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WEAK TYPE ESTIMATES FOR CONE
MULTIPLIERS ON H? SPACES, p<1
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ABSTRACT. We consider operators T associated with the Fourier multipliers

€17 \° : n
1- P} ) (575”+1)6R XRv

n+1/ +
and show that T° is of weak type (p,p) on HP(R™"+1) 0 < p < 1, for the
critical value § = n(% — %) - %

1. INTRODUCTION

We consider the family of Fourier multipliers

O (¢! |§/|2 ’ / n

m(§;€n+1): 1- D) ) (§a€n+1)€R X R,
n+1/ +

with m®(¢,&,41) = 0 when €| > &,41. Let f be the Fourier transform of a

Schwartz function f on R™ x R. Then define convolution operators T° by

TOF(E &ns1) = m* (€ Eni1) F (€, entr)-

It is conjectured that T is bounded on L? and it remains open for any n > 2. No
optimal LP-bounds are known for p > 1. For partial results, see G. Mockenhaupt
[3] and J. Bourgain [I]. See also Mockenhaupt, Seeger and Sogge [4] for the related
results on the wave equation. When § > (n — 1)/2, it is not hard to show that T°
is of weak type (1,1) by using Calderén-Zygmund theory.

The purpose of this paper is to prove a sharp endpoint result on HP(R"*1),
p < 1. This estimate implies the known result due to Stein, Taibleson and Weiss
[7 that the Bochner-Riesz means of the critical index §, = n(1/p —1/2) —1/2 is
of weak type (p,p) for functions in HP(R™) (see the Appendix). Here HP is the
standard real Hardy space as defined in [6] by E. Stein.

We prove here

Theorem 1. Suppose 0 < p < 1 and § = n(1/p — 1/2) — 1/2. Then T° maps
HP(R"1) boundedly into weak-LP(R™*1); i.e., there exists a constant C' = C(n,p)
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such that for all f € HP(R™*1)

[{(@.t) € R" x R : [T f(z,1)| > a}| < G<W%>

for all a > 0, where |E| denotes the Lebesque measure of the set E C R™HL,

It is not known whether 772" is of weak type (1,1) or just of weak type (1,1)
on functions in H'.

With respect to the notation, we use C to denote a positive constant, whose
value may be different for each occurrence.

2. KERNEL ESTIMATES

Let ¢, € C§°(R) be supported in (1/2,2) such that Zkzl ©(2Fs) = 1 and
Y w27 =1for 0 <s<1,¢t>0. We now fix k and I. We shall need
pointwise estimates for the kernels of

T3 f(z.1) = (2m)~ (D) / Grale — .t — 5)f(y, ) dy ds
R R?L

where

e e [ o1 )14 v

X ei($,5'>+it5n+1 dﬁl dfn-i—l-

For each k and [, the kernel G ; has the property
(2:2) Gra(,-) = 2" Gy (2,2 )},
and we write 2@1 G =G = 2l(n+1) Go(2!-,2!) and 2@1 Tl?,l = Tlé.

Lemma 1. Suppose 2!|x| < 2 for fized . Then for each k there is an estimate as
follows: for every N

(2.3) |G (,t)| < €21+ 9= kCHD i1 (27k 2!)¢)) =N},
Thus,

1
(2.4) |Gy (z,1)] < C2!(n+D)

(1 + 2l|t|)6+1 :

Proof. In view of (Z1]) and (Z2)), it suffices to show (23) and (Z4) for [ = 0. We
integrate by parts N times with respect to &,4+1 in (ZI). In view of the support
property of ¢, (Z3)) follows. Using ([Z3) gives

{C Z 2—k(5+1)+C Z 2—k(5+1—N) |t|_N},

|t <2 |t|>2k
and thus (Z4) is established. O

Now we estimate the kernel for the case 2!|z| > 2. We let |z| = r and define
Gri(z,t) = K (|x|,t). By Bochner’s formula [§] and change of variables, we have

1
Kiirt) = 200 ()00 [ p(ang) o2t - )

(2.5) % (1 _ p2)6w(§n+1)ggff)/2pn/2ei(2lt)§n+1 dpdéngy.
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Here J,, is the Bessel function of order p > —% defined by

1
(2.6) Ju(t) = Aut"/ (1 — 0?3 do
-1
where A, = [2°T(2u + 1)I'(3)] 71
In order to estimate the kernel (235]), we need some properties of Bessel functions
3]
d

(2.7) )} = —t{t T (D)

For the following lemma, we use dyadic decompositions of Bessel functions (2.])
following the article by Miiller and Seeger [5].

Lemma 2. Suppose that 2'r > 2 for fized I. Then for each k there is an estimate
as follows:

|Kpi(r,t)] < €21 HD) 9=k@HD) (9lp)=(n=1)/2 1nin (1 (27k 2ly) =M1}

1 1

2.8 :
(28) X{(1+21|t+r|)N+(1+21|t—r|)N}
Moreover,
(2.9)

1 1

Ki(r.t)]| < C 2L+ (1 4 olp)—(n+1+28)/2 .

Kl )] < (1+27) A2+ )N T2t — N

Proof. Let n € C5°(R) be supported in (—1/2,2) and equal to 1 in (—1/4,1/4).
Define m =0,1,2,--- and

77(27191/(1 . J2)) if m=0,
N2 * (1 = 0%)) — (2 F (1 - 0?) if m >0

Umk(d, V) = {

and set
1

Tilow) = Aoy [ 00 (1 2 V(o) do

-1

Let M > N 4+ N1+ (n—1)/2 and set
(1- 02)(n=3)/2 Nk (0, V) if m=0,
v\0) = M M -
P () <p¢> (%) e (0, 0) (1 — 02)=372] if > 0.

Then
1

(2.10) P () = Auga ()5 [ 0,0, (0) do
2 2 1

by integration by parts if m > 0.
Fix k and set | = 0,v = r,+1. We may decompose the kernel [21) as

0o
Kio= E K,ZLO
m=0
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where
1
Koty = w20 [ [ () pia - )
RJO

X (1= ) W(sn) 037202t dp dna

Formula (210) and straightforward computation imply that

Ky(rt) = / - // (25(1 = p2))
(2.11) X (1= PP tp(En g1 )y "L G dp g, dor

We integrate by parts with respect to p and &,41 in (211)) and by Fubini’s theorem

2 1 1
[Ki(rt)| < 02*’“"*1)/2/ // |G ()] (1 + |ow]) =N
1/2J-1Jo

N1
(2.12) X(1+ |t + pml)‘N‘ (a%) p(25(1 = p*))(1 = p*)°pln= /2
o N
x (afnﬂ) Y(En+1)Ens1| dpdo dépn .
Next note the size estimate
(2.13) | (0)| < € 27mM (gmtky,=1)(n=3)/2,

Moreover, ¢mx, vanishes unless either 1 — o2 ~ 2™y =1 for m > 0, or 1 — 02 <
2y~1 for m = 0. Hence if o is in the support of ¢k, then either |v —vo| < 2m+F
or |v+ vo| < 2™tk Then using the estimates (ZI3), the integrand of (ZI2) is
bounded by

1 1
C 275Gy
| Pk (U)|(1+271@|0V|)N1 (1 + |t + pro|)N
k _ _5 — N+N;— —(n— -
< 2k(n=3)/2=8} gm((n=3)/2+N+N1=M) ; —(n 3)/25714{\[1

1 1 1
X + .
(1427 F[p[)M {(1+It+pTI)N (1+|t—pTI)N}

If we integrate over the support of p(2%(1 — p?)) ® ¢, @ ¥ for m > 0 in ,
we gain an additional factor of C'2™r~1. Since M > N + Ny + (n — 1)/2, we may
sum over m and the desired estimates (2.8) follow from . Hence we obtain

(T+ [t = Tl)_N{C Z 9—k(3+1) . —(n—1)/2

r<2k
+C Z 2—k(5+1—N1) T—(n—l)/Z—Nl}
r>2k
and thus (2.9) is established for [ = 0. For the case [ # 0, we use (2.2). O
In Section @ we will need estimates for the derivatives of the kernels. When

|z| < 2, straightforward computations in (ZII) give us LemmaBl(a). If |z] = r > 2,
we use (Z7) to show Lemma Bi(b).
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Lemma 3. (a) Suppose that |x| < 2. Then for every N,
G (@ D] < €270 min{1, (27He) 7).

Moreover,
|G(()7)(x,t)| < C Z 9—k(5+1) +C Z 2719(6+17N)|t|7N
[t|<2k [t]>2F
1

< CW fOT’YENnJ’_l and |'y|:1,2,3,

(b) Suppose that r > 2. Then
[K0)(r, )] < C 27RO p= (D72 i £1 (2705 =N (14 [t — )V,

Moreover,
|K(()’Y)(T’ B < (14|t - T|)7N {C Z 9—k(6+1) j.—(n—1)/2
r<2k
+ C Z 2716(54’17]\]1) 7,,(77,1)/2]\71}
r>2k
B e S S
- Q4+t+r)N  Q+t—r)hN

foryeN? and |y| =1,2,3,---.

3. THE ATOMIC DECOMPOSITION OF HP AND PRELIMINARY LEMMAS

Definition 1. Let 0 < p < 1 and d be an integer that satisfiesd > (n+1)(1/p—1).
Let @ be a cube in R"*1. We say that a is a (p, d)-atom associated with Q if a is
supported on @ C R™*! and satisfies

(3.1) (i) la(z)] <|Q|7Y/P almost everywhere
(ii) / a(z)z? dz =0
Rn+1
where 8 = (01,82, , Bnt1) is an (n + 1)-tuple of non-negative integers satisfying

1Bl = B1+ B2+ + Bus1 < d, and 2 = 251252 ... pBntr,

If {a;} is a collection of (p, d)-atoms and {\;} is a sequence of complex numbers
with ) [Ai|P < oo, then the series

f= i Aia;
=1

converges in the sense of distributions, and its sum belongs to H? with ||f||gr <
C (32, |\i|P)Y/P and the converse inequality also holds (see [6]).

The following lemma is due to Stein, Taibleson and Weiss [7]. It is a version of
the triangle inequality on LP*°, 0 < p < 1.

Lemma 4. Suppose 0 < p <1 and {f;} is a sequence of mesaurable functions such
that

(3.2) Hz: [fi(@)| > a >0} <a™
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fori=1,2,3,---. If Y2, NP <1, then
00 2_p -

Proof. See ([1]). O

Lemma 5. For given > 0, assume that 0 < p < 1. Suppose that {g;} is a
sequence of measurable functions such that

(34) Ha : |gi(z)] > a}| < AP27PlP 7P
for1>0 and all > 0.  Then

(- guor-e)

>0

<CaP.

Proof. From (3.4), we have

gl
Hx ()] - (%) > a}‘ < AP27PlP(A27 Bl = oP,

1

—Blp _ AP P _
Moreover, 3, AP 2777 = Aj AP where Ajy = T o

By Lemma Ml we then obtain

o puorse)

>0

IN

ZA2 B gi(x L _ @
Ag A A2— 51 Ag A

1>0
2—p Q 7p_ —p
(=) () - oo

The following technical estimates will be used in Section [l

Lemma 6. Suppose 0 <p <1 and d =n(1/p—1/2) —1/2. Suppose

dx dt
//{|3¢|>21l7 [t|>21~1: 2la |g|—n/P X{Ht\f\x\\g2*l}>a/160}

+ // dz dt
{|lz|>21-1, |t|>21—L: 26 |g|—n/P |t|-N>a/16C}

+ // dx dt
{|z|>21-1, |¢|<21~L: 26 || —n/P~N > /16C}

+ // de dt
{|z|<21 =1, [t]|>21 -1 2le |¢|=(6+D) >« /16C}

< C2ldqgr
Then
(i) fa=n+1—-n/p,b=n+1—n/p—N andc=n—9, thend = (n+1)(p—1),
(i) ifa=n+N+2-n/p,b=n+2—-n/pandc =n+ N+ 1-19, then
d=Mn+N+2)p—(n+1).
Proof. Applying Fubini’s theorem to the first integral and Chebyshev’s inequality
to the third and last integrals yields the desired estimates. O
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4. WEAK TYPE ESTIMATES

We will show that T f satisfies the uniform weak type estimates (8:2) when f
is a (p, N)-atom (N > (n+1)(1/p — 1)), and prove Theorem[Il

Proposition 1. Suppose f is a (p, N)-atom (N > (n+1)(1/p — 1)) on R**! and
d=n(1/p—1/2) —1/2. Then there exists a constant C = C(n,p) such that

(4.1) H{(z,t) e R" x R : |T°f(x,t)] > a}| <Ca™P
for all a > 0.

Proof. Since T° is translation invariant, we can assume that f is supported in a
cube @ of diameter 27 centered at the origin. We observe

{(a,t) : |T° f(x,1)] > a}
< Hat) € Q" |T° f(a, 1) > /2}|
+ (1) € Q) [T°f (,8)] > a/2}|
where @Q* is the cube concentric with @ and with sides of twice the length, and we
will show that each term is bounded by C'a™P.

Consider (z,t) € Q*. Suppose 0 < p < 2 and p/2 + 1/g = 1. By Hélder’s
inequality and the Plancherel theorem, we have

// T f(z, )P dedt < <// 1|T5f|2dxdt>p/2|Q*|1/q
* < C. .
Hence for all a > 0,
(42) {(z,1) € Q"+ |T° f(w, 1) > a/2}| < Ca™P.

Next, to establish the following estimate
(4.3) {(z.t) € (@) IT°f(x,1)| > @/2} < Ca™®

for all & > 0, we first assume that f is supported in the cube I of diameter 1
centered at the origin. We now consider the case (x,t) € (I*)¢ and claim that

(4.4) TP f(z,t)] < C{2la|x|_n/pX{|1’|>2l‘l,|t>21—",||tI<2_"}

+ 2 2| TP TN X fa st g sa1-1

+2% |$|_"/p_NX{|x|>2lfl, t|<21-1}
+ 2% |t|7(5+1)X{|x|§21*l, |t>21l}}

where

(i) a=n+1-n/pb=n+1—n/p—Nandc=n—-45forl >0,
(i) a=n+N+2—-n/p,b=n+2-n/pandc=n+N+1-4 for I <0.
Fix [ > 0. Since f is supported in the cube I of diameter 1, by (Z2) we have

T3 f (. 1)] < 20+D / / . 9)] 1Ko — g, 2'(t — s))|dy ds.
I*
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Consider the case 2!|z| > 2, 2!¢| > 2 and 2!||t| — |z|| < 1. Then by Lemma 2]
we have
(4.5) |TY f(,t)] < C 2P || =02 <oy
If 2!|x| > 2 and 2!||t| — |=|| > 1, then by Lemmal[Z, we have
(4.6)
TP £ (2, 1)) < C21OH=E=I ([ 7PNy conny o+ [l TP N X201y )
Finally, when 2!|x| <2, 2!|¢t| > 2, we use Lemma/[I] and thus
(4.7) 1T £, )] < C2' = [~y ot jymo1-1y
Combining the estimates (ZH)—(E), we obtain (4) for [ > 0, and by Lemma [@],

// dx dt < ¢ 2/n+D=1) o—p
{lz[>21 =8, [¢[>21 =0 | TP f(2,8) | > /4}

Now applying Lemma Bl with 8p = (n + 1)(1 — p), we obtain

(4.8) H(x,t) eI T f(a,t)] > a/4H <Ca7P.

>0

We now fix | < 0. Let Py ;.(y,s) denote the N-th order Taylor polynomial of
the function (y, s) — K, (Jx—yl|,t—s) expanded about the origin, the center of the
cube. Now Py, = ol(n+1) Pk70,x(2l-, 21-) for fixed k£ and [. Then using the moment
conditions on f,

1), f(z,t) = / i Fy.s) 2" K o (2 — yl, 2'(t — 5)) dy ds

= / fly,8) 2" (K 02N — y], 2'(t — ) — Pro,2(2'[y], 2's)] dy ds.
I*

A straightforward calculation shows that the absolute value of the last term is
dominated by

c // £ ) 20403 K@ al, 2] [21(y, 5)| ¥+ dy ds.
I*

lv|=N+1

We apply Lemma Bl and the same arguments used for (@H)—(1) and thus obtain
the bounds (@4)) for I < 0. Moreover, by Lemma [ we see that

// drdt < C2U+N+2p=(n+1)} \-p.
{lz[>211, [t]|>21=L: | TP f(=,t)|>a/4}

Since (n +1) < (n+ N + 2)p, by Lemma Bl with 8p = (n+ N +2)p — (n + 1), we
obtain

(4.9) H(m,t) € (I ) |T f(a,t)] > oz/4}‘ <Ca™P.

1<0

Putting together the estimates (@) and ({H), we obtain (3) for the cube I.
Suppose now that f is a (p, N)-atom (N > (n+1)(1/p—1)), supported in a cube
Q of diameter 27 centered at (zg,tg). By translation invariance we can assume
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(zg,tg) = (0,0). Let h(x t) = 2R(n+1)/p f(2Ry 28¢). Then h is an atom supported
in the cube I centered ( . But this implies

Tof(ut) = //2 R(n+1) /ph<( - )7( )>Gz(y7 §) dy ds

— 9~ R(n+1)/p 9R(n+1) (CTYZ(QR.7 2R.) % h) (i i)

2R’ 2R
- t
— 9—R(n+1)/p <G1+R % h) (237 2R)

If we repeat the same arguments used for (L8] and ([{9), we get ([3). This proves
Proposition [ O

We now proceed with the proof of Theorem [I]

Proof. If f =00, \ifi € HP(R™1), TP f is well defined since each (T} f;)(x,t)
is the convolution of the atom f; with an integrable function G;. Using the weak
type (p, p) estimates of T}° for each [ and by Lemma 5] we obtain that 7 f; satisfies
a uniform weak type estimate when f; is a (p, N)-atom (N > (n + 1)(1/p — 1))
in Proposition [l Since |79 f(z,t)| < Y50, |MJ|T° fi(w, t)] and Yoo, [Ni|P < oo,
Theorem [Mis a consequence of Lemma Hl. O

APPENDIX

Let 0 < p < 1. Denote the quasi-norm (sup,-qa?|{z € R" : |g(z)| > a}|)*/? of
g in LP> by ||g||e.. Let Ty f = mY % f. We define the class of Fourier multipliers
M(HP,LP>°)(R™) to be the set of all bounded measurable functions m so that for
all f e C°(R™) N HP(R™),

T flleoe < ClIf ] 1r-

The best constant C' is the quasi-norm of the operator T,,, and we write ||m/||am
for this quantity.

Lemma 7. Suppose f. and f are measurable functions on R™ and f. — f almost
everywhere. Assume that || f.||Lr.c < MYP for some M > 0 and for all ¢ > 0. Let
a >0 be fizred. Then oP|{x € R™ : |f(x)] > a}] < M.

Proof. Suppose o [{x : |f(x)] > a}| > M. Then from the right continuity of
{z : |f(z)| > a}|, there exists 3 > « such that o?|{z : |f(z)] > B} > M. Define
E ={z:|f(z)] > a}. We know |E| < co. Then by Egoroff’s theorem, for every
1 > 0, there exists F' C E such that |[E\ F| < n and f. — f uniformly on F'. We
choose € small so that |fe(x) — f(x)] < (8 — «)/2 for x € F. Moreover, on F the
inequality | f(x)| > 3 implies that | fe(z)| > |f(z)|—|fe(z)— f(z)] > B—(B—)/2 >
a.

From this, {z : | f(z)] > B}NF C {z : |fe(x)| > a} and o?|{z : | f(z)| > B}NF| <
o?|{z |f(2)] > a}]. Since {z : [f(2)] > B} = ({z: |f(@)| > BINF)U({z : |f(2)] >
810 (B F),

o [{z: [f(z)| > B} — o’|E\ F|
< oz |f(z)] > BN F
< o’z [f@)] > a}| < M.

When 7 is sufficiently small, this is a contradiction. O
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The following is based on de Leeuw’s restriction theorem [2].

Theorem 2. Let m(¢',€") be contained in the class M(HP, LP>°)(R¥*!) and be
continuous. Then men (&) = m(&',&") is contained in the class M(HP, LP>)(RF)
and the multiplier norm of mer does not exceed that of m.

"

Proof. Let f; € C5°(RF)NHP(RF), fo € C(RY) with fo.(€7) = l(1/P=D p(E=a),

where ¢ is supported in B(0, 1) (the unit ball about the origin). Define f.(z’, x’s’)
(f1 ® f2,e)(2',2"). From this || fel|m» < Agl|f1l|me. Since we have

Ton(f1 ® fo,e)(x',2")
1 ~ " _ o
W/”/, m(gl,E//)fl(5/)€l(1/p71)¢(£—a)ez(x & +ila’ € >d€/ dﬁ”

€
= Tpe(fi® g (o, eﬂc")e“’”//’“>
where m®(¢',§") = m(¢', 6" + a),
T (f1 @ @)l Looe < Ag [[ml| aal | fillar-
Then for all a > 0, we have

o [{(2",2") : |Tme (fr @ §) (', 2")| > a}| < AL |Iml[q| 1113

and by the Lebesgue Dominated Convergence Theorem, Tye(f1 ® qvb) converges to
(T, f1) ® ¢ as € — 0 where mq(¢') = m(&’, a). So from Lemma [7 we have

(T, 1) @ Gl e < Ag llmlaallfll o
Hence m,, is contained in the class M(HP, LP»>°)(R¥) and thus

[Imallas < [[ml|aa-
(|

Remark 1. Even if we replace the continuity assumption of m by almost everywhere
conditions, Theorem [2 still holds.
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