.7)

We have the homeomorphisms

Map0
U(1)(U(1)+, G1(H∞)) ∼= G1(H∞) = BSU(2)

and Map0
U(1)(S

0, G1(H∞)) ∼= G1(H∞)U(1) .

Lemma 3.2.8. There is a homeomorphism G1(H∞)U(1) ∼= G1(C∞) = BU(1).

Hence the mapping space Map0
U(1)(S

c, G1(H∞)) is the homotopy fiber of the
standard map BU(1) → BSU(2) which is, up to homotopy, the space S2. This
proves Lemma 3.2.5 and finishes the proof of (3.2.3).

Proof of Lemma 3.2.8. Let τ : G1(C∞) ↪→ G1(H∞) be the map induced by the
natural inclusion C ↪→ H. Recall that we view the space H∞ as a right quaternionic
vector space endowed with the U(1)-action given by left multiplication of weight p.
Hence the image τ(G1(C∞)) lies in the fixed point set G1(H∞)U(1) of the induced
circle action on the Grassmannian G1(H∞) and the map τ induces a continuous
map τ̃ : G1(C∞) ↪→ G1(H∞)U(1).

Let w = [x0, x1, . . . ] be a quaternionic line in H∞ fixed under the circle action.
Without loss of generality we may assume x0 = 1. Given λ ∈ U(1) there is an
element α(λ) ∈ Sp(1) such that λpxi = xiα(λ) for all i = 0, 1, . . . . For i = 0 this
gives α(λ) = λp. Hence λpxi = xiλ

p for all i = 0, 1, . . . and hence xi lies in the
centralizer of U(1) in the quaternions H which is equal to C.

Hence xi ∈ C for all i = 0, 1, . . . and the element w = [x0, x1, . . . ] lies in the image
of the map τ̃ : G1(C∞) → G1(H∞)U(1). The map τ̃ induces a homeomorphism
G1(C∞) ∼= G1(H∞)U(1). This finishes the proof of Lemma 3.2.8.

3.3 Identification of the component. We now finish the proof of Theorem 3.2.1.
Recall that we denoted by η = (P → S4) a fixed U(1)-equivariant principal SU(2)-
bundle over the 4-sphere S4 with second Chern class c2(η) = n. Restricted to the
fixed point set S2 ⊂ S4 of the U(1)-action on the 4-sphere the bundle η is induced
from a U(1)-bundle ν with first Chern class c1(ν) = k. In Definition 3.1.1 we
defined the number k to be the charge of the bundle η.

Let Γ : Map0
U(1)(S4, G1(H∞)) → Ω2S2 be the map inducing the homotopy

equivalence in (3.2.3). We want to determine to which component of the double
loop space Ω2S2 the map Γ maps the connected component Map0

U(1)(S
4, G1(H∞))η

of the mapping space Map0
U(1)(S

4, G1(H∞)). For this it is enough to compute the
degree of the map Γ(f) : S2 → S2 for one map f ∈ Map0

U(1)(S
4, G1(H∞))η.

We identify the 4-sphere S4 with the smash S2 ∧ Sc as before. Here the circle
U(1) acts trivially on the first factor and by rotation around the axis through the
north and south pole on the second factor. The fixed point set of the circle action
on S4 is then the subspace {[z, S] ∈ S2 ∧ Sc : z ∈ S2} which is just isomorphic to
a copy of S2. Here S denotes the south pole of the second factor Sc.

Denote by j : S2 → Map0
U(1)(Sc, G1(H∞)) a map inducing the homotopy equiva-

lence from Lemma 3.2.5 and let ι∗ : Map0
U(1)(S

c, G1(H∞))→Map0
U(1)(S

0, G1(H∞))
= BU(1) be the map on the mapping spaces induced by the cofibration ι : S0 ↪→ Sc

from (3.2.6). Let π = ι∗ ◦ j : S2 → BU(1) the composition. It is clear that the
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map π induces the identity on second cohomology. Hence in order to calculate the
degree of the map Γ(f) it is enough to calculate the map

(π ◦ Γ(f))∗ : H2(BU(1),Z)→ H2(S2,Z).(3.3.1)

By construction the map π ◦ Γ(f) is a lift of the classifying map f of the bundle η
to the fixed point set S2 via the map B(ι) : BU(1) ↪→ BSU(2). Since the bundle
η restricted to the fixed point set S2 ⊂ S4 is induced from a U(1)-bundle ν with
first Chern class c1(ν) = k, the map π ◦Γ(f) : S2 → BU(1) is a classifying map for
the bundle ν and hence the map (π ◦ Γ(f))∗ in (3.3.1) is multiplication by k. This
finally finishes the proof of Theorem 3.2.1.
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