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ABSTRACT. Suppose that a and b are elements of a complex unital Banach

algebra such that the spectrum of a is 2mwi-congruence-free and e%e® = ebe®.

We show that then ab—ba is the sum of nilpotent elements. If 7(b) denotes the
spectral radius of b, then we show that the additional assumption r(b) < 27
implies that

b(ab — ba)? = (ab — ba)?b.

The present paper is a continuation of our previous paper [4]. Let A denote
a complex unital Banach algebra. By L(.A) we denote the Banach algebra of all
bounded linear operators on A. For z € A the spectrum and the spectral radius of
x are denoted by o(x) and r(z), respectively. The map §, : A — A, defined by

d:(c) =cx —xc (ce A,

is called the inner derivation determined by x. From ||0,(c)| < 2||¢||||z|| it follows
that 6, € L(A).
If T € L(A), then N(T) denotes the kernel of T
If Q; and Q9 are subsets of C, then Q1 — Qo :={ A —p: A1 € Q1, A2 € Qa}.
Proposition 6.4.8 in [2] shows that

1) o(5,) C o) — o) = {A— s A i € o(a)}
and
(2) €% (c) = e %ce” forall ¢ € A.

Define the entire function f: C — C by

A=), ifA£0,
ORI il0

Since Af(\) = f(M)A =e* — 1, we get for z € A
f(62)0, = e — I
thus, by (@)),
(3) f(02)(0z(c)) = e Fce® —c forall c € A
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A set Q C C is called 27i-congruence-free if A, u € Q and A = p (mod 27¢) imply
that A = pu.

The following result is due to E. M. E. Wermuth ([6]). See also [4] for a very
short proof using (3)).

Theorem 1. Let a,b € A. Suppose that o(a) and o(b) are 2mi-congruence-free
and that e®e® = ePe®. Then ab = ba.

In [3, Corollary 1] we have shown that if A and B are bounded self-adjoint
operators on a Hilbert space, then

(4) eteB = A8 if and only if AB = BA.

Even in the case of two-dimensional matrices the equivalence (@) does not hold
under the weaker assumption of 2mi-congruence-free spectra ([5]). But we have:

Theorem 2. Let a,b € A. Suppose that o(a + b) is 2mi-congruence-free. If

6(Leb _ ea-i—b _ ebea’

then ab = ba.

Proof. Since o(a + b) is 2mwi-congruence-free, () shows that f does not vanish on
0(0atp); hence f(d444) is invertible in L(A). From (B) we get

Bast (%) = f(8ars) ™! (e @Hete™P —e) = f(Jays) ™! (e P e e e — e?) = 0
thus e®(a + b) = (a + b)e®. Therefore be® = e®b. This gives
ars () = f(Gays) ™t (e7 @bt — b) = f(50rp) ™" (e Pe e’ —b) =0 .
Hence b(a 4+ b) = (a + b)b. This shows that ba = ab. O
Corollary 1. If A is a bounded linear operator on a complex Hilbert space, then
et = eATAT = AT if and only if A is normal.
Proof. Since A + A* is self-adjoint, o(4 + A*) C R. Hence o(A + A*) is 2mi-

congruence-free. |

For our main results in this paper we need the following propositions.

Proposition 1. Letc,d,z € A and Ao, uo € C\{0}. If ct—xzc = Mc and de—xd =
wod, then:

(a) (dc)x —x(dc) = (po + Ao)de;

(b) "z — xzc™ =noc™  for alln € N;

(c) =0 forall neN with n>2|z| |X|]™*.

Proof. (a) From xc = cx — Agc and xd = dx — pod we derive

(de)x — x(dc) = (de)x — (xzd)c
= (dc)x — (dx — pod)c
= (de)x — d(zc) + pode
= (de)x — d(cx — Moc) + pode

= (de)x — (dc)x + (Mo + po)de = (Ao + po)de.

(b) follows from (a) by induction.
(c) If n|Ao| > 2|lz||, then n|X\o| > ||d:|; thus nAo ¢ o(d,). Hence, by (b),
c" =0. O
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Remark. Proposition [Mlis valid for not necessarily inner derivations D : A — A.

Recall that the entire function f is defined by f(\) = A~Y(e* — 1) if A #0
and f(0) = 1. We use the following notation for z € A:

M, ={x€o(ds): f(N) =0}
Observe that if M, = 0, then f(d,) is invertible in £(A). Observe also that if
o(z) is 2mi-congruence-free, then, by (@), M, = 0.
Since o(d;) is compact it follows that M, is a finite set. From the definition of

f it is clear that each A € M, is a simple zero of f and that there is k € Z \ {0}
and that A\ = 2kmi.

r(x)

prt

Proposition 2. Let x € A and let n denote the smallest integer with n >
We have:

(a) M, has at most 2n — 2 elements;

(b) if My #0 and My = {\,...,\e} with k <2n—2 and X\j # A\ for
j #1, then

N(f(6)) = N(6u = MI) &+ & N(6, — M)
and for each z € N(f(0;)) there are uq,...,uy € A such that
z=ur+- - +ug, uj €Nz —MNI) and uf =0
forj=1,...k.

Proof. (a) Suppose that M, # 0. If A\ € M,, then A\ = 2kmi for some
ke Z \ {0}. By (@) there are o, § € o(x) with A = a — 3. Thus

2kl m=|N=la—0] < |lof+16] < 2r(z) < 2nm,;
hence |k| < n — 1. Therefore
M, C {+2mi, +4mi,..., +2(n— 1)mi }.

(b) Recall that each A; is a simple zero of f; hence there is an entire function g
such that

J) =gN)A=A1) - - (A= ).
It follows that g(d,) is invertible in £(.A) and
f(62) = 9(02) (62 — M) - -+ (00 — Ae).
Satz 80.3 in [1] gives now
N(f(62)) = N(6z — M) ® -+ @ N(0p — MeI).

Take z € N(f(05)). Then there are u; € N(0; — A1) (j = 1,...,k) with
z=wuy+---+ug. Let je{l,...,k}. Proposition[ (b) shows that
ujr — wui =nAjuj.
Suppose that u? # 0. Then n); € o(d;). As in the proof of (a) we derive
n |\ < n2r(z) < 2nm;
hence |Aj| < 2, a contradiction since A; # 0. O

Let x € Aand r(x) < 7. Then o(z) is 2mi-congruence-free and hence N (f(d;)) =
{0}. The following theorem deals with the case where m < r(z) < 2.
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Theorem 3. Let x € A and suppose that m < r(z) <2m. Then
(5) x2? = 2% for each z € N(f(6z)).

There are the following three possibilities:

(a) M, = 0. In this case we have N(f(d,)) = {0}.

(b) M, = {\} with X\ =2mi or \= —2mi. In this case we have z?> = 0 for
each z € N(f(dz)).

() My = {1, X2} with A\ = 2mi = —Xa. In this case ([B) holds.

Proof. From Proposition 2 we know that M, has at most two elements. Suppose
that M, # (). Take A € M; hence A = 2kmi (k € Z \ {0}). As in the proof of
Proposition 2 (a) we see that |k| < 1; thus A = £27i.

Case 1: M = {\1}. Proposition[2 (b) gives

N(f(0:)) = N(6, — \I) and 22 =0 for each z € N(f(5,)).

Case 2: M = {A,X2}. Then \; = 2w = —X2. Let z € N(f(dz)). By
Proposition 2 (b) there are u; € N(d, —A\;I) withu? =0 (j = 1,2) and z = uy +us.

Proposition [ (a) gives

uguox — xuitue = (A + A2)ujus = 0.ugug = 0;

thus zujus = wijusx. A similar argument shows that zusu; = wguix. From

22 = u% + uius + usug + u% = ujus + uguq it follows then that

a:22 = ZULUZ + TUSUT = ULULT + UU1 T = sz. O
Theorem 4. Let a,b € A and e%e® = ebe®. Suppose that o(a) is 2mi-congruence-

free. Then ab — ba is the sum of nilpotent elements. If in addition r(b) < 2w,
then

b(ab — ba)? = (ab — ba)?b.
Proof. Since f(d,) is invertible in £(A) we get from
f(8a)(6a(e”)) = e e — e’ =0
that ae® = e’a. Therefore
F(85)(0p(a)) = e "ae” —a = 0;

hence ab — ba = dy(a) € N(f(d)). Use Proposition ] Theorem [[] and Theorem [3
to complete the proof. O

With the aid of Theorem Blwe can prove a further result concerning exponentials
in Banach algebras.

Theorem 5. Suppose that a,b € A and e® = eb.

(a) If o(a) is 2mi-congruence-free, then ab = ba.
(b) If < r(a) < 27, then a(ab — ba)? = (ab — ba)?a.

Proof. From (@) we get
f(8a)(ba — ab) = f(64)(8a (b)) = e~ %be” — b= e "be” — b =0.

Hence ab — ba € N(f(d,))-
(a) If o(a) is 2mi-congruence-free we have N(f(d,)) = {0}; thus ab = ba.
(b) follows from Theorem Bl O
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For our next result we denote by 1 the unit of A.

Theorem 6. Let a,b € A, let e* = e® and let o(a) and o(a) — o(b) be 2mi-
congruence-free. Then there is some k € Z with

a—b= (2kmi)l.

Proof. From Theorem [ (a) we get ab = ba. Thus e*® = 1. Put ¢ = a — b and
define g : C — C by g(\) = ¢* — 1. Then g(c) = 0. Take A\, \a € o(c). Since
a and b commute, we get from [3, Theorem 11.23] that o(c) C o(a) — o(b); thus
A1, A2 € o(a) — o(b). The spectral mapping theorem gives e’ = 1 = e*2; thus
A1 = 2kmi and Ay = 2jmi for some k,j € Z. This shows that A\; = Ay (mod 274).
Since o(a) — o(b) is 2mi-congruence-free, we get A\ = Ao. Hence there is k € Z such
that o(c) = {2kmi}. Since 2kwi is a simple zero of g, there is an entire function h
with
g(A) = h(A) (A —2kmi)
and h(2kmi) # 0. This gives
0=g(c) = h(c) (c — (2kmi)1).
Since h(c) is invertible in A, ¢ = (2k7i)1. O

As an immediate consequence of Theorem [6l we have the following well-known
result:

Corollary 2. If A and B are bounded, self-adjoint operators on a complex Hilbert
space and if e = eB, then A= B.

Proof. From o(A), o(A) — o(B) C R we see that 0(A) and o(A) — o(B) are 2mi-
congruence-free. Theorem [6 now shows that A — B = (2kmi)I for some k € Z.

From A — B = (A — B)* = —(2kni)] = —(A — B) we get A= B. O
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