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ABSTRACT. We present several new results about the notion of finite repre-
sentability of operators introduced by Bellenot.

1. INTRODUCTION

The theory of finite representability between Banach spaces has been considered
by some authors in the more general context of operator theory. Mainly, three
definitions have been proposed for the concept of finite representability between
two operators and they are due to Beauzamy [B], Bellenot [Be], and Heinrich [H2].
In this paper we are concerned with Bellenot’s definition. We show that Bellenot’s
notion implies Beauzamy’s notion in many situations but that they are far from
being equivalent in spite of the line which divides these concepts is quite fine. As was
pointed out in [Be], there is no kind of relation between Bellenot’s and Heinrich’s
concepts.

Bellenot’s opinion about his definition was not very enthusiastic (“This is a
strange definition, but it is what ...” [Bel p.7]). However, we present several results
which show that, in our opinion, this is a useful and natural concept. Namely, we
relate it with conmutative diagrams, we use it to characterize some operator ideals
and we connect it with classical topics of linear algebra. We finish the paper giving
an alternative proof of one of the main results of [Be, p.7]; that is, the biadjoint
of every operator T is finitely representable in 7. We would like to mention that
there seems to be a gap in the proof given there (see the proof of Condition (D) of
Theorem 5 in [Bel p.7]) but, anyway, as we have commented above, our approach
is completely different.

In what follows, an operator will always mean a linear and continuous map. An
operator T : X — Y between two Banach spaces is said to be an e-isometry if

T @) = ll=ll] < ellzll, for all 2 € X,

and T is said to be a (1 + ¢)-isomorphism if T is an isomorphism onto its image
with |T)| |77 < 1+e.
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The rest of our terminology and notations are quite standard and we refer the
reader to [HI] for the theory of ultrapowers and to [Be| and [Di] for the theory of
Banach spaces.

2. FINITE REPRESENTABILITY OF OPERATORS

We begin by recalling the original definition of finite representability of operators
introduced by Bellenot [Be].

Definition 2.1. An operator Ty : Xg — Yj is said to be finitely representable in
an operator T': X — Y if, for every finite-dimensional subspace My C X, and
€ > 0, there is a linear map V : My — X such that

1. V is an e-isometry.
2. ITo(@)|| = ITV (@)]|] < e ||z], for all z € M.

Bellenot gave an additional third condition but he also noticed that it could
be dropped. Recently, the authors (jointly with M. D. Contreras) have shown the
following characterization of this notion [BCDI.

Theorem 2.1. Let Ty : Xg — Yy, T : X — Y be two operators and consider the
following statements:
(1) Ty is finitely representable in T'.
(2) There exist an ultrafilter U and two isometries Jr : Xo — (X)u, J2 : To(Xo)
— (Y)L{ such that jQTO = (T)Z,{jl.
(3) For every finite-dimensional subspace My C Xo and € > 0, there exist a

finite-dimensional subspace M C X and two e-isometries V : My — M and
W To(My) — T (M) such that WTy =TV.

Then, (1) < (2) and, if Ty is injective, (1) < (2) < (3).

Beauzamy’s definition of finite representability of operators appears just replac-
ing the string “e-isometries” by “(14¢)-isomorphisms” in condition (3) of the above
theorem [Bl p. 241]. Hence, Bellenot’s concept implies Beauzamy’s concept, when-
ever T} is injective. However, we are going to see that the converse is not true. At
this point, we would like to stress that the usual computations used to pass from
(1 4 ¢)-isomorphisms to &’-isometries do not work in our case since they break the
commutativity of the diagram.

Theorem 2.2. An operator T : X — Y is compact if and only if every operator
finitely representable in T is compact.

Proof. One implication is trivial. To obtain the other one, we are going to show
that (T")y is compact, for every ultrafilter U over a certain index set 1.

Take y = (T)y/(x;)u, where () € (X )y with ||(2;)y|| < 1. Then, we can choose
an element of the corresponding class (x;); € foo(I, X) and a set Iy € U such that
lzi]] <1, for all ¢ € Iy. Since T is compact, the following limit exists

2= lig{nT(xi) € T(Bx),

where By is the closed unit ball of X. If S denotes the canonical injection of YV
into (Y')y, we have that

ly = S = I(Tzi)u — S(2)I| = limy | T (i) — 2] = 0.
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Therefore, S(z) = y and we have shown that (7");; maps the closed unit ball of
(X)u into the compact set S(T'(Bx)). That is, (T")y is compact.

Take an operator Ty : Xg — Y{ finitely representable in the compact operator T.
By Theorem 2.1, we can find an ultrafilter U and two isometries J; : Xo — (X)u,
T2 : To(Xo) — (Y)u such that JoTo = (T)yJ1. We know that (T')y is compact.
Since J> is an isometry, we also have that Ty is compact. O

Example 2.1. Finite representability of operators in the sense of Beauzamy is
a concept strictly wider than finite representability of operators in the sense of
Bellenot.

Proof. Consider the Banach space X := (@Zo:l ﬁg)l , that is, the sum of the finite
dimensional spaces £, with the £;-norm (1 < ¢ < 00), and define the map 7' : X —

X given by
1
(xn) € X — T(xy) = (Hmn> e X.

Clearly, T is a well defined operator with ||T'|] < 1. Moreover, T is the limit in the
operator norm of the sequence of operators PyT, where Py is the projection from
X onto the first IV coordinates. Since PyT have finite rank, we deduce that T is
compact. On the other hand, denote by Ty the identity operator on the Banach
space £, (1 < g < 00).

We notice that Ty is not finitely representable in T in the sense of Bellenot.
Otherwise, using that T is compact and according to Theorem 2.2, we obtain that
Tp is compact and, therefore, ¢, is finite dimensional.

Now, we are going to see that Ty is finitely representable in T in the sense of
Beauzamy. Let € > 0 and M be a finite-dimensional subspace of ¢,. Take £/ > 0
such that (1 +¢')(1 —¢)"! <1+4e¢and 0 <& <min{l,¢}.

Since ¢, is a Lg-space, we can find an &’-isometry V4 : My — éév, for some
N € N. If J is the canonical injection of Eév into (@Zozl Zg)l , we consider V := JVj.
Obviously, V' is an e-isometry.

Define W : To(My) = My — X by

1
W(m) = (0,0,...,0, =V1(m){the N-th position},0,...), m € M.

"N
Obviously, W is an isomorphism onto its image and W71y = TV. Moreover,
1 1+¢ 1 _1 N
Wil < 5 Ivill < —— W[ <NV < —
Therefore
_ 1+¢
W < 125 < 14e
and W is a (1 + €)-isomorphism. O

We have seen that Bellenot’s concept can be characterized by commutative
diagrams and ultrapowers. The next theorem gives another result of this type.
Roughly speaking, the diagram from Theorem 2.1(3) can be considered the “injec-
tive diagram” and the next one is the “surjective diagram”.

We recall that, if T : X — Y is a surjective operator, then open(7') denotes the
infimum of the constants M > 0 such that, for every y € Y, there is z € X with

Tz =y, and |z]| < M [ly||.
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Theorem 2.3. LetTy: Xg — Yy andT : X — Y be operators with Ty surjective. If
15 is finitely representable in T, then there exist an ultrafilter U and two surjective
operators Q1 : (Y)y — Y5™ and Q2 : (X)u — (Tg(Yy))* with
Q1 <1, (@] <1, open(Q1) <1, open(Q2) <1,
and Ql(T)u = TJ*QQ
Proof. Let U be an ultrafilter dominating the canonical order filter defined on the set
T of all pairs (M, e) with My a finite-dimensional subspace of Y and 0 < e < 1/2.
By Theorem 2.1, for each i = (M¢, ;) € Z, there exist a finite-dimensional subspace
M? of Y* and two e;-isometries, V; : ME — M*® and W; : Tg(M}) — T*(M?)
such that W;Ti; = T*V;. Now, for each i € Z and y§ € Y, we define the element
of Y* given by
ey Vilyg) iy € My

) ={ o 3§ e

and consider the following two maps:
To¥s = 0w i) = (Tl

T2 T5(Ye) = (X, T5(yo) = T2(To (y9)) == (T)u T (yo) = (T"Ti (o) Ju-
It is not difficult to see that J; and Jo are (well defined) linear isometries. It is
well-known that the Banach spaces (Y)y and (X)y can be canonically placed in

((Y*))* and ((X ™))", respectively. At this stage, we define Q)1 as the restriction
of J7* to (Y)y and Q2 as the restriction of J5° to (X ). Clearly,

(@il <1, [1Q2f <1, and  Qi(T)u = 15" Qo

Let us show that Q) is surjective and open(Q;) < 1. Given yi* € Y5 and, for
each i = (M{,¢;) € Z, we denote the restriction of y§* to M{ by z;. We have that
zi € (MY)* and (V") "1z € (Mz)* . Bearing in mind the isometric identification,

(Mz)* =Y/(M?%) ., (where (M?), is the orthogonal subset of M in Y),
there is y; € Y such that
yi + (M") 1

For each i € 7,

(V) 'z and luill < |V 7 e + e

3

1
Iyl < 1V zil] + 20 < 7=

o™l +&i < 21lyg" [l + 1.

Therefore, we can consider the element (y;)y € (Y )y and we have

Mol <t (12 1"l + ) < -

Moreover, we are going to see that Q1((y;)u) = y&*. Given y§ € Yy and using the
definition of J1, we have that

(@1((Wi)u):yo) = ((Wi)us T1(yo)) = {(yi)u (Ti(yo) ) = limyi, Ti(yo))-

For each i = (M, e;) € Z, we consider the projection P; : Yy — M. It is not
difficult to check that

lsnys. : (55)) = lim (s, Vi Pa ()
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Then, bearing in mind that V; P;(yg) € M*, we obtain that
(@1((Wi)u) o) = lim{yi + (M*) 1, ViPi(yg)) = 1ilﬁn<(‘/;*)*lzz‘, ViPi(y))
= lim(z;, Pi(yo)) = lim{yo™, Pi(yo)) = (wo"» vo)-

It remains to prove that Q2 is also surjective with open(Q2) < 1. Given z{* €
(T§ (Yy))* and, by Hahn-Banach’s theorem, we extend it to the whole space X
with the same norm and we denote this extension by z3* € Xg*. For each i =
(Mg, e;) € I, we also denote the restriction of z3* to T (M) by z;. We have
(Wx)~1z; € (T*(M?))* and there is z; € X such that

zi+ (T*(M))L = (W) 2 and | < ||(W7) | + e
((T*(M?%)) 1 is the orthogonal of T*(M?) in X). Then,
%\ — 1 ok ok
lall < [JW) 2l + 0 < 7= 157l + & < 21257 [l + 1
7

and we can consider the element (z;)y € (X)y. We notice that

. 1 *k *k
ool < tim (= el + ) = el

P
Moreover, we are going to see that Qq2((z;)y) = z§*. Given T (yg) € T (Yy), we
have that

(Q2((x)u), Ty (wg)) = ((@)u, T3 (y3)) = (i), (T T (y5))u)
= 1g11<$i7T*$(yé)> = 1igln<$i,T*ViPi(y(*))>-

Bearing in mind that T*V; P;(yg) € T*(M?), we deduce
(Qa((2:)u), Ty (y3)) = lim{ai + (T"M") 1, T"ViP,(y5))
h]/r{n«Wi*)_lzia WiT5 Fi(yo)) = lim{zi, Tg Pi(yg))

= lim{z", To Pi(yp)) = (20", T5 (4o))-

O

Beauzamy characterized the class of uniformly convexifying operators through
his concept of finite representability. Heinrich’s monograph [H2] also pays special
attention to this kind of topic. In the same way, we are going to see that several
classes of operators can be characterized with Bellenot’s concept (see also Theorem
2.2).

We refer the reader to [B] for the definitions of uniformly convexifying, Rade-
macher cotype and Rademacher type operators. But, we recall that an operator
T : X — Y is said to be tauberian if the kernel of T+ K is reflexive, for all compact
operators K : X — Y, and supertauberian if the kernel of T+ K is super-reflexive,
for all compact operators K : X — Y.

Theorem 2.4. Let T : X — Y be an operator.

(1) Ewvery operator finitely representable in T is weakly compact if and only if T
is uniformly convexifying.

(2) Fvery operator finitely representable in T is weakly conditionally compact if
and only if T is of Rademacher type.
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(3) Ewery operator finitely representable in T is unconditionally convergent if and
only if T is of Rademacher cotype.

(4) FEvery operator finitely representable in T is tauberian if and only if T is
supertauberian.

Proof. The first two statements are implicitely given in [BCD], so we omit the
proof. The third statement follows easily from Theorem 2.1 and the following two
facts: an operator is unconditionally convergent if and only if it does not fix a copy
of ¢ [Dil; an operator S is of Rademacher cotype if and only if, for every ultrafilter
U, (S)u does not fix a copy of ¢y [BCD].

(4)(=) Assume that Ty : Xg — Y} is finitely representable in T' and suppose
that Ty is not tauberian. By [GA], there is 0 < & < 1 such that, for every 6 > 0
and every n € N, we can find zo(1),...,z0(n) in the closed unit ball of X, and
x5(1),...,x5(n) in the closed unit ball of X such that

(xg(k),zo(l))y >e if 1<k<I<n,
(x5(k),z0(l))y =0 if 1<I<k<n,
1 To (2o (k)| < 6, k=1,..,n.
Consider the finite-dimensional subspace of X
My :=span {zo(1),...,zo(n)} .

Since Ty is finitely representable in T, by Theorem 2.1, there exist finite-dimensional
subspace M of X and a d-isometry V: My — M such that [TV (2)| < ||To(x)| +
d||z|]. Let us consider V' := ”TlﬂV. For each k = 1,...,n, we define the linear
functional yj; : M — K by

yr(@) = (xj(k), (V') (2)), =€ M.

We have
* Nn—1 * 1 + o
Il < 117~ ) < 1 <3
By Hahn-Banach’s theorem, we extend y; to X with the same norm and we still
denote this extension by y; .
Now, for each n € N and 6 > 0, we consider the following two finite sets:
1 * 1 *

A(n,d) = {V'(z0(1)),....,V'(zo(n))}, B(n,d):= {gyl, s gyn} .

Clearly, A(n,d) and B(n,d) are contained in the closed unit ball of X and X*,
respectively. Moreover, we have that, if 1 < k <[ < n,

1 * 1 % 9
(Gt V(@) ) = 5 (b, a0(0) > 5.
ifl1<li<k<n,

| L, .

S0 V(1) ) = 3 (i (k) (1)) =0,
and, for each k =1, ..., n,

TV o ] = o (T )] +) < 720

According to [GA], T is not supertauberian and we get a contradiction.
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(4)(«<) Let U be an ultrafilter over N. By Theorem 2.1, we see that (T")y is
finitely representable in T, so (T")y is a tauberian operator. Then, by [GA], we
conclude that T is supertauberian. O

Our next result shows that there are cases where Bellenot’s definition can be
rewritten in very classical terms. Namely, the corollary to the next proposition is a
version of the well-known “singular value decomposition theorem” of linear algebra.

Proposition 2.5. Let A and B be real matrices, both of dimensions k X n, viewed
as operators from {3 into €5. Then, A is finitely representable in B if and only if
there are two orthogonal matrices P and Q such that B = PAQ".

Proof. (<) Given a finite-dimensional subspace My of 5 and € > 0, we define V
(resp. W) as the restriction to My (resp. to A(My)) of the isometry induced in ¢4
(resp. in £5) by the matrix P (resp. Q). It is trivial that V and W are (1 + ¢)-
isometries and VA = BW. Therefore, by Theorem 2.1, A is finitely representable
in B.

(=) In this implication, we denote by T4 and T the operators from % into ¢5
induced by A and B, respectively. We may assume that A is not the null matrix, so
the dimension of T'4 (¢%) is positive. Since T4 is finitely represented in T and again,
by Theorem 2.1, for each natural number m > 2, we can find two %—isometries

Vin 145 = 05, Wy, : Ta(ly) — Tp(4y)

such that W,,,T4 = TpV,,. We notice that this equality says that W, is surjective,
for all m.

Obviously, (V;,,) is a bounded sequence of the Banach space B(¢3) of all operators
from ¢4 into ¢5. Since B(¢%) is a finite-dimensional Banach space, we can extract
a subsequence (V,,,,) of (V,,) such that the sequence (V4,,) converges to some V €
B(¢%). Clearly, V is an isometry in ¢3. By a similar argument, we may, and do,
assume that the sequence (W,,,) converges in the operator norm to some (surjective)
isometry W : Ta(¢5) — Tp(¢%).

Take an orthonormal basis {fi, ..., fr} (1 <7 < k)of Ta(£3) C ¢5. Since W is a
surjective isometry, {W(f1),..., W(f)} is also an orthonormal basis of T (¢y). We
extend these bases to the following two orthonormal bases of £5,

B1 = {fh ---afmf?"—i—l; ---7fk} and B2 = {W(fl), ...,W(f,«),g,«+1, ...,gk}.

Then, we define the linear map W : 05 — ¢k by

k k r k
S Nifir— W (Z Au%) =W (Z Aifz-) + ) Nigi-
=1 =1 =1

1=r+1

It is clear that we still have WTA =TgV.

At this point, let C,, and C} be the canonical basis of £§ and /%, respectively.
It is well known that A and B are the matrices which represent T4 and Tp with
respect to Cp-C). On the other hand, let ) be the matrix associated to V with
respect to C,-Cy,. Since V is an isometry in £5, we have that () is an orthogonal
matrix of order n. By elementg\r/y linear algebra, we deduce that BQ = PA, where
P is the matrix associated to W with respect to Cy — Ck.
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Now, let id be the identity in /5, P; be the matrix associated to id with respect
to C — B1 and P, be the matrix associated to id with respect to By —C}. Therefore,

P = P,[Identity matrix of order k]P;.

Moreover, since both of P; and P, are orthogonal, we deduce that P is orthogonal
and this concludes the proof. O

Corollary 2.6. FEvery real square matrixz A is finitely representable in the sense of
Bellenot in a diagonal matriz whose entries are the singular values of A.

Finally, we present an alternative proof of one of the basic results of [Be] which
can be seen as a variant in operator theory of the famous “principle of local reflex-
ivity”. As we commented in the introduction, there seems to be a gap in the proof
given in [Bel p.7].

Theorem 2.7. The biadjoint of every operator T : X — Y s finitely repre-
sentable in T'.

Proof. Let M be a finite-dimensional subspace of X** and ¢ > 0. Fix § > 0 and
consider a §/2-net {myq,...,m,} in the unit sphere of M. For each k € {1,...,n},
take an element x} of the unit sphere of X* such that |(my,z;)| +6/2 > 1. If we
define Fy :=span{xj, ...,z }, we have that

(1 =0) [lm[l < sup {[{m, fo)| : fo € Fo,[[foll =1}, for allm e M.
Now, we consider a §/2-net {hq, ..., h,} in the unit sphere of (the finite-dimensional

space) T**(M). For each k € {1, ...,r}, take an element y; in the unit sphere of Y*
such that |(hx,y;)| +9/2 > 1. If we define F} :=span{yj, ...,y;}, we have that

(1 =) [[T*(m)|| < sup {|(T™*(m), f)| - fr € F1, [ fll =1}, for allm € M.

Let B(M,X) be the Banach space of all linear and continuous operators from
M to X. Given m € M and z* € X*, we denote by ¢(m,z*) the element of the
dual of B(M, X) defined by

(¢(m,a”), T) = (T(m),z"), T e B(M,X).
Put
F = Span{¢(m7f0)a¢(m7T*fl) 1me Ma fO S F07f1 € Fl} - B(MaX)*7

and let I be the formal inclusion of M into X** viewed as an element of the bidual
of B(M, X) [D]. Then, by Helly’s lemma and, for each finite-dimensional subspace
G C (B(M, X))* containing F', we can find an operator Sg : M — X such that
(9,5¢) = (I,g), for every g € G and ||S¢|| < (1+ ) || I|| <1+6.
Therefore, for every m € M, we have
(1 —=0)[Im| < sup{[{m, fo)l: fo € Fo,[[foll = 1}

= sup{[{L, ¢(m, fo))| : fo € Fo, [ foll =1}

= sup{|(Sa(m), fo)l : fo € Fo, || foll = 1}

< [[Se(m)l| < (1 +6) [lm]|.
That is, Sg is an d-isometry, for every G. A similar argument shows that, for every
G,

1 =0)IT* (m)|| < || TSa(m)||, for all m € M.
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That is, we have shown that, for every é > 0 and every finite-dimensional sub-
space G C (B(M,X))" containing F, the subset C§ C B(M,X) is not empty,
where C§' is formed by all b-isometries S from M to X satisfying that

(9,8)=1(I,9), g€@,
(L= [T (m)[| < [TS(m)[|, m e M.

Define C5 := J{C§ : G C (B(M,X))*,G D F and dim G < oo}. Looking at the
subspaces Fj and F1, it is not difficult to see that Cj is a convex subset of B(M, X).
Moreover, let us consider the following subsets of Y™:

D= {1, yn) € Y™ luwll < 1T (ma)l| + 6, k =1,....n},

Cs := {(TS(m1),....TS(myn)) €Y" : S € Cs}.

Clearly, D is a non-empty convex open subset of Y™ and 5,5 is a non-empty convex
subset of Y. We claim that DN Cjs # . Therefore, there is an §-isometry S : M —
X such that

1 =9T(m)|| < || TS(m)||, forallme M,
ITS(mp) | < [T (mp)l[ +0, k=1,...n
Using that {m1,...,m,} is a 6/2-net in the unit sphere of M, we deduce that
)
TSl < 1T (m)l| + 6+ SN|T| + 51+ ) [TI|,  for all m € M.

Hence, according to Definition 2.1, if we choose 6 > 0 such that
)
40T+ = (1+(5)HT|| <eandd <eg,

we have that T** is finitely representable in T in the sense of Bellenot.

Now, we are going to prove the claim. If Dﬂas = (), by Hahn-Banach’s theorem,
we can find & € R and g = (g1, ..., gn) € (Y*)™ = (Y™)* such that

Re(g,y1) < o < Relg,2), forally; € D, y2 € Cs.
We see that g # 0. Consider the space G formed by the linear hull of the set

{¢(m7f0)7¢(maT*(fl))) ¢(m7T*(gk)) tk= 1) My, M E M; fO S F07f1 € Fl} .
The corresponding operator Sg € Cs satisfies that

a < Re(g, (T'Sg(m1),...,TSc(my))) = Re <Z<T*(9k)vsG(mk)>>

k=1

= (Z 9k, T (my;) ) = Re(g, (T (m1), ..., T (my))).

For each k = 1,...,n with T**(my,) # 0, we take dp € Y with HE;;H < |17 (m) ||
such that

I ok 5
(e ge) = (T (), )| < 7= llgl -
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Define, for each k =1, ..., n,

0 if T (my) =0,
dp =9 5 .
dk if T**(mk) 7é 0.

Moreover, for each k = 1, ..., n, we choose y; in the closed unit ball of Y with

1 1
Re(gk, yr) > 5 [Re(gr)| > 1 llgll -

Hence
a > Re Z(gk,dk+5yk> >Re [ > (grdi) +§ZZ“gk”
k=1 k=1 k=1
= b) )
> Re Z(gk,T**(mk» ~"Ton lglly + 3 llglly

el
Il

1
= Refg, (T (m1), o, T (ma)) + = gl > 0+ - ],
Therefore, we have that 0 > ||g||; , so g = 0 and we obtain a contradiction.
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