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COMMUTATORS FOR THE MAXIMAL
AND SHARP FUNCTIONS

JESÚS BASTERO, MARIO MILMAN, AND FRANCISCO J. RUIZ

(Communicated by Christopher D. Sogge)

Abstract. The class of functions for which the commutator with the Hardy-
Littlewood maximal function or the maximal sharp function are bounded on
Lq are characterized and proved to be the same.

For the Hilbert transform H , and other classical singular integral operators, a
well known and important result due to Coifman, Rochberg and Weiss (cf. [2])
states that a locally integrable function b in Rn is in BMO if and only if the
commutator [H, b], defined by

[H, b]f = H(bf)− bH(f),

is bounded in Lq, for some (and for all) q ∈ (1,∞). The cancellation implied by
the commutator operation and the properties of singular integrals are crucial for
the validity of the result. Later in [3], using real interpolation techniques, Milman
and Schonbeck proved a commutator result that applies to the Hardy-Littlewood
maximal operatorM as well as the sharp maximal operator. In fact the commutator
result is valid for a large class of nonlinear operators which we now describe.

Let us say that T is a positive quasilinear operator if it is defined on a suitable
class of locally integrable functions D(T ) and satisfies

i) Tf ≥ 0, for f ∈ D(T ),
ii) T (αf) = |α|Tf , for α ∈ R and f ∈ D(T ),
iii) |Tf − Tg| ≤ T (f − g), for f, g ∈ D(T ).
We have (cf. [3])

Proposition 1. Let b be a nonnegative BMO function and suppose that T is a
positive quasilinear operator which is bounded on Lq(w), for some 1 ≤ q < ∞ and
for all w weights belonging to the Muckenhoupt class Ar for some r ∈ [1,+∞).
Then [T, b] is bounded on Lq.

In particular the result applies to the maximal operator and the sharp maximal
function. Note that since the Hardy-Littlewood maximal operator M is a positive
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operator, the positivity condition on b seems crucial to effect the necessary can-
cellation. In fact, the closed graph theorem implies that if b is a negative locally
integrable function, then [M, b] is bounded on Lq for some q ∈ (1,∞) if and only if
b ∈ L∞, since in this case we have

M(bf)− bM(f) ≥ |b|M(f) ≥ |bf |.
However, the question of obtaining a complete characterization of commutators

with the Hardy-Littlewood maximal operator in the spirit of the Coifman-Rochberg-
Weiss theorem has apparently remained open. In this note we show that a slightly
extended form of positivity is a necessary and sufficient condition to characterize
the boundedness of [M, b]. To see what this condition should be we observe that
if M were a linear operator, then, given that everything we do is modulo bounded
operators, the correct requirement would appear to be that b ∈ BMO with its
negative part b− bounded. Indeed, the sufficiency of the condition b ∈ BMO with
b− bounded formally follows from Proposition 1, the fact that b ∈ BMO ⇒ |b| ∈
BMO and the estimate

|[M, b]f − [M, |b|]f | ≤ 2
(
b−M(f)

)
.(1)

We summarize the previous discussion with the following

Proposition 2. If b is a BMO function such that its negative part b− is bounded,
then the commutator [M, b] is bounded on Lq, for all q ∈ (1,∞).

The purpose of this note is to prove the converse of Proposition 2 and to show
that a similar characterization also holds for the sharp maximal operator.

Let us formally note that the proof of Proposition 1 given in [3] implies the
following more general result

Proposition 3. Let b be a function in BMO, with b− ∈ L∞ and let T be a positive
quasilinear operator, which is bounded on Lq(w), for some 1 ≤ q <∞ and for all w
weights belonging to the Muckenhoupt class Ar for some r ∈ [1,+∞). Then [T, b]
is bounded on Lq.

Proof. Note that the following variant of (1) holds for any positive quasilinear
operator T :

|[T, b]f − [T, |b|]f | ≤ 2
(
b−T (f) + T (b−f)

)
.

Therefore, since the right hand side is bounded, the result follows immediately
from Proposition 1.

Remark. Since it could be useful for other purposes we note that an alternative
proof of Proposition 3 can be given by following the proof given in [3] verbatim and
observing that, under the assumption that b− is bounded, the pair (Lq(eb), Lq(e−b))
is ordered.

Recall that for a locally integrable function and for 1 ≤ p < ∞, the Hardy-
Littlewood maximal function is defined by

Mp(f)(x) = sup
x∈Q

(
1
|Q|

∫
Q

|f |p
)1/p

for all x ∈ Rn, where Q denotes a cube with sides parallel to the coordinate axes
and |Q| the Lebesgue measure of Q. Note that for p = 1, Mp = M is the classical
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Hardy-Littlewood maximal operator. The sharp function is given by

f ](x) = M ]f(x) = sup
x∈Q

1
|Q|

∫
Q

|f − fQ|, x ∈ Rn,

where as usual we let fQ = 1
|Q|
∫
Q
f .

If Q0 is a fixed cube, then the Hardy-Littlewood maximal function relative to
Q0 is given by

Mp,Q0(f)(x) = sup
x∈Q⊆Q0

(
1
|Q|

∫
Q

|f |p
)1/p

defined for all x ∈ Q0.
Our main result for Mp can be now stated as follows

Proposition 4. Let b be a real valued, locally integrable function in Rn. The fol-
lowing assertions are equivalent:

(4.1) The commutator [Mp, b] is bounded in Lq, for all q, p < q <∞.
(4.2) The commutator [Mp, b] is bounded in Lq, for some q, p < q <∞.
(4.3) b is in BMO and b−is in L∞.
(4.4) There exists q ∈ [1,∞) such that

sup
Q

1
|Q|

∫
Q

|b−Mp,Qb|q <∞.

(4.5) For all q ∈ [1,∞) we have

sup
Q

1
|Q|

∫
Q

|b−Mp,Qb|q <∞.

Proof. Since the implications (4.1) ⇒ (4.2) and (4.5) ⇒ (4.4) follow readily, we
only have to prove (4.3) ⇒ (4.1), (4.2) ⇒ (4.4) and (4.4) ⇒ (4.3) (the implication
(4.1) ⇒ (4.5) is similar to (4.2) ⇒ (4.4)).

(4.3) ⇒ (4.1). The conclusion follows from Proposition 3 and the fact that Mp

is bounded in Lq(w) for all w in the class Aq/p.
(4.2) ⇒ (4.4). We consider f = χQ ∈ Lq. Then(∫

Q

|Mp(bf)− bMp(f)|q
)1/q

≤ ‖[Mp, b]f‖q ≤ C‖f‖q = C|Q|1/q

implies the result, since Mp,Q(χQ) = χQ and Mp(bχQ)(x) = Mp,Q(b)(x) for all
x ∈ Q.

(4.4) ⇒ (4.3). Let Q be a fixed cube. By hypothesis and Hölder’s inequality we
have

1
|Q|

∫
Q

|b−Mp,Qb| ≤
(

1
|Q|

∫
Q

|b−Mp,Qb|q
)1/q

≤ C.

Let E = {x ∈ Q; b(x) ≤ bQ} and F = {x ∈ Q; b(x) > bQ}. The following
equality is trivially true: ∫

E

|b− bQ| =
∫
F

|b − bQ|.
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Then
1
|Q|

∫
Q

|b− bQ| =
2
|Q|

∫
E

|b− bQ| ≤
2
|Q|

∫
E

|b−Mp,Q(b)|

≤ 2
|Q|

∫
Q

|b−Mp,Q(b)| ≤ C,

since for x ∈ E we have b(x) ≤ bQ ≤Mp,Q(b)(x) and so we achieve b ∈ BMO.
In order to show show that b− ∈ L∞, observe that Mp,Q(b) ≥ |b| in Q and

therefore we have that, in Q,

0 ≤ b− ≤Mp,Qb− b+ + b− = Mp,Q(b)− b.

Combining estimates we see that there exists a constant C such that for any cube
Q we have

(b−)Q ≤ C.

Thus, the boundedness of b− follows from Lebesgue’s differentiation theorem.

It can be readily seen that a local version of our main result also holds. More
precisely, if we fix a cube Q and consider the commutator [MQ, b] the analog of
Proposition 4 holds with the obviously implied localized conditions. For example,
if b is a BLO(Q) function (cf. [1]), then it automatically satisfies b− ∈ L∞(Q). In
fact if b ∈ BLO(Q), then for a suitable constant c, we have

bQ ≤ inf
Q
b+ c.

Therefore, we have the following

Corollary 5. Let b ∈ BLO(Q) and q ∈ (1,∞). Then the commutator [MQ, b] is
bounded on Lq(Q).

Remark. It could be worthwhile to point out the connection between BLO and
the class of functions that satisfy the conditions of Proposition 4. In fact it is well
known (cf. [1]) that an integrable positive function b ∈ BLO(Q) iff MQ(b) − b
is bounded. The reader should compare this with condition (4.5) above. More
generally, an integrable function b belongs to BLO(Q) if and only if there exist
g ∈ BMO(Q) and h ∈ L∞(Q) such that b = MQg + h (cf. [1]). Let us give
another proof of Corollary 5 based on this representation. Note that since g ∈
BMO(Q), we have MQg ∈ BLO(Q) (cf. [1]) and moreover since MQg is positive,
we have that [MQ,MQg] is bounded on Lq by Proposition 4. It is readily seen that
[M, b]− [M,MQg] is bounded on Lq and therefore the boundedness of [M, b] follows.
These comments suggest that the class of functions singled out in Proposition 4
could be of interest in other contexts.

Next we consider commutators with the sharp function. The results are similar
to those in Proposition 4.

Proposition 6. Let b be a real valued, locally integrable function in Rn. The fol-
lowing assertions are equivalent:
(6.1) The commutator [M ], b] is bounded in Lq for all q, 1 < q <∞.
(6.2) The commutator [M ], b] is bounded in Lq for some q, 1 < q <∞.
(6.3) b is in BMO and b−is in L∞.
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(6.4) There exists q ∈ [1,∞) such that

sup
Q

1
|Q|

∫
Q

|b(x)− 2(bχQ)](x)|qdx <∞.

(6.5) For all q ∈ [1,∞) we have

sup
Q

1
|Q|

∫
Q

|b(x)− 2(bχQ)](x)|qdx <∞.

Proof. (6.3) ⇒ (6.1). It follows from Proposition 3, since for all locally integrable
functions f we have M ]f ≤ 2M(f) and the weighted estimates are guaranteed.

(6.2) ⇒ (6.4). Let Q be a fixed cube as before. Let Q1 be another cube; it is
easy to compute that

1
|Q1|

∫
Q1

|χQ − (χQ)Q1 | =
2|Q1 \Q||Q1 ∩Q|

|Q1|2
≤ 1

2

(recall that for nonnegative numbers 4rs ≤ (r + s)2). On the other hand, given
x ∈ Q there always exists a cube Q1 containing Q such that |Q1| = 2|Q|. This
shows that (χQ)](x) = 1/2, for all x ∈ Q. Hence the conclusion follows readily as
in Proposition 4.

(6.4)⇒ (6.3). We proceed as in the corresponding portion of the proof of Propo-
sition 4, but some extra difficulties appear.

First, our claim is to prove that

|bQ| ≤ 2(bχQ)](x), x ∈ Q.(2)

Let x ∈ Q and pick a cube Q1 containing Q and with volume |Q1| = 2|Q|. Then

(bχQ)](x) ≥ 1
|Q1|

∫
Q1

|bχQ(y)− (bχQ)Q1 | dy

=
1

2|Q|

(∫
Q

∣∣∣∣b(y)− 1
2
bQ

∣∣∣∣ dy +
1
2
|Q1 \Q||bQ|

)
=

1
2|Q|

∫
Q

|b(y)− 1
2
bQ|dy +

1
4
|bQ|.

(3)

On the other hand

|bQ| ≤
1
|Q|

∫
Q

|b(y)− 1
2
bQ|dy +

1
|Q|

∫
Q

|1
2
bQ|dy

=
1
|Q|

∫
Q

|b(y)− 1
2
bQ|dy +

1
2
|bQ|,

and so

1
2
|bQ| ≤

1
|Q|

∫
Q

|b(y)− 1
2
bQ|dy.(4)

Finally, (3) and (4) lead us to (2).
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We can now achieve that b ∈ BMO. Indeed, let E = {x ∈ Q; b(x) ≤ bQ}. Then
1
|Q|

∫
Q

|b(x) − bQ|dx =
2
|Q|

∫
E

(bQ − b(x))dx

≤ 2
|Q|

∫
E

(
2(bχQ)](x)− b(x)

)
dx

≤ 2
|Q|

∫
E

∣∣2(bχQ)](x) − b(x)
∣∣ dx

≤ 2
|Q|

∫
Q

∣∣2(bχQ)](x)− b(x)
∣∣ dx ≤ C,

where we have applied (2) and the hypothesis.
In order to prove that b− ∈ L∞ we also use (2). We start from the inequality

2(bχQ)](x)− b(x) ≥ |bQ| − b+(x) + b−(x), x ∈ Q.
Averaging on Q, we have

C ≥ 1
|Q|

∫
Q

|2(bχQ)](x) − b(x)|dx

≥ 1
|Q|

∫
Q

(2(bχQ)](x)− b(x))dx

≥ 1
|Q|

∫
Q

(|bQ| − b+(x) + b−(x))dx

= |bQ| −
1
|Q|

∫
Q

b+(x)dx +
1
|Q|

∫
Q

b−(x)dx.

Letting |Q| → 0, with x ∈ Q, Lebesgue differentiation theorem assures that

C ≥ |b(x)| − b+(x) + b−(x) = 2b−(x)

and the desired result follows.
The remaining proofs are similar to the ones in Proposition 4 and we leave the

details to the interested reader.
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