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ABSTRACT. Let X be a real Banach space, let K be a closed convex subset of
X, and let T, from K into X, be a pseudo-contractive mapping (i.e. (A — 1)
lu=v|| < ||(AT=T)(uw)— (N =T)(v)| for all w,v € K and XA > 1). Suppose the
space X has a uniformly Gateaux differentiable norm, such that every closed
bounded convex subset of K enjoys the Fixed Point Property for nonexpansive
self-mappings. Then the path t — z; € K, t € [0, 1), defined by the equation
z¢ = tTx¢ + (1 — t)zo is continuous and strongly converges to a fixed point of
T as t — 17, provided that T satisfies the weakly inward condition.

I. INTRODUCTION

Let X be a real Banach space and D a subset of X. An operator T: D — X is
said to be pseudo-contractive (see [} [16]) if for each v and v in D and A > 1

(1) (A= Dffu = ol < [(M = T)(u) = (M = T)(v)]|

(with I denoting the identity mapping). Following Kato [12], we find an equivalent
formulation of () that can be described as follows: a mapping T: D — X is
pseudo-contractive if and only if for every u,v € D there exists j € J(u — v) such
that

(T(u) = T(v),j) < Ju =]
where J: X — 2% is the normalized duality mapping which is defined by

J(u) = {j € X*: (u,j) = ull®, 5] = l|ull}

(see Browder [4] and Kato [12]). The symbol (-, -) denotes the generalized duality
pairing. It is an immediate consequence of the Hahn-Banach Theorem that J(u) is
nonempty for each w in X. It is also known that J(u) is single-valued if and only
if X is smooth. By the way, this latter notion means that
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exists for each x and h on the unit sphere U of X. When this is the case, we
say that the norm of X is Gateaux differentiable. Moreover, if for each h in
U the limit defined by (@) is uniformly attained for z in U, we say that the norm
of X is uniformly Géateaux differentiable. It is also known that if X has a
uniformly Gateaux differentiable norm, then the mapping J is uniformly continuous
on bounded sets from the norm topology on X to the weak* topology on X*.

In addition to generalizing the nonexpansive mappings (mappings 7: D — X
for which | T(z) — T(y)|| < ||z — y|| for all z and y in D), the pseudo-contractive
ones are characterized by the fact that T is pseudo-contractive if, and only if,
I —T is accretive (see 4] [12]). Continuous interest in mapping theory for accretive
operators, particularly as it relates to existence theorems for nonlinear ordinary
and partial differential equations, has prompted a corresponding interest in fixed
point theory for pseudo-contractive mappings (see, e.g., [, [6], [8], [12], [13], [13]).

The purpose of this paper is to continue the discussion concerning the strong
convergence of the path t — z;, 0 < ¢t < 1, defined by @) below. We obtain further
extensions of various results obtained quite recently by Jung-Kim [IT], Morales
[I7)], Takahashi-Kim [21], and Xu [22] to more general types of spaces, as well
as families of operators. It should be mentioned that the study of this type of
problem began over thirty years ago. To the best of our knowledge, the first results
of this nature were obtained by Browder [3] and Halpern [I0] for nonexpansive self-
mappings defined on Hilbert spaces. In the years to follow, several extensions to
more general Banach spaces and/or nonexpansive nonself-mappings were obtained,
including some local versions for this very same type of operator, which can be found
in [20], [14], [5], [I7] among others. In fact, Reich suggested, for nonexpansive self-
mappings, that the convergence of the path would hold for more general types of
spaces (see Remark 1 of [20]).

It is relevant to the first two theorems of this paper to note that while every uni-
formly smooth Banach space is a reflexive Banach space with a uniformly Gateaux
differentiable norm, the converse does not hold. To see this, consider X to be the
direct sum [?(IP), the class of all those sequences z = {x,} with z,, € [P and
2] = (3, co0 l2all?)? (see 7). Now, if 1 < p, < oo for all n € N, where either
limsup,,_, ., pn = 00 or liminf,,_,o, p, = 1, then X is a reflexive Banach space (see
[7) with a uniformly Gateaux differentiable norm (see [23]), but is not uniformly
smooth (see [7]). We also observe that spaces which enjoy the fixed point property
(F.P.P.) for nonexpansive self-mappings are not necessarily spaces with a uniformly
Gateaux differentiable norm. On the other hand, the converse of this fact appears
to be unknown as well.

II. PRELIMINARIES

Throughout the paper we will use the following notion. Let X be a linear space
with K C X. For « € K, the inward set Ik (z) is defined by

I(z)={z+Mu—2):ue K,A>1}.
A mapping T: K — X is said to satisfy the weakly inward condition if
Tz € cllIg(x)] forall z € K.

On the other hand, if Tz € Ix(x) for each x € K, T is said to, simply, satisfy the
inward condition.
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Proposition 1. Let X be a Banach space. Suppose K is a closed convexr subset of
X and T: K — X a continuous pseudo-contractive mapping satisfying the weakly
inward condition. Then for each o € K, there exists a unique path t — x; € K,
t €10,1), satisfying

(3) xy =tTay + (1 — t)xo.
Proof. For each t € [0,1), the mapping Ti(x) = tTx + (1 — t)xo is continuous and

strongly pseudo-contractive which satisfies the weakly inward condition. Therefore
by Corollary M of [8], T} has a unique fixed point z; in K. This means the equation

xp =tTae + (1 —t)xo
has a unique solution for each ¢ € [0,1). To see the continuity we follow the
argument given in [I7]. Let ¢,¢o € [0,1). Then there exists j € J(z; — y,), such
that
(Tt — 219, ) = ((t = to)(Txty — 20),J) + (T — Ty, ),
and this implies that
lwe = @ty 1* < llzo = Tl lwe — e, || [t = to] + tllze — 24, |1
Therefore
(4) e = 2| < [llo — Ty /(1 — )]t — to.
This completes the proof.
Proposition 2. Let X be a Banach space and let K be a closed conver subset of
X. Suppose T: K — X is a pseudo-contractive mapping such that for each z € K,
the equation
x=tTe+ (1—-1t)z
has a solution z; for every t € (0,1). Then:

(i) (¢f. Lemma 2(ii) of [16]). The function h(t) = ||zx — Tz|| is monotone de-
creasing on [0,1), and in particular ||ze — Tz < ||z — Tz||.
(i1) If {w:} is the path corresponding to the initial point w, we have
20 = will < |2 = wll.
(i) If for some u € K, the path {u} with uy = tTus + (1 — t)u is bounded, then
any other path {z;} with z; = tTz + (1 —t)z, where z is arbitrarily chosen in
K, is also bounded.

(iv) If T has a fized point in K, then the path {z;} is also bounded.
(v) Ifv is a fized point of T, there exists j € J(zx — v) such that

(z¢ — 2z,7) <0.
Proof. (1) Let 0 < s <t < 1. Then
1—1¢
2 — Tzl = |2 — 2|
1—1t
< e = 2l ll2s = 2]
1—t|t—s s
< S_TS
=7 [1—t+1—s]”Z %l

A

llzs — Tzl
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(ii) Since T is pseudo-contractive, for each ¢ € [0, 1) there exists j € J(z — wy)
such that

<Zt - wt7j> = t<TZt - thaj> + (1 - t)<Z - wa.7>
< tllze — wel* + (1= 1)z = wll [z — wel].
Therefore ||z — w| < ||z — w]|.
(iii) The proof follows from part (ii).
(iv) Let v be a fixed point of T. Then by the pseudo-contractiveness, there exists
j € J(z¢ — v) such that

(zt —v,7) = ({tTz + (1 —t)z — v, j)

=t(Tz —Tv,j) + (1 = t)(z — v, )

Stz —v,5) + (1 =)z — vl
Therefore ||z; — v|| < ||z — v||, which implies that {z:} is bounded.

(v) Let v be a fixed point of T'. Then by the pseudo-contractiveness, there exists
j € J(z —v) such that
(2t — 2,J) = (T2 — 2, )
t{Tz —Tv,j) 4+ t{v — z,7)
<tz — z, 7).

Therefore (z: — z,7) < 0.

Next we state a rather simple inequality that most recently has been referred to
as a new result, although the result has been known for about thirty years. Indeed,
this is Lemma [Tl of Petryshyn [I8]; even earlier, Asplund [I] proved a general result
for single-valued duality mappings that can be used to derive this lemma. We
include its proof for the sake of completeness.

Lemma 1. Let X be a normed space. For each x,y € X and j € J(x+y) we have
Iz +ylI* < ll2]|* + 2y, 5)-
Proof. Since j € J(z +y), we have
lz +ylI* = (@ +y,7)
(@, ) + (v, 3)
sl l” + 1151 + (y, 7)-

IN

Therefore the conclusion follows.

III. MAIN RESULTS

Theorem 1. Let X be a Banach space with a uniformly Gateaux differentiable
norm. Suppose K is a closed conver subset of X and T: K — X a continuous
pseudocontractive mapping satisfying the weakly inward condition. Suppose every
closed bounded convex subset of K has the F.P.P. for nonexpansive self-mappings.
If there exists ug € K such that the set

(5) E={zeK:T(x)= X+ (1—XNug for some > 1}

is bounded, then the path {z,:t € [0,1)} described by [B]) converges strongly to a
fized point of T.
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Proof. Due to Proposition[d], it just remains to show the strong convergence of the
path {x:} ast — 17. We first observe that the mapping f(r) = 2z — T'(z) has
a nonexpansive inverse, denoted by g, which maps K into K as a consequence of
Theorem 6 of [I5]. We now let x,, = x,, fort,, — 1~ asn — oo. Since E is bounded,
so is {Tz,}, and thus z, — Ta, — 0 as n — oo. Consequently x, — g(x,) — 0.
Since {x,} is a bounded sequence, let L = limsup,, . ||zn||. Then define the set
K() by
Ko={ue K: limsup ||z, —u| < L}.
n—oo

Clearly Ky is nonempty since 0 € Kj. In addition K is closed bounded and convex,
and since

llg(w) = nll < lu = zall + [l2n = g(zn)ll;

K is also invariant under g. And therefore, due to the assumption on K, g has a
fixed point in K. Denote such a fixed point by v. Since T is pseudo-contractive
and v is a fixed point of T', we may derive from Proposition[2(v) that

(6) (i, — w0, J (2, — v)) <0
for all n € N. Now let © = 29 — v and ¢ € (0,1]. Then by Lemma [l we have
|2n — v — tz|® < ||z — 0| + 2(—tz, J (2, — v — tz)).
Let € > 0. Then by assumption there exists § > 0 such that
(@, J(zn —v)) <e+(x,J(zn —v—tx))
for all t € (0,6). Consequently,

1
(@, J (w0 =) <t ollon —vl* = flzn — v —ta]?).

Then we may choose a subsequence {z,, } of {z,} such that

(7) lim sup(z, J(zn, — v)) < 0.

k—o00
Combining (B) and (), we conclude that {x,, } converges strongly to v. To com-
plete the proof, let {z,,, } be another subsequence of {z;: t € [0,1)} such that
Ty, = Tty > by, — 17 as k — 00, and @, — w, where Tw = w. Then Proposi-
tion 2(v) implies that (v — z¢, J(v — w)) < 0 and (w — xp, J(w —v)) < 0. Hence
v = w and the strong lim,_,;- x; exists, which completes the proof.

We remark that Theorem [ generalizes several recent results of this nature.
Particularly, it extends Theorem [ of [2I], where, in addition to the reflexivity
assumption, it is also assumed that the operator T is nonexpansive and maps K
into itself. Perhaps we should point out that the use of the classical theorem of
Martin [15] has been vital in extending many results for nonexpansive mappings to
pseudo-contractive ones.

Corollary 1. Let X be a reflexive Banach space with a uniformly Géateaux differ-
entiable norm. Suppose K is a closed convez subset of X with normal structure, and
T: K — X a continuous pseudo-contractive mapping satisfying the weakly inward
condition. If the set E described by (@) is bounded, then the path {x} converges
strongly to a fized point of T ast — 17.
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Corollary 2. Let X be a uniformly convex Banach space with a uniformly Gateaux
differentiable norm. Suppose K is a closed conver subset of X, and T: K — X a
continuous pseudo-contractive mapping satisfying the weakly inward condition. If
the set E described by (@) is bounded, then the path {x:} converges strongly to a
fixed point of T ast — 1.

We should observe that Corollary ] is a significant extension of Theorem 2 of
[11], which is done for nonexpansive mappings under the additional assumption
that K is a sunny nonexpansive retract of X.

As we well know, a Banach space X is uniformly smooth if and only if X* is
uniformly convex. This means Theorem []is also an extension of Theorem 5 of [17],
as the following corollary shows.

Corollary 3. Let X* be uniformly convex and let K and T be as in Theorem [
Suppose T satisfies the weakly inward condition. Then the path t — x4, t € [0,1),
strongly converges to a fized point of T provided that E, defined by (@), is bounded.

Corollary 4. Let X be a uniformly smooth Banach space and let K be a closed
convex subset of X, and T: K — X a continuous pseudo-contractive mapping
satisfying the weakly inward condition. If T has a fized point, then the path {x:}
converges strongly to a fixed point of T ast — 17.

Proof. Without loss of generality, we may assume that 0 € K. Let v be a fixed
point of T and let Tz = Ax for some A > 1. Then there exists j € J(x — v) such
that

Az —v,j) < |l — v

This implies that ||z — v|| < ||v||. Therefore the set E is bounded. The rest of the
proof follows from Corollary [Bl

As we observed in Proposition Bliv), any path {x;} with initial point =g is
bounded if T is an arbitrary pseudo-contractive mapping with a fixed point in K.
Therefore as a consequence of Theorem [Tl we can derive the following result which
happens to be an extension of Theorem 1 of [22], where the inwardness condition
on T is actually assumed.

Corollary 5. Let X be a uniformly smooth Banach space and let K be a closed
convex subset of X and T: K — X a nonexpansive mapping with a fixed point in
K. If T satisfies the weakly inward condition, then the path {x.} converges strongly
to a fixed point of T ast — 1.

Next we substitute the Fixed Point Property assumption, mentioned in Theo-
rem [l| by assuming that the space X is reflexive and strictly convex.

Theorem 2. Let X be a reflexive and strictly conver Banach space with a uni-
formly Gateauz differentiable norm. Suppose K is a closed convez subset of X and
T: K — X a continuous pseudo-contractive mapping with a fixed point in K. If
T satisfies the weakly inward condition, then the path {x;} strongly converges to a
fixed point of T ast — 1.

Proof. Let v be a fixed point of T'. Since ||z; — v|| < ||xo — v for all t € [0,1), we
have that {x:} is bounded. Let g be the nonexpansive mapping introduced in the
proof of Theorem[Il Let x,, = x;, while t, — 1~ asn — oco. Then z,, — g(z,) — 0.
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We now define h: X — R* by h(z) = limsup,,_,, ||z, —2|. Then h is continuous
and convex, and therefore the set

Ko={ue K: h(u) =inf{h(z): v € K}}

is a nonempty closed bounded convex subset of K, which is also invariant under
g. To be able to use the argument of the proof of Theorem [, we just need to
show that the set K contains a fixed point of g. Since the fixed points of T are
also fixed points of g, let v be one of those, and define the function f: Ky — R by
f(u) = |Ju — v||. Then by Theorem 1.2 of [2] p. 79] we conclude that the set

C={ue Ko: f(u) =inf{f(y): y € Ko}}
is nonempty, and since X is strictly convex, C' = {uo} for some ug € Ky. We also
know that g(v) = v and

lg(uo) — vl = [lg(uo) — g(v)|| < [luo — .
Therefore g(up) = ug. We now follow the proof of Theorem [

We remark that Theorem 2lappears to be independent of Theorem[I. On the one
hand, it is easy to find examples of spaces which satisfy the F.P.P. for nonexpan-
sive mappings, which are not strictly convex. However, it appears to be unknown
whether a reflexive and strictly convex space satisfies the F.P.P. for nonexpansive
mappings.

As a consequence of Theorem 2, we may derive the following result.

Corollary 6. Let X and K be as in Theorem[@and let T: K — X be a continuous
pseudo-contractive mapping satisfying the weakly inward condition. Then the path
{z} converges strongly to a fized point of T ast — 1~ if T satisfies the following
conditions:
(i) If {un} is any sequence in K such that w, — Tu, — 0 as n — oo, then there
exists uw € K with u —Tu = 0.
(ii) Fither ||x — Tx| — o0 as ||z|| — o0 or (x — Tz, J(x)) > 0 for ||z|| > R and
some R > 0.

Proof. We know from Proposition [2(i) that
lwr — Txi|| < |lwo — Txo|| for t € [0,1),

and hence, by the first assumption in (ii), we obtain that {z;} is bounded. In case of
the second assumption of (ii), we prove that the set E, defined earlier, is bounded,
and hence, Proposition [2[(iii) implies that {x:} is also bounded. Consequently
[z — Tz¢]] — 0 as t — 1. Therefore (i) implies that T has a fixed point. The
remainder of the proof follows from Theorem

We next obtain a convergence of the path described by (B) for spaces admit-
ting a weakly sequentially continuous duality mapping. In this case, the convexity
assumption on the domain of the operator T' can be dropped, while a weaker con-
tinuity assumption on the operator itself can be assumed.

Theorem 3. Let X be a reflexive Banach space which admits a weakly sequentially
continuous duality mapping from X to X*. Suppose K is a closed subset of X
and T: K — X a demicontinuous pseudo-contractive mapping such that for some
g € K, the equation

(8) x=tTx+ (1 —1t)xo
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has a solution xy in K for each t € [0,1). If the path {x:} is bounded, then it
converges strongly to a fixed point of T ast — 1~

Proof. We first observe that due to Lemma 1 of [9], in this case the duality mapping
J is single-valued. Now suppose x, = z, with ¢, — 17 a weakly convergent
sequence, say to . Then from (]Sl) we get

((tn! = D = (15 = Dam, J(@n —am)) < (6 = 15, (@0, J (@0 — 2m)).
By letting m — oo, we obtain
(@, J (20 — ) < (20, J (20 — ))
and thus
lzn = 2l|* < (2o — 2, J(2n — x)).

Therefore x, — = as n — co. We now follow the argument given in the proof of
Theorem[I] to conclude that {z:} converges strongly to  in K. The demicontinuity
completes the proof.

We should remark that Theorem Bl appears to be a new result, since it is not
known whether a reflexive Banach space admitting a weakly sequentially continuous
duality mapping has a uniformly Gateaux differentiable norm. However, it is known
that they enjoy the F.P.P. for nonexpansive mappings.

Corollary 7. Let X be as in Theorem[3 and let K be a closed convex subset of
X. Suppose T: K — X is a continuous pseudo-contractive mapping satisfying the
weakly inward condition. If the set E defined by (Bl) is bounded, then the path
{z¢: t €10,1])} is relatively compact in the strong topology of X .

Proof. By Proposition [I] the path described by (8) is well defined in K. Since £
is bounded, so is the path, and the conclusion follows from Theorem [

Corollary [ is a generalization of Theorem 2 of Browder [3], who assumes in
addition that X is uniformly convex and that 7" is a nonexpansive mapping defined
in the whole space X.

Finally, as a consequence of the proofs of Theorem [I] and Corollary [6, we obtain

the following fixed point theorem, which is an extension of Proposition 4 of Martin
[15].

Theorem 4. Let X be a Banach space with a uniformly Gdateaux differentiable
norm. Suppose K is a closed convex subset of X and T: K — X a continuous
pseudo-contractive mapping satisfying the weakly inward condition. Suppose every
closed bounded convex subset of K has the F.P.P. for nonexpansive self-mappings.
If I — T is unbounded on unbounded subsets of K, then T has a fized point in K.

We observe that Theorem Hlis part of Theorem 5 of Reich [19]; however his proof
implicitly uses that 7" must be a bounded operator.
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