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PROJECTIVE BOUNDEDNESS AND CONVOLUTION
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ABSTRACT. Fréchet measures of order n (Fp-measures) are the measure-
theoretic analogues of bounded n-linear forms on products of C(K) spaces. In
an LCA setting, convolution of Fa-measures is always defined, while there ex-
ist F3-measures whose convolution cannot be defined. In a three-dimensional
setting, we demonstrate the existence of an Fa-measure which cannot be con-
volved with arbitrary F3-measures.

Let (X1, A1), ..., (X, A,) be measurable spaces. A scalar-valued function p on
Ay X -+ x A, is a Fréchet measure (an F,-measure) if, when any n — 1 coordinates
are fixed, p is a measure in the remaining coordinate. When the measure spaces are
arbitrary or understood, we write F,, for F,,( A1, ..., A,). Let X1, ..., A, be locally
compact abelian groups with corresponding dual groups 2\?1, ceey X,. If A, ... A,
are the respective Borel fields of X1,..., &, and u € F,,, then the Fourier-Stieltjes

transform of y is given by

ﬂ(%aa’)’n):/’_h@@’_)’nd% (’717~"77n)6)21><"'><)€n.

(The integral above is defined iteratively.) We use the multi-linear Riesz Represen-
tation Theorem [BT] to identify F,(A1,...,A,) with the dual space of

(70('/Y1)® o ®C‘O('X‘n) = Vn(le <. -vXn)a

and thus extend the action to arbitrary bounded functions by integration. See [B3]
for details. It is natural to consider the feasibility of convolution of F,-measures.

Definition 1. Let A1,..., X, be LCA groups with Borel fields A;j,..., A,. Fp-
measures p and v are convolvable if i = A for some A € F,; A is then denoted
by p* v or v* u. We say u € F,, is a convolver if p * v exists for all v € F,,.

The case n = 1 in Definition [ is classical; every Fj-measure is a convolver.
It is shown in [GSI| that in a two-dimensional setting every Fa-measure is a con-
volver, while in [GS2] it is shown that there exist non-convolvers in F3. In gen-
eral, convolvability is related to projective boundedness, a property conveying a
Grothendieck-type inequality. In the definition which follows, £°°(X}) denotes the
space of bounded functions on X;.
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Definition 2 (|[B3]). Let (X1,.A1),..., (Xy,A,) be measurable spaces, and let p €
Fu(Xi,...,&,). For f; € L2(X}), j=1,...,n, define

¢H(f17afn):/.f1®®fndu

We say that p is projectively bounded if

[ellpb,, = sup{lloulyx-xBn v, (B, B0)
E; C Ball(L™(X;)),|E;| <00, j=1,...,n} < o0;
the class of projectively bounded F,-measures on X; X --- x X, is denoted by

PBF, = PBF.(X1,...,X,).

Let X1,..., X, M1,..., Y, be locally compact Hausdorff spaces with respective
Borel fields Ay, ..., Ay, B, ..., B,. For

FEVLXL xV1,..., X xVs) and p€ Fp(Ag,...,An),
define a function 7., on Yy X --- x Y, by
(1)
Ny, yn) = /f(xuyh---,xmyn)u(dﬂn,---,dxn) (y; € Vj)-

Definition 3. Let u € F,,(A, ..., A,).
1. (7-projective boundedness) Let Yi,...,Y, be locally compact Hausdorff
spaces, and define

[ellpb, ., = sup{lnrsullv.@n,.vn) I v <o, x <, < 13

We say that p is 7-projectively bounded if |u|lpp , < oo; the class of -
projectively bounded F,,-measures on Xj X --- X X, is denoted by PBF. ., =
PBF (A1, ..., Ap).

2. (g-projective boundedness) Let Ai,...,A&, be LCA groups. For p €
Ful(Aq, ..., A,) and elementary tensors f = f1 ® -+ ® fr, € Vi (X1,..., Xn),
let

(2) ‘I’f,u(yh,yn):/f(xl +y1,,mn+yn),u(dx1,,dmn) (yj EXj)a

and define

llpby.n =W llvacr..x) < (1w, = T 15l < 13

J
We say that p is g-projectively bounded if ||ul|pp,, < oo; the class of g-
projectively bounded F,-measures on X; x --- x X, is denoted by PBF,, =
PBFgn(Ai,...,Ay).

The symbols 7 and g in Definition Bl denote, respectively, topological and group-
topological projective boundedness. It is straightforward to check that PBF,,
PBFyn, and PBF,, are Banach spaces. To verify that every pn € PBF,,
is a convolver, let v € F,(X1,...,X,) be arbitrary and consider a linear form
AV, (Xy,...,X,) — C given by

3)
A(f)z/(/f(xl +y1,...,mn—l—yn),u(dxl,...,dxn)) v(dyy,...,dyn).
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Then A is bounded, and the F,,-measure A representing this linear action satisfies
A= fav. BEach p € PBF,,, can be identified with a bounded linear operator 7, :
Fn — Fn given by T, (v) = p* v. By a routine argument, u € PBF,,, if and only
if the domain of 7}, is Fy,, and thus PBF,, is precisely the space of convolvers.

For p € Fp, let D(p) = {a € F,, : p * « exists}, i.e., D(p) is the domain of T),.
Results in [GST] and [GS2] state that in a two-dimensional setting D(u) = F2 for
all p € F2, and there exist p € F3 with D(u)g F3. Thus it is natural to ask: for
€ Fa(o(Ar x Ag), As), is D(u) = F3(A1, Az, As)? We show that the answer is
no.

Let S(A;) be the space of A;-simple functions on X;, equipped with the uniform
norm. V,(Aj,...,A,) will denote the completion of S(A;) ® -+ @ S(A,,) with
respect to the projective tensor norm.

Proposition 4. PBF,, C PBF,, C PBFg4 ..

Proof. The second inclusion is immediate from the definitions. Let Xj,..., &), be
compact spaces. A theorem of Saeki [3] states that
(4) C(X X - X X)) NVn(Ar, ..y Ay) =V (X1, ., X))
We show that
(5) Ingsullve@n, o vn) S I llEllpe, s fE Val&Xy x V1., X x Yn).

(See (@) for the definition of 7y.,.) Let g = g1 ® - - - ® g, be an elementary tensor in
Co(X1 x Y1, ..., XX Vn). (The subscript ¢ denotes compact support.) Then 7., €
Ce(V1 X+ +x V). For locally compact spaces X and Y, Vo(X,Y) is uniformly dense
in Co(X xY), and thus for k = 1,...,n there exist sequences {p;r} C S(Ar)®S(Bx)

with lim;_ . pjx = gr in the uniform norm. Let 6; = pj1 ® -+ ® pjn. Then
lim; g, = 1g;, (uniform limit), and {ng;,.} is a Vi (B, ..., B,)-Cauchy sequence
satisfying

Im6,50llv, By, 8) < llPj1lloc < [l osn oo el pb, -

By @), ng;0 € Vn(V1,...,Vn). Let € >0, and choose f € V(X1 xV1,..., X X Vn).
Without loss of generality, we can take f to be compactly supported. We represent

f: ngv
k
where gr = g1k ® -+ ® gk, and
1£lv. <@+ llgiklloo - gnklloos
k

with each g € Co(X1 X V1) ®@ -+ @ Co(Xy, X Yp). Then 0y, = >4 1gyn, and (@)
follows. O

We do not know which of the inclusions in Proposition @ are proper. (PBF,, is
properly contained in PBF, ,, as shown by the ‘fractional’ forms in [B3].)

We now show that in a three-dimensional setting, an Fs-measure need not be a
convolver.

Lemma 5. Let Xy, Xs, and X3 be infinite locally compact abelian groups with re-
spective Borel fields Ay, Az, and As. For every K > 0 there exists a discrete mea-

sure p on Xy X Xy X X3 satisfying ||pl 7, (o(4; x Az),45) < 1 and |WHpbg,3(A1,A2,A3) >
K.
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Proof. Let Z,, be :che group of integers under addition modulo n, and let Z,, be its
dual. Let p, : C(Z,, x Z,,) x C(Z,,) — C be given by

mem (m).

meZ,

We show that ||nll g,z « 2, 7,) < 1 and HM"HVs(Zn,Zn,Zn) — 00 as n — oo. (For

ns

convenience, we write Fa(Zn X Zp, Zy) for FQ(QZ"XZ" 2%n).) Clearly, ||pn]| 7, <1
(by Cauchy-Schwarz). u, is also an element of f?,(Zn, Zn, Z,):

n(frgh)= > Hm)o(m) 1y,

mEZn
Then

27mi LJTIL 27r1 Icm

ﬂn(]ka) = Z ¢ — Z 6_27”9;*—””g

meZn SE€EZn

e27r1jl/n627mkl/n )

vn

Define
1 . ‘
@n(j7 k7 l) = ﬁ@iZTM’]l/ne*2ﬂ'lkl/n.

Let s, t, and u be elements in the unit ball of £*°(Z,,). Then

> alis ks Ds(i)b(k)u(l)]

gkl
Z Z 727‘—”l/n2t(k)€727rikl/n|
l 7 k
=1 u@SED] < [ullscl8l2litlz < lsllcllt]oe < 1.

!
Thus, ||®,]|# < 1. However,
1> (G B )@ (. k)] = V.
7.k,

Therefore, by the duality (V3)* = Fs,

Vi < lfinllvs < [ llpbs-
Let [N] = {1,...,N}. Given K > 0, there exist N and pu € F»([N]?[N]) with
Il 7 < 1and ||pllpss > K. If o= {ftay- : (z,y, 2) € [N]3}, there exist arrays a, b, ¢
in the unit ball of £°°([N]?) such that
17ab.cpellvacinn, v, vy > K
where

na,b,c;u(iajv k) = Z ,u'zyzaxibyjczkv (iajv k) € [N]3
(z,y,2)€[N]3
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Let F,, and G,, be disjoint mutually independent subsets of X}, of cardinality N
given by

Foo={sjm :j€[N]}, Gn ={tjm:j€[N]}, m=1,2,3.

(Disjoint subsets A and B of an abelian group are mutually independent if given
elements (a1,b1) and (ag, b2) of A x B, the relation a; + by = ag + be implies that
a1 = az and by = ba.) Define a measure i on X x X2 x X3 by

'[L - Z Mmyz(sSwl & 55y2 ® 5523,
(z,y,2)€[N]3

and observe that [|fil| £, (o(4, x A5),45) < 1. Therefore, by the independence of F,
and G, we can find f € Cy(X1), g € Co(X2), and h € Cy(X3) with

flsit +tj1) = aij, 9(si2 +tj2) =bij, h(siz +1t53) = cij,
so that

Na by (s 5, k) = U agoni(ti, bz, tra), (0,5, k) € [N]>.
(Refer to (M) and (2) for definitions of n and ¥.) Thus ||V geenullv, > K, and
hence || @l pb, ,, > K. O

g,n —

Corollary 6. If the underlying o-algebras Ay, Az, and As are infinite, there exists
€ Fa(o(Ar x A2), As) which is not a convolver in Fs.

TWO FURTHER QUESTIONS

1. It is shown in [B3] that scalar measures are projectively bounded. Hence,
by Proposition [ all scalar measures are convolvers. An Fz-measure p is an .7:%—
measure if, when any one coordinate is fixed, u extends to a scalar measure in the
remaining two coordinates. (See [B2] for details.) We have the proper containments
Fig F 3G Fo. We do not know whether all F. 3-Imeasures are convolvers.

2. Let Xy,..., A, be LCA groups. It is shown in [ZS] that the space of com-
pletely bounded n-linear forms on Cy(X1) X -+ x Cp(&X,) has a natural Banach
*_algebra structure extending that of F; on X1 X - - - x X,,. We do not know whether

all completely bounded forms are convolvers, or if all convolvers are completely
bounded.
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