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WEAK TYPE ESTIMATES FOR CONE
MULTIPLIERS ON Hp SPACES, p < 1

SUNGGEUM HONG

(Communicated by Christopher D. Sogge)

Abstract. We consider operators T δ associated with the Fourier multipliers(
1− |ξ

′|2
ξ2
n+1

)δ
+

, (ξ′, ξn+1) ∈ Rn × R,

and show that T δ is of weak type (p, p) on Hp(Rn+1), 0 < p < 1, for the

critical value δ = n( 1
p
− 1

2
)− 1

2
.

1. Introduction

We consider the family of Fourier multipliers

mδ(ξ′, ξn+1) =
(

1− |ξ
′|2

ξ2
n+1

)δ
+

, (ξ′, ξn+1) ∈ Rn × R,

with mδ(ξ′, ξn+1) = 0 when |ξ′| > ξn+1. Let f̂ be the Fourier transform of a
Schwartz function f on Rn × R. Then define convolution operators T δ by

T̂ δf(ξ′, ξn+1) = mδ(ξ′, ξn+1)f̂(ξ′, ξn+1).

It is conjectured that T δ is bounded on Lp and it remains open for any n ≥ 2. No
optimal Lp-bounds are known for p > 1. For partial results, see G. Mockenhaupt
[3] and J. Bourgain [1]. See also Mockenhaupt, Seeger and Sogge [4] for the related
results on the wave equation. When δ > (n− 1)/2, it is not hard to show that T δ

is of weak type (1, 1) by using Calderón-Zygmund theory.
The purpose of this paper is to prove a sharp endpoint result on Hp(Rn+1),

p < 1. This estimate implies the known result due to Stein, Taibleson and Weiss
[7] that the Bochner-Riesz means of the critical index δp = n(1/p− 1/2) − 1/2 is
of weak type (p, p) for functions in Hp(Rn) (see the Appendix). Here Hp is the
standard real Hardy space as defined in [6] by E. Stein.

We prove here

Theorem 1. Suppose 0 < p < 1 and δ = n(1/p − 1/2) − 1/2. Then T δ maps
Hp(Rn+1) boundedly into weak-Lp(Rn+1); i.e., there exists a constant C = C(n, p)
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such that for all f ∈ Hp(Rn+1)

|{(x, t) ∈ Rn × R : |T δf(x, t)| > α}| ≤ C
( ||f ||Hp(Rn+1)

α

)p
for all α > 0, where |E| denotes the Lebesgue measure of the set E ⊂ Rn+1.

It is not known whether T
n−1

2 is of weak type (1, 1) or just of weak type (1, 1)
on functions in H1.

With respect to the notation, we use C to denote a positive constant, whose
value may be different for each occurrence.

2. Kernel estimates

Let ϕ, ψ ∈ C∞0 (R) be supported in (1/2, 2) such that
∑

k≥1 ϕ(2ks) = 1 and∑∞
l=−∞ ψ(2−lt) = 1 for 0 < s < 1, t > 0. We now fix k and l. We shall need

pointwise estimates for the kernels of

T δk,lf(x, t) = (2π)−(n+1)

∫
R

∫
Rn

Gk,l(x− y, t− s)f(y, s) dy ds

where

(2.1) Gk,l(x, t) =
∫
R

∫
Rn

ϕ

(
2k
(

1− |ξ
′|2

ξ2
n+1

))(
1− |ξ

′|2
ξ2
n+1

)δ
+

ψ(2−lξn+1)

× ei〈x,ξ′〉+itξn+1 dξ′ dξn+1.

For each k and l, the kernel Gk,l has the property

Gk,l(·, ·) = 2l(n+1) {Gk,0(2l·, 2l·)},(2.2)

and we write
∑
k≥1 Gk,l = Gl = 2l(n+1)G0(2l·, 2l·) and

∑
k≥1 T

δ
k,l = T δl .

Lemma 1. Suppose 2l|x| ≤ 2 for fixed l. Then for each k there is an estimate as
follows: for every N

|Gk,l(x, t)| ≤ C 2l(n+1) 2−k(δ+1) min{1, (2−k 2l|t|)−N}.(2.3)

Thus,

|Gl(x, t)| ≤ C 2l(n+1) 1
(1 + 2l|t|)δ+1

.(2.4)

Proof. In view of (2.1) and (2.2), it suffices to show (2.3) and (2.4) for l = 0. We
integrate by parts N times with respect to ξn+1 in (2.1). In view of the support
property of ϕ, (2.3) follows. Using (2.3) gives{

C
∑
|t|≤2k

2−k(δ+1) + C
∑
|t|>2k

2−k(δ+1−N) |t|−N
}
,

and thus (2.4) is established.

Now we estimate the kernel for the case 2l|x| > 2. We let |x| = r and define
Gk,l(x, t) = Kk,l(|x|, t). By Bochner’s formula [8] and change of variables, we have

Kk,l(r, t) = 2l(n+1) (2lr)−(n−2)/2

∫
R

∫ 1

0

Jn−2
2

(ρ(2lr)ξn+1)ϕ(2k(1− ρ2))

× (1− ρ2)δψ(ξn+1)ξ(n+2)/2
n+1 ρn/2ei(2

lt)ξn+1 dρ dξn+1.(2.5)
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Here Jµ is the Bessel function of order µ > − 1
2 defined by

Jµ(t) = Aµt
µ

∫ 1

−1

eitσ(1 − σ2)µ−
1
2 dσ(2.6)

where Aµ = [2µΓ(2µ+ 1)Γ(1
2 )]−1.

In order to estimate the kernel (2.5), we need some properties of Bessel functions
[8]

d

dt
{t−µJµ(t)} = −t{t−(µ+1)Jµ+1(t)}.(2.7)

For the following lemma, we use dyadic decompositions of Bessel functions (2.6)
following the article by Müller and Seeger [5].

Lemma 2. Suppose that 2lr > 2 for fixed l. Then for each k there is an estimate
as follows:

|Kk,l(r, t)| ≤ C 2l(n+1) 2−k(δ+1) (2lr)−(n−1)/2 min{1, (2−k 2lr)−N1}

×
{

1
(1 + 2l|t+ r|)N +

1
(1 + 2l|t− r|)N

}
.(2.8)

Moreover,

|Kl(r, t)| ≤ C 2l(n+1) (1 + 2lr)−(n+1+2δ)/2

{
1

(1 + 2l|t+ r|)N +
1

(1 + 2l|t− r|)N

}
.

(2.9)

Proof. Let η ∈ C∞0 (R) be supported in (−1/2, 2) and equal to 1 in (−1/4, 1/4).
Define m = 0, 1, 2, · · · and

ηmk(σ, ν) =

{
η(2−kν(1 − σ2)) if m = 0,
η(2−k−mν(1 − σ2))− η(2−k−m+1ν(1 − σ2)) if m > 0

and set

Jmµ,k(ρν) = Aµ(ρν)µ
∫ 1

−1

ei(ρν)σ (1− σ2)µ−1/2ηmk(σ, ν) dσ.

Let M > N +N1 + (n− 1)/2 and set

φmkν(σ) =


(1 − σ2)(n−3)/2 ηmk(σ, ν) if m = 0 ,(

1
iρν

)M(
d
dσ

)M
[ηmk(σ, ν)(1 − σ2)(n−3)/2] if m > 0.

Then

Jmn−2
2 ,k

(ρν) = An−2
2

(ρν)
n−2

2

∫ 1

−1

ei(ρν)σφmkν(σ) dσ(2.10)

by integration by parts if m > 0.
Fix k and set l = 0, ν = rξn+1. We may decompose the kernel (2.5) as

Kk,0 =
∞∑
m=0

Km
k,0
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where

Km
k,0(r, t) = r−(n−2)/2

∫
R

∫ 1

0

Jmn−2
2 ,k

(ρν)ϕ(2k(1− ρ2))

× (1− ρ2)δψ(ξn+1) ξ(n+2)/2
n+1 ρn/2eitξn+1 dρ dξn+1.

Formula (2.10) and straightforward computation imply that

Km
k,0(r, t) = An−2

2

∫ 1

−1

φmkν (σ)
∫
R

∫ 1

0

ϕ(2k(1− ρ2))

× (1− ρ2)δψ(ξn+1)ξnn+1ρ
n−1 ei(t+ρrσ)ξn+1 dρ dξn+1 dσ.(2.11)

We integrate by parts with respect to ρ and ξn+1 in (2.11) and by Fubini’s theorem

|Km
k,0(r, t)| ≤ C 2−k(n−1)/2

∫ 2

1/2

∫ 1

−1

∫ 1

0

|φmkν (σ)| (1 + |σν|)−N1

×(1 + |t+ ρrσ|)−N
∣∣∣∣( ∂

∂ρ

)N1

ϕ(2k(1 − ρ2))(1 − ρ2)δρ(n−1)/2

∣∣∣∣(2.12)

×
∣∣∣∣( ∂

∂ξn+1

)N
ψ(ξn+1)ξnn+1

∣∣∣∣ dρ dσ dξn+1.

Next note the size estimate

|φmkν (σ)| ≤ C 2−mM (2m+kν−1)(n−3)/2.(2.13)

Moreover, φmkν vanishes unless either 1− σ2 ≈ 2m+kν−1 for m > 0, or 1− σ2 ≤
2kν−1 for m = 0. Hence if σ is in the support of φmkν , then either |ν−νσ| ≤ 2m+k

or |ν + νσ| ≤ 2m+k. Then using the estimates (2.13), the integrand of (2.12) is
bounded by

C 2−kδ|φmkν(σ)| 1
(1 + 2−k|σν|)N1

1
(1 + |t+ ρrσ|)N

≤ C 2k{(n−3)/2−δ} 2m((n−3)/2+N+N1−M) ν−(n−3)/2 ξ−Nn+1

× 1
(1 + 2−k|ν|)N1

{
1

(1 + |t+ ρr|)N +
1

(1 + |t− ρr|)N

}
.

If we integrate over the support of ϕ(2k(1 − ρ2)) ⊗ φmkν ⊗ ψ for m ≥ 0 in (2.12),
we gain an additional factor of C 2mr−1. Since M > N +N1 + (n− 1)/2, we may
sum over m and the desired estimates (2.8) follow from (2.12). Hence we obtain

(1 + ||t| − r|)−N
{
C
∑
r≤2k

2−k(δ+1) r−(n−1)/2

+C
∑
r>2k

2−k(δ+1−N1) r−(n−1)/2−N1

}
,

and thus (2.9) is established for l = 0. For the case l 6= 0, we use (2.2).

In Section 4 we will need estimates for the derivatives of the kernels. When
|x| ≤ 2, straightforward computations in (2.1) give us Lemma 3(a). If |x| = r > 2,
we use (2.7) to show Lemma 3(b).
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Lemma 3. (a) Suppose that |x| ≤ 2. Then for every N ,

|G(γ)
k,0(x, t)| ≤ C 2−k(δ+1) min{1, (2−k|t|)−N}.

Moreover,

|G(γ)
0 (x, t)| ≤ C

∑
|t|≤2k

2−k(δ+1) + C
∑
|t|>2k

2−k(δ+1−N)|t|−N

≤ C
1

(1 + |t|)δ+1
for γ ∈ Nn+1 and |γ| = 1, 2, 3, · · · .

(b) Suppose that r > 2. Then

|K(γ)
k,0 (r, t)| ≤ C 2−k(δ+1) r−(n−1)/2 min{1, (2−kr)−N1}(1 + ||t| − r|)−N .

Moreover,

|K(γ)
0 (r, t)| ≤ (1 + ||t| − r|)−N

{
C
∑
r≤2k

2−k(δ+1) r−(n−1)/2

+C
∑
r>2k

2−k(δ+1−N1) r−(n−1)/2−N1

}

≤ C (1 + r)−(n+1+2δ)/2

{
1

(1 + |t+ r|)N +
1

(1 + |t− r|)N

}
for γ ∈ N2 and |γ| = 1, 2, 3, · · · .

3. The atomic decomposition of Hp
and preliminary lemmas

Definition 1. Let 0 < p ≤ 1 and d be an integer that satisfies d ≥ (n+1)(1/p−1).
Let Q be a cube in Rn+1. We say that a is a (p, d)-atom associated with Q if a is
supported on Q ⊂ Rn+1 and satisfies

(i) |a(x)| ≤ |Q|−1/p almost everywhere(3.1)

(ii)
∫
Rn+1

a(x)xβ dx = 0

where β = (β1, β2, · · · , βn+1) is an (n+ 1)-tuple of non-negative integers satisfying
|β| = β1 + β2 + · · ·+ βn+1 ≤ d, and xβ = xβ1xβ2 · · ·xβn+1 .

If {ai} is a collection of (p, d)-atoms and {λi} is a sequence of complex numbers
with

∑
i |λi|p <∞, then the series

f =
∞∑
i=1

λiai

converges in the sense of distributions, and its sum belongs to Hp with ||f ||Hp ≤
C (
∑

i |λi|p)1/p and the converse inequality also holds (see [6]).
The following lemma is due to Stein, Taibleson and Weiss [7]. It is a version of

the triangle inequality on Lp,∞, 0 < p < 1.

Lemma 4. Suppose 0 < p < 1 and {fi} is a sequence of mesaurable functions such
that

|{x : |fi(x)| > α > 0}| ≤ α−p(3.2)
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for i = 1, 2, 3, · · · . If
∑∞

i=1 |λi|p ≤ 1, then∣∣∣∣{x :
∣∣∣∣ ∞∑
i=1

λifi(x)
∣∣∣∣ > α

}∣∣∣∣ ≤ 2− p
1− pα

−p.(3.3)

Proof. See ([7]).

Lemma 5. For given β > 0, assume that 0 < p < 1. Suppose that {gl} is a
sequence of measurable functions such that

|{x : |gl(x)| > α}| ≤ Ap 2−βlp α−p(3.4)

for l ≥ 0 and all α > 0. Then∣∣∣∣{x :
∑
l≥0

|gl(x)| > α

}∣∣∣∣ ≤ C α−p.
Proof. From (3.4), we have∣∣∣∣{x : |gl(x)| ·

(
2βl

A

)
> α

}∣∣∣∣ ≤ Ap 2−βlp(A 2−βlα)−p = α−p.

Moreover,
∑
l≥0A

p 2−βlp = Apβ A
p where Apβ =

1
1− 2−βp

.

By Lemma 4, we then obtain∣∣∣∣{x :
∑
l≥0

|gl(x)| > α

}∣∣∣∣ ≤ ∣∣∣∣{x :
∑
l≥0

A2−βl

Aβ A

|gl(x)|
A 2−βl

>
α

Aβ A

}∣∣∣∣
≤

(
2− p
1− p

)(
α

Aβ A

)−p
= C α−p.

The following technical estimates will be used in Section 4.

Lemma 6. Suppose 0 < p < 1 and δ = n(1/p− 1/2)− 1/2. Suppose∫∫
{|x|>21−l, |t|>21−l: 2la |x|−n/p χ{||t|−|x||≤2−l}>α/16C}

dx dt

+
∫∫
{|x|>21−l, |t|>21−l: 2lb |x|−n/p |t|−N>α/16C}

dx dt

+
∫∫
{|x|>21−l, |t|≤21−l: 2lb |x|−n/p−N>α/16C}

dx dt

+
∫∫
{|x|≤21−l, |t|>21−l: 2lc |t|−(δ+1)>α/16C}

dx dt

≤ C 2ld α−p.

Then
(i) if a = n+1−n/p, b = n+1−n/p−N and c = n− δ, then d = (n+1)(p−1),
(ii) if a = n + N + 2 − n/p, b = n + 2 − n/p and c = n + N + 1 − δ, then

d = (n+N + 2)p− (n+ 1).

Proof. Applying Fubini’s theorem to the first integral and Chebyshev’s inequality
to the third and last integrals yields the desired estimates.
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4. Weak type estimates

We will show that T δf satisfies the uniform weak type estimates (3.2) when f
is a (p,N)-atom (N ≥ (n+ 1)(1/p− 1)), and prove Theorem 1.

Proposition 1. Suppose f is a (p,N)-atom (N ≥ (n+ 1)(1/p− 1)) on Rn+1 and
δ = n(1/p− 1/2)− 1/2. Then there exists a constant C = C(n, p) such that

|{(x, t) ∈ Rn × R : |T δf(x, t)| > α}| ≤ C α−p(4.1)

for all α > 0.

Proof. Since T δ is translation invariant, we can assume that f is supported in a
cube Q of diameter 2R centered at the origin. We observe

|{(x, t) : |T δf(x, t)| > α}|
≤ |{(x, t) ∈ Q∗ : |T δf(x, t)| > α/2}|

+ |{(x, t) ∈ (Q∗)c : |T δf(x, t)| > α/2}|

where Q∗ is the cube concentric with Q and with sides of twice the length, and we
will show that each term is bounded by C α−p.

Consider (x, t) ∈ Q∗. Suppose 0 < p < 2 and p/2 + 1/q = 1. By Hölder’s
inequality and the Plancherel theorem, we have∫∫

Q∗
|T δf(x, t)|p dx dt ≤

(∫∫
Rn+1

|T δf |2dx dt
)p/2

|Q∗|1/q

≤ C.

Hence for all α > 0,

|{(x, t) ∈ Q∗ : |T δf(x, t)| > α/2}| ≤ C α−p.(4.2)

Next, to establish the following estimate

|{(x, t) ∈ (Q∗)c : |T δf(x, t)| > α/2}| ≤ C α−p(4.3)

for all α > 0, we first assume that f is supported in the cube I of diameter 1
centered at the origin. We now consider the case (x, t) ∈ (I∗)c and claim that

|T δl f(x, t)| ≤ C

{
2la |x|−n/pχ{|x|>21−l, |t|>21−l, ||t|−|x||≤2−l}(4.4)

+ 2lb |x|−n/p |t|−Nχ{|x|>21−l, |t|>21−l}

+ 2lb |x|−n/p−Nχ{|x|>21−l, |t|≤21−l}

+ 2lc |t|−(δ+1)χ{|x|≤21−l, |t|>21−l}

}
where

(i) a = n+ 1− n/p, b = n+ 1− n/p−N and c = n− δ for l ≥ 0,
(ii) a = n+N + 2− n/p, b = n+ 2− n/p and c = n+N + 1− δ for l < 0.

Fix l ≥ 0. Since f is supported in the cube I of diameter 1, by (2.2) we have

|T δl f(x, t)| ≤ 2l(n+1)

∫∫
I∗
|f(y, s)| |K0(2l|x− y|, 2l(t− s))|dy ds.
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Consider the case 2l|x| > 2, 2l|t| > 2 and 2l||t| − |x|| ≤ 1. Then by Lemma 2,
we have

|T δl f(x, t)| ≤ C 2l(n+1−n/p) |x|−n/p χ{||t|−|x||≤2−l}.(4.5)

If 2l|x| > 2 and 2l||t| − |x|| > 1, then by Lemma 2, we have

|T δl f(x, t)| ≤ C 2l(n+1−n/p−N) {|x|−n/p−N χ{|t|≤21−l} + |x|−n/p |t|−Nχ{|t|>21−l}}.
(4.6)

Finally, when 2l|x| ≤ 2, 2l|t| > 2, we use Lemma 1 and thus

|T δl f(x, t)| ≤ C 2l(n−δ) |t|−(δ+1) χ{|x|≤21−l, |t|>21−l}.(4.7)

Combining the estimates (4.5)–(4.7), we obtain (4.4) for l ≥ 0, and by Lemma 6,∫∫
{|x|>21−l, |t|>21−l : |T δl f(x,t)|>α/4}

dx dt ≤ C 2l(n+1)(p−1) α−p.

Now applying Lemma 5 with βp = (n+ 1)(1− p), we obtain∣∣∣∣{(x, t) ∈ (I∗)c :
∑
l≥0

|T δl f(x, t)| > α/4
}∣∣∣∣ ≤ C α−p.(4.8)

We now fix l < 0. Let Pk,l,x(y, s) denote the N -th order Taylor polynomial of
the function (y, s)→ Kk,l(|x−y|, t−s) expanded about the origin, the center of the
cube. Now Pk,l,x = 2l(n+1) Pk,0,x(2l·, 2l·) for fixed k and l. Then using the moment
conditions on f ,

T δk,lf(x, t) =
∫∫

I∗
f(y, s) 2l(n+1)Kk,0(2l|x− y|, 2l(t− s)) dy ds

=
∫∫

I∗
f(y, s) 2l(n+1) [Kk,0(2l|x− y|, 2l(t− s))− Pk,0,x(2l|y|, 2ls)] dy ds.

A straightforward calculation shows that the absolute value of the last term is
dominated by

C

∫∫
I∗
|f(y, s)| 2l(n+1)

∑
|γ|=N+1

|K(γ)
k,0 (2l|x|, 2lt)| |2l(y, s)|N+1 dy ds.

We apply Lemma 3 and the same arguments used for (4.5)–(4.7) and thus obtain
the bounds (4.4) for l < 0. Moreover, by Lemma 6 we see that∫∫

{|x|>21−l, |t|>21−l : |T δl f(x,t)|>α/4}
dx dt ≤ C 2l{(n+N+2)p−(n+1)} α−p.

Since (n + 1) < (n+ N + 2)p, by Lemma 5 with βp = (n+N + 2)p− (n+ 1), we
obtain ∣∣∣∣{(x, t) ∈ (I∗)c :

∑
l<0

|T δl f(x, t)| > α/4
}∣∣∣∣ ≤ C α−p.(4.9)

Putting together the estimates (4.8) and (4.9), we obtain (4.3) for the cube I.
Suppose now that f is a (p,N)-atom (N ≥ (n+1)(1/p−1)), supported in a cube

Q of diameter 2R centered at (xQ, tQ). By translation invariance we can assume
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(xQ, tQ) = (0, 0). Let h(x, t) = 2R(n+1)/pf(2Rx, 2Rt). Then h is an atom supported
in the cube I centered (0, 0). But this implies

T δl f(x, t) =
∫
R

∫
Rn

2−R(n+1)/ph

(
(x− y)

2R
,

(t− s)
2R

)
Gl(y, s) dy ds

= 2−R(n+1)/p 2R(n+1)

(
Gl(2R·, 2R·) ∗ h

)(
x

2R
,
t

2R

)
= 2−R(n+1)/p

(
Gl+R ∗ h

)(
x

2R
,
t

2R

)
.

If we repeat the same arguments used for (4.8) and (4.9), we get (4.3). This proves
Proposition 1.

We now proceed with the proof of Theorem 1.

Proof. If f =
∑∞

i=1 λifi ∈ Hp(Rn+1), T δl f is well defined since each (T δl fi)(x, t)
is the convolution of the atom fi with an integrable function Gl. Using the weak
type (p, p) estimates of T δl for each l and by Lemma 5, we obtain that T δfi satisfies
a uniform weak type estimate when fi is a (p,N)-atom (N ≥ (n + 1)(1/p − 1))
in Proposition 1. Since |T δf(x, t)| ≤

∑∞
i=1 |λi||T δfi(x, t)| and

∑∞
i=1 |λi|p < ∞,

Theorem 1 is a consequence of Lemma 4.

Appendix

Let 0 < p < 1. Denote the quasi-norm (supα>0 α
p|{x ∈ Rn : |g(x)| > α}|)1/p of

g in Lp,∞ by ||g||Lp,∞ . Let Tmf = m∨ ∗f. We define the class of Fourier multipliers
M(Hp, Lp,∞)(Rn) to be the set of all bounded measurable functions m so that for
all f ∈ C∞0 (Rn) ∩Hp(Rn),

||Tmf ||Lp,∞ ≤ C||f ||Hp .
The best constant C is the quasi-norm of the operator Tm, and we write ||m||M
for this quantity.

Lemma 7. Suppose fε and f are measurable functions on Rn and fε → f almost
everywhere. Assume that ||fε||Lp,∞ ≤M1/p for some M > 0 and for all ε > 0. Let
α > 0 be fixed. Then αp|{x ∈ Rn : |f(x)| > α}| ≤M .

Proof. Suppose αp|{x : |f(x)| > α}| > M . Then from the right continuity of
|{x : |f(x)| > α}|, there exists β > α such that αp|{x : |f(x)| > β}| > M . Define
E = {x : |f(x)| > α}. We know |E| < ∞. Then by Egoroff’s theorem, for every
η > 0, there exists F ⊂ E such that |E \ F | < η and fε → f uniformly on F . We
choose ε small so that |fε(x) − f(x)| < (β − α)/2 for x ∈ F . Moreover, on F the
inequality |f(x)| > β implies that |fε(x)| ≥ |f(x)|−|fε(x)−f(x)| > β−(β−α)/2 >
α.

From this, {x : |f(x)| > β}∩F ⊂ {x : |fε(x)| > α} and αp|{x : |f(x)| > β}∩F | ≤
αp|{x : |fε(x)| > α}|. Since {x : |f(x)| > β} = ({x : |f(x)| > β}∩F )∪({x : |f(x)| >
β} ∩ (E \ F )),

αp|{x : |f(x)| > β}| − αp|E \ F |
≤ αp|{x : |f(x)| > β} ∩ F |
≤ αp|{x : |fε(x)| > α}| ≤M.

When η is sufficiently small, this is a contradiction.
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The following is based on de Leeuw’s restriction theorem [2].

Theorem 2. Let m(ξ′, ξ′′) be contained in the class M(Hp, Lp,∞)(Rk+l) and be
continuous. Then mξ′′(ξ′) ≡ m(ξ′, ξ′′) is contained in the class M(Hp, Lp,∞)(Rk)
and the multiplier norm of mξ′′ does not exceed that of m.

Proof. Let f1 ∈ C∞0 (Rk)∩Hp(Rk), f2,ε ∈ C∞0 (Rl) with f̂2,ε(ξ′′) = εl(1/p−1)φ( ξ
′′−a
ε ),

where φ is supported in B(0, 1) (the unit ball about the origin). Define fε(x′, x′′) =
(f1 ⊗ f2,ε)(x′, x′′). From this ||fε||Hp ≤ Aφ̌||f1||Hp . Since we have

Tm(f1 ⊗ f2,ε)(x′, x′′)

=
1

(2π)k+l

∫
ξ′′

∫
ξ′
m(ξ′, ξ′′)f̂1(ξ′)εl(1/p−1)φ(

ξ′′ − a
ε

)ei〈x
′,ξ′〉+i〈x′′,ξ′′〉dξ′ dξ′′

= Tmε(f1 ⊗ εl/pφ̌)(x′, εx′′)ei〈x
′′,a〉

where mε(ξ′, ξ′′) = m(ξ′, εξ′′ + a),

||Tmε(f1 ⊗ φ̌)||Lp,∞ ≤ Aφ̌ ||m||M||f1||Hp .

Then for all α > 0, we have

αp|{(x′, x′′) : |Tmε(f1 ⊗ φ̌)(x′, x′′)| > α}| ≤ Ap
φ̌
||m||pM||f1||pHp

and by the Lebesgue Dominated Convergence Theorem, Tmε(f1 ⊗ φ̌) converges to
(Tmaf1)⊗ φ̌ as ε→ 0 where ma(ξ′) = m(ξ′, a). So from Lemma 7, we have

||(Tmaf1)⊗ φ̌||Lp,∞ ≤ Aφ̌ ||m||M||f1||Hp .

Hence ma is contained in the classM(Hp, Lp,∞)(Rk) and thus

||ma||M ≤ ||m||M.

Remark 1. Even if we replace the continuity assumption of m by almost everywhere
conditions, Theorem 2 still holds.
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