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ABSTRACT. A general version of the Sobolev type inequality, including both
the classical Sobolev inequality and the logarithmic Sobolev one, is studied for
general symmetric forms by using isoperimetric constants. Some necessary and
sufficient conditions are presented as results. The main results are illustrated
by two examples of birth-death processes.

1. INTRODUCTION

The logarithmic Sobolev inequality has become a very active direction since ini-
tiated by Gross [7] in 1975. It has been well developed in the context of diffusions
for both finite and infinite dimensional cases. There are also some results for fi-
nite Markov chains (see, e.g. [10] and references therein). In this paper, we study a
general version of Sobolev inequalities for general symmetric forms by using isoperi-
metric constants. The main idea of the study goes back to Cheeger’s inequality [3],
which is well known and widely used in geometric analysis. This inequality is then
established for bounded jump processes by Lawler and Sokal [§]. See also [6] for
Cheeger’s inequality for Markov chains on finite graphs. Recently, this inequality
was also established by Chen and Wang [5] for general symmetric forms.

Let (E,€) be a measurable space with a reference measure p which is either a
probability measure or is infinite. Next, let J be a symmetric measure on F x FE.
Define the symmetric form by

Difo) =3 [ Iadylfs) — £ o(s) ~ sl

f,geD:={he&:D(h,h) <0}

Let F € C(0,00) be such that infrF(r) > —oco and F(r) > 0 for large r. We
say that the F-Sobolev inequality with dimension p € (2, 00] (denoted by F'S(p))
holds for (D, u) if there exist two constants C; > 0,Cy > 0 such that

(1.1) p(| 2P R(2) P2 < ¢ 4 CuD(f, f)
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holds for all f € D’ with u(f?) = 1, where D' = {f € D : u(f # 0) < =}.
In particular, we call the inequality tight (denoted by T'F'S(p)) if (1.1) holds for
C, =0.

Obviously, when F' = 1, (1.1) is just the classical Sobolev inequality with dimen-
sion p. When p is a probability measure, p = oo and F' = log, (1.1) becomes the
defective logarithmic Sobolev inequality, which is equivalent to the usual logarith-
mic Sobolev inequality

(1.2) p(f?log f2) <CD(f, f), wp(f?)=1,feD,
whenever the spectral gap inequality holds; namely, there exists A; > 0 such that
(1.3) Mp(f?) —u(f)’) < D(f.f), feD.

We now look for a proper isoperimetric constant which is hoped to best describe
FS(p). We shall need the following condition of F:

(p-2rF'(r) _p-1

1.4 F € C'0,00), F(0)=1, F’>0and lim sup <

(1.4) 0,00). F(0) Jim sup S ;
Moreover, it is natural to assume the following as soon as F'S(p) is considered:
(1.5) inf{u(A) : u(A) > 0} = 0.

Otherwise, u(f?) = 1 implies that f2 < C a.e.-u for some constant C; then one
has F'S(p) for any p and F. Under (1.5), and assuming that lim, .. F(r) = oo
whenever F'S(o00) is considered, by taking the test function f = 14/+/p(A) in (1.1)
and then letting pu(A) — 0, one immediately sees that F'S(p) implies x,(0) > 0.
Similarly, TFS(p) implies £, (0c0) > 0, where

J(A x A°)

K/P(T.) = H(Al)l’éféo’r] M(A)(;D—Q)/I)F(H(A)—l)(P_Q)/i" , > O;

Rp(0) = i rp(r),  hp(00) = lim (1)

Consequently, if (1.5) holds and J(dz, F) < Mu(dx) for some constant M, then
FS(p) does not hold (we assume in addition lim, .. F(r) = oo when p = o0).
Actually, in this case, by letting u(A) — 0, one has £,(0) = 0. The problem
then becomes whether “k,(0) > 07 is also sufficient for F'S(p). Unfortunately, the
answer is negative. Actually, it is not difficult to give some counterexamples. See
e.g. Example 3.1 in section 3.

But what is the correct constant to ensure F'S(p)? It should be in some sense
smaller than the one defined above. So, it is natural to define the constant by using
a “smaller” symmetric measure instead of J. To do this, we follow the line of [5].
Let v be a measurable nonnegative symmetric function such that

Lot noord (de, d
(1.6) / bew>0/dedy) e
AXE 'y(x,y)
Define J'(dz,dy) = 1¢y(z,y)>03/ (d2, dy)/+/7(z,y) and
A A AC
ky (1) = JI(A X A%) r>0,

= inf
u(A)(0.r] p(A) P D/PF (u(A) 1) =272
kp (0) = rl—i}(gl-i- kp(r)v pr(OO) = rll{rolo kp (7’)

Note that the parameter p takes different roles in the definitions of x, and k,
where the former comes from our choice of test functions and the latter is due to
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the proof of Theorem 1.1. According to the isoperimetric constants for Sobolev
inequalities on manifolds (see e.g. [3]), one may feel that the latter is more natural.
Actually, as will be shown in Example 3.1, k,, can describe F'S(p) precisely.

It is now time to state our main result.

Theorem 1.1 (Under (1.4)). If k,(0) > 0 (resp. kp(oo) > 0), then FS(p) (resp.
TFS(p)) holds. In particular, if u is a probability measure, then the logarithmic
Sobolev inequality (1.2) holds provided koo (1/2) > 0 for F(r) = log(r+e).

Before moving further, let us recall some concrete cases of the form D, or equiva-
lently, the measure J. For a symmetric jump process (see e.g. []), we have a ¢-pair
(¢(z), q(z,dy)). We assume in this paper that ¢(z) = q(z, E \ {z}) < co. Let p be
the symmetric measure (not necessarily finite); we have J(dz, dy) = ¢(x, dy)p(dzx).
In this case, a natural choice of 7 is y(z,y) = q(z) V ¢(y). When E is countable, we
simply denote ¢;; = q(i,{j}), ¢ = q(¢). Especially, we shall often consider the most
simple but very interesting case; namely, a birth-death process: F =7Z4,¢; ;-1 = a;
(the death rate), ¢; ;41 = b; (the birth rate) and ¢;; = 0 for |¢ — j| # 1. Note that
in the final case we always assume ay = 0.

We present below a criterion of k, for countable Markov chains.

Theorem 1.2 (Under (1.4)). Consider the countable Markov chain: E = Z4 and
J(i,5) = Gijpi with p; > 0 (i > 0) and Y ;i = 1. Let v(3,5) = ¢ V ¢j,4q;; =
Gij/\/(i,j) and I; = [i,00) N B. We have ky(0) > 0 provided
Sy
(1.7) inf Hi 2= i
>1 (1) P=D/PF(u(1;)~1)(P=2)/2p

Moreover, (1.7) is also necessary for irreducible birth-death processes (i.e. a;,b;—1 >
0 for all i > 1). Similarly, the result also holds for k, with qgj replaced by q;;.

> 0.

We have pointed out that x,(0) > 0 is usually weaker than F'S(p). A natural
question is: can we prove a weaker inequality from k,(0) > 0? The answer is
positive and the inequality is the following:

(1.1) | 1PPI 2P (f2)P=2/P < Oy + Cz/J(dﬂﬂvdy)lf(x)2 ~ fW)?l,

where f € D' with u(f?) = 1. We simply denote it by WFS(p) or WTFS(p) in
terms of C7 > 0 or C; = 0. Obviously, (1.1) implies (1.1’) and they are equivalent
when J(F,dz) < Mu(dz) for some constant M.

Theorem 1.3. Assume that F' > 0, F’ > 0 and sup ngff)a) < 00. Moreover, assume

that F(co0) = oo whenever the case “p = oo and Cy > 07 is considered. We have
WEFS(p) (resp. WI'FS(p)) if and only if k,(0) > 0 (resp. rp(c0) > 0).

Finally, we modify Herbst’s argument to study the exponential integrability of
“Lipschitz functions” under the logarithmic Sobolev inequality. See [1] (and also
[9]) for detailed discussions in the context of diffusions.

Let p > 0 be a measurable function on E. Assume that

(1.8) lp(x) = p(y)Pr(@,y) <1 ae-,
where 7 is as in (1.6). In particular, when J(dz,dy) = q(z,dy)p(dz), (1.8) implies

(1.9) 1@ = pPawdy) <1 acop.
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Theorem 1.4. Assume that p (> 0) satisfies (1.8) (more weakly, (1.9) for the case
J(dz,dy) = q(x,dy)p(dx)). If (1.2) holds, then

) 2
w(e ) <exp {%] <0, €€][0,1/C).

We remark that according to [5],(1.3) implies that p(e*?) < oo for some a > 0.
Hence u(p?) < oo under (1.2).

The above results are proved in the next section and are illustrated in section 3
by two examples of birth-death processes.

2. PROOFS

Proof of Theorem 1.1. Since D(|f|,|f]) < D(f, f), it suffices to prove for the case
f > 0. Moreover, we assume that f € D’ is bounded so that each term in (1.1)
is finite. If f > 0 is unbounded, we need only to replace f by f An and then let
n — 0.

For a bounded nonnegative f € D' with u(f?) = 1, let h(t) = u (f? > t).
Set p(t) = t®=1/(r=2) /F(t) which is strictly increasing under (1.4). Take g =
#(f?), A = {g > t} and h(t) = p(A;). If ky(r) > 0 for some r > 0, we have
h(t) = k(¢ (t)) < 1/¢~(t) < r for t > ¢(r~!). Then, by the isoperimetric
inequality and Fubini’s theorem, we have

r= {1 [ apioe —ow )

B { /{g<x>>g<y)} J'(dz, dy)(g(x) — g(y))}p/(p_l)

o p/(p—1)
_ {/ T (Ay x Ag)dt}
0

< _ p/(p=1)
2 {k:p(r)/ h(t)(p—l)/pF(h(t)—1)(p—2)/2pdt}
d(r=1)

e ¢ - _ 1/(p—1)
o(r=1) LJo(r=1)
(2.1) ()PP P(R(t) Y @=D/2p gy,
where ¢y

[kp ()PP~ Y/ (p — 1).

Let £(t) =t~ D/Pp(t=1)(P=2)/2P; we have

g(t) =t~ Vrp@t)r-2/2 (p ; 1 (pQ;tQ}g(: )>.

Then, by (1.4), £'(¢) > 0 for both small ¢ and big ¢. Therefore, there exists ¢z > 0
such that £(t) > c2€(s) for all t > s > 0. Taking this into account and noting that
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h is decreasing with h(t) < 1/t, by (2.1) we obtain

oo
I>cs / [t — p(r— )Y PR F(h(t)~t)P=2/2~ Dy
(r=1)

= c3 /oo [6(t) = o(r~ ] PR F (A(t) P22V (1)dt

-1

> / B [B(t) — p(r— )] PV F(1) P22 ! (1) (t)dt

for some c3 > 0, where the second step is due to the integral transformation t —

().
Now, for each r € (0,00), take 3(r) > 0 such that for all ¢ > r~1,

[6(0) = 6D E(0- /20D 1
qb(t)l/(p_l)F(t)(p_Q)/Q(”_l)(ﬁ’(t) — B(r).
00) =0 for r = co. We then obtain

>

/—\l\DI'—‘

Moreover, we may take 3

I> #)1/ =1 (1) P=2/20=D ¢/ (1) B(£)dt — e38(r)

2], o
Z_3/ HY @D p)e=2/20-D ¢ (1) () dt — e(r),
)+

2
where ¢(r) = e3f(r
when r = 0o. Let

G sup(g,—1) (1 )M/ =D () (P=2)/2(=1 ¢/ (¢) which is zero

d _
W(t) = E{tp/(p Z)F(t)}.
By (1.4), there exists ¢/ > 0 such that

()Y P~V p (1) P=2/20= 1) g (1) >

p;;t2/(p—2)p(t) > ip(t).
p—

Therefore, there exists ¢4 > 0 such that

T+e(r) > /Ooow(t)h(t)dtZC4/Edu/0f2w(t)dt

(2.2) = cau(fP/ P E (7).
On the other hand, let 7(t) = ¢(t?); we have
l9(x) —g(y)| = |f (&) = F (W)l - |0 ()]

for some 0 € [f(z) A f(y), f(x) V f(y)]. It is easy to see that |n/(t)| < csn(t)/t for
some c¢5 > 0. Since n(t)/t is increasing in ¢,

o) < SULTELID < o oyl FT) + £ 2 FGP)-

Therefore, by the Schwartz inequality and using (1.6), we obtain

I < co\/DUJ, Pl @D F(f2)).

The proof of the first assertion is now completed by combining this with (2.2). Just
note that when kj(co) > 0, we may take r = oo and hence ¢(r) = 0.
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Finally, if p is a probability measure and koo (1/2) > 0 for F'(r) = log(r + e),
then the defective logarithmic Sobolev inequality holds. On the other hand, by
[8, Theorem 1.2], koo(1/2) > 0 implies (1.3) for some Ay > 0. Therefore (1.2)
holds. O

Proof of Theorem 1.2. For any A with u(A) < po, we have 0 ¢ A. Let i = inf A,
then 7 > 1. Noting that t®~1/PF(¢t=1)(P=2)/2P ig increasing for small and big , we
have
J'(A x A°) - i D B
M(A)(pfl)/pF(M(A)*l)(p%)/?p = u(Ii)(pfl)/pF(u(Ii)*l)(p*2)/2p

for some constant ¢ > 0. This implies k,(0) > 0 by (1.7).
On the other hand, we consider irreducible birth-death processes. If k,(0) > 0,
then there exists € (0,1/2) such that k,(r) > 0. For any ¢ with pu(I;) < r, we have

i} i1 B J'(I; x If)
(L) P=D/PF(u(L)~1) =272 y(1;)p=D/PF(u(I;)~1)P=2)/2p 2 kp(r) > 0.
Therefore (1.7) holds. O

Proof of Theorem 1.3. It suffices to prove the sufficiency. Assume that k,(r) > 0
for some r > 0 and let f and & be as in the proof of Theorem 1.1. We then have,
as was shown in the proof of Theorem 1.1,

{%/J(dx,dy)v(x)z _f(y)Ql}P/(p—Q)

> {&p(r) /roj h(t)(pQ)/pF(h(t)1)(p2)/pdt}

p/(p—2)

o [T -2 —elr
> /0 12/(=2) p(4)h(1)dt — c(r)

> ¢ /0 h %{tp/(p*Q)F(t)}h(t)dt — e(r)

= u(FPODE() — elr)

for some ¢, ¢’ > 0 and ¢(r) > 0 with ¢(co) = 0. The proof is then finished. O

Proof of Theorem 1.4. The proof is essentially modified from [I]. For any n > 1,
let p, = p An, fn, = exp[rp2 /2] and h,(r) = u(emi). By (1.8) we have

2
D(fu, f) < E/Ipn(x) = pu(y)? max {pn ()2 fu(2)%, pu(y)* fu(y)? } I (dz, dy)
< r2u(pie”’i) =r?h!.

Similarly, since J is symmetric, if J(dz,dy) = ¢(z,dy)u(dz) and (1.9) holds, then
the above estimate remains true. By this and (1.2) we obtain

rh, (1) < hy(r)log hy(r) + r2CH., (), 7> 0.

The remainder of the proof is similar to that of [1, Theorem 3.3]. g
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3. EXAMPLES
In the following two examples, we take F(r) = [log(r + €)]°, 6 > 0.

Example 3.1. Consider the birth-death process with a; = b; = i*[log(i + 1)]* (i >
1),s > 1,t € R and a9 = 0,bp = 1. We have p; = m;/e,mog = 1,m; =
i~®[log(i + 1)), ¢ = >, m;. Then k,(0) > 0 for all p and 6. Assume that
d > 0 whenever p = oo is considered; then F'S(p) holds if and only if either
s>2(p—-1)/(p—2),ors=2(p—1)/(p—2) and t > 0.

Especially, the logarithmic Sobolev inequality holds if and only if either s > 2,
ors=2andt>1.

Proof. k,(0) > 0 is obvious. Actually, by the same spirit of Theorem 1.2, it follows
from the fact that (noting that p;a; = 1/¢)

inf Hii
21 (1)@ 2 log (L)1 + QP D7
Next, for ¢ >> 1, we have

M(Ii)(P—l)/PF(M(Ii)—l)(P—Q)/QP - O(i(l_s)(p_l)/p[log(i + 1)]6(p—2)/2p—t(p—1)/p)7
Qi [4g ._s/2 . —t/2

—— = O0(i"%/?[log(i 4+ 1)]7¥?).
Therefore, (1.7) holds if either s > 2(p — 1)/(p — 2), or s = 2(p — 1)/(p — 2) but
t>9.

Now, we go to prove the necessity case by case.

1) Assume that s = 2(p —1)/(p —2) and t < §. For any n > 1, take f,(i) =
il{i<n}. Then, for big n,

Do o 08D _ (2 0y 2000 i+ )1

M(fgp/(P—Q) log(f2 + e)]5) (Z:‘L:1 72/(p—2) [log(i + 1)]5—75)(11—2)/10 ’
which goes to zero as n — oo (noting that 6 > 0 for p = c0). Hence F'S(p) does
not hold.

2) Assume that p < oo and s < 2(p —1)/(p — 2). Then (s — 1)(p — 2)/2p <
min{1/2, (s —1)/2}. Choose ¢’ € ((s — 1)(p — 2)/2p, min{1/2, (s — 1)/2}) and take
fl)= i . We have, for some ¢y, ¢o > 0,

u(f?) < e d i logl(i+1)] 7" <00, D(f,f) <ery i* D < oo

(2

> 0.

but (noting that 2pd’'/(p —2) — s > —1)
u(12/ 0D og(f2 + )) 2 e2 y i 070 log(i 4 1)) 7 = oo,

3
Hence F'S(p) does not hold.
3) Assume that p = 00,6 >0 and s < 2. Let f, = \/Zl{ign}. We find that

Dol Y _ o T losti+ D)
u(frllog(f7 +e)]°) iy it log(i + 1)) )7
which goes to zero as n — oco. Therefore, F'S(c0) does not hold.
Finally, for the assertion on the logarithmic Sobolev inequality (1.2), it suffices
to prove that (1.7) implies (1.3). This is true for irreducible birth-death processes
as claimed by [B, Theorem 4.1]. O
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Example 3.2. Consider the birth-death process with ap = 0,a; =1 (i > 1),b; =
piv1/pi (i >0) and po = 1, u; = i%[log(i+1)]*. Then T'FS(p) holds provided either
s>p—1,ors=p—1and ¢t > 0. It is not strange that § does not appear in the
condition, because here p; has positive lower bound and hence the positivity of the
constant k,(co) is independent of §.

Proof. Let A € £ with u(A) < co. We have i := sup A < co. Noting that v(z,j) =
g; V g; is bounded, we have

J(Ax A%) > erifflog(i+1)]',  p(A) <> py < cai* T log(i + 1)]".
J<i
Therefore,
J'(A x A°)
p(A)P=D/Pllog(u(A)~" +e)]
for some c¢3 > 0. By Theorem 1.2, under our conditions we have k,(co0) > 0 which
implies TF'S(p) according to Theorem 1.1. O

= > C3is—(s+1)(p—1)/p[1og(i + e)]tﬂS
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