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ABSTRACT. Let (X, X, 1) be a o-finite measure space and let T : L1 (X, %, u) —
LY(X,X, 1) be a Frobenius-Perron operator.

In 1997 Bartoszek and Brown proved that if T overlaps supports and if there
exists h € LY(X,%,u), h > 0 on X, such that Th = h, then T is (strongly)
asymptotically stable.

In the note we prove that instead of assuming that A > 0 on X, it is
enough to assume that h > 0 and h # 0. More precisely, we prove that T
is asymptotically stable if and only if T overlaps supports and there exists
he LY (X,%,n), h >0, h#0, such that Th = h.

1. INTRODUCTION

Let (X, 3%, u) be a o-finite measure space (throughout the paper, (X, %, u) de-
notes a given o-finite measure space). A measurable transformation ¢ : X — X
is called nonsingular if u(¢~*(A)) = 0 whenever pu(A) = 0. A positive contraction
S L®(X, %, u) — L®(X, X, ) is called a Koopman operator if there exists a non-
singular transformation ¢ : X — X such that Su = uo¢ for every u € L>®(X, %, u).
Using the Radon-Nikodym theorem it can be shown (see [5]) that every Koopman
operator has a predual; that is, given a Koopman operator S : L>(X, ¥, u) —
L*>®(X,¥%, 1), there exists a positive contraction T : LY (X, %, u) — LYX, %, p)
such that 7" = S, where T” is the dual of T'; the operator T is called a Frobenius-
Perron operator (for a detailed discussion of the Frobenius-Perron operators see the
book by Lasota and Mackey [5]).

Let T: LY(X,%, u) — LY (X, 3, 1) be a positive contraction.

We say that T overlaps supports if for every f,g € LY (X,%,u), f >0, f # 0,
g >0, g # 0, there exists n € N (n depends on f and g) such that T f AT™g # 0.

If fe LYX,S,u), f>0,]f]] =1, then it is often the custom to call f a
density. The operator T is called (strongly) asymptotically stable if there exists a
unique density f such that the sequence (T"¢g)nen converges in the norm topology
of LY (X, %, u) to f for every density g in L'(X, X, ).

If g € LY(X, %, u), we say that g is T-invariant (or, simply, invariant) if Tg = g.
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In 1997 Bartoszek and Brown [2] proved that if T: LY(X, %, u) — LY (X, 3, p) is
a Frobenius-Perron operator which overlaps supports and has an invariant density
f such that f > 0 on X, then T is asymptotically stable. Our goal in this note is
to prove that a Frobenius-Perron operator is asymptotically stable if and only if it
overlaps supports and has an invariant density.

It is of interest to point out that there exist Frobenius-Perron operators to which
the Bartoszek-Brown result [2] does not apply. More precisely, it may happen
that an asymptotically stable Frobenius-Perron operator has a (necessarily unique)
invariant density f and the set {f = 0} has strictly positive measure, as we can see
from the following examples.

Example 1.1. The following example seems to be the simplest one: let X = {1, 2},
let 32 be the collection of all the subsets of X, let u be the counting measure defined
on (X,X), and let ¢ : X — X be defined by ¢(1) = ¢(2) = 1. Then the Frobenius-
Perron operator T generated by ¢ is strongly asymptotically stable and has the
invariant density f € L'(X, X, u) defined by f(1) =1 and f(2) = 0.

Example 1.2. Let ¢ : N — N be defined by ¢(1) = ¢(2) =1 and ¢(n) =n—1
for every n > 3. If we consider the counting measure on N, then obviously ¢ is
nonsingular. The corresponding Frobenius-Perron operator T : I — [! is defined
by

T(a15a2;a3;a4;a5; .. ) = (al + az,a3,a4,0s, .. )

for every (a,)nen € I1. Clearly, T is strongly asymptotically stable and (1,0, 0,0, .. .)
is the invariant density of T

Example 1.3. In the previous two examples the L'-spaces were generated by
counting measures. Let us now consider an example that involves a continuous
measure. To this end, let X = [0, 2], let ¥ be the o-algebra of all Lebesgue measur-
able subsets of [0, 2], let A be the Lebesgue measure on [0, 2], and let ¢ : [0,2] — [0, 2]
be defined by ¢(x) = 22 mod 1 for x € [0,1] and ¢(x) = x — 1 for € (1,2]. Using
the example discussed on p. 116 of Horowitz [3], we conclude that if we let T be the
Frobenius-Perron operator corresponding to ¢, then T is strongly asymptotically
stable and 1pg 1) is the invariant density of T'.

Bartoszek and Brown proved (see Proposition 1 of [2]) that if T : L}(X, %, u) —
LY(X, 3, i) is a positive contraction which overlaps supports, and if there exists a
T-invariant density g such that g > 0 on X, then the sequence (T"),en converges in
the weak operator topology to a one-dimensional projection; however, the example
discussed on pp. 362-364 of Akcoglu and Boivin [1] shows that, in general, T" is not
strongly asymptotically stable. Thus, in Theorem 1 of [2] and in the main result of
this note, we cannot assume that T is merely a positive contraction rather than a
Frobenius-Perron operator.

The paper is organized as follows: in the next section (Section [J) we discuss
several lemmas which are needed in the last section (Section B]), where we prove
the main result of this note.

2. INVARIANT DENSITIES AND SUPPORT OVERLAPPING

Let T: LY(X, %, u) — LY(X, X, u) be a positive contraction.
Given A € ¥, set ¥4 = {B € ¥ | B C A}. Clearly, ¥4 is a o-algebra on
A and the function pg : ¥4 — RU {400}, pa(B) = p(B) for every B € ¥4



ASYMPTOTICALLY STABLE OPERATORS 3549

is a measure on (A,X,). Set also L'(A) = {g € LY(X,%,pn) | gla = g} and
L>(A) ={ue L>®(X,%,u) | ulg = u}.

A measurable subset A of X is called T-absorbing if Tg € L'(A) whenever
g € L*(A). If A is T-absorbing, we define an operator T4y : L*(A, X4, pua) —
LY(A, X4, 11a) as follows: if g € L'(A, 34, p4), then let § € L'(X, 3, 1) be such
that g = g on A and § = 0 on X\ 4; now set T(4)g = (1), where (T'g) is the
restriction of T'g to A.

Lemma 2.1. Let ¢ : X — X be a nonsingular transformation, and let
T:LYX, %, p) — LNX, %, p)

be the Frobenius-Perron operator corresponding to v and to p. If A€ X, u(A) >0
is a T-absorbing set, then T( 4y is also a Frobenius-Perron operator.

The proof of the above lemma follows from Theorem 1.9, p. 119 of Krengel’s
book [4]. Indeed, since T'g = g o ¢ whenever g € L*>°(X, 3, ), it follows that A is
absorbing if and only if ¥/(A) C A u - a.e. Thus, (by possibly redefining 1 on a p-
negligible set) T\ 4y is a Frobenius-Perron operator corresponding to the restriction
of Y to A.

Given a positive contraction T : LY(X, X, u) — L*(X, %, ) we will consider the
Hopf decomposition (see Section 3.1 of H]) of X into the conservative part C' and
the dissipative part D = X\C generated by T. We will also use the fact (see the
proof of Corollary 1 of [7]) that if T' overlaps supports and has an invariant density,
then the invariant density is unique (that is, if 7" overlaps supports, and f, g are
densities such that Tf = f and T'g = g, then f = g).

Lemma 2.2. Assume that T : LY(X, %, u) — LY(X,3, ) is a Frobenius-Perron
operator which overlaps supports and has a (necessarily) unique invariant density
f. ThenC = {f > 0} and ing T'"1p = 0, where T' is the dual of T'.

ne

Proof. Tt is well known that {f > 0} C C. If we assume that {f > 0} # C,
then using the observations made on p. 126 of Krengel’s book [4], and taking into
consideration that {f > 0} is a T-absorbing set, we obtain that C\{f > 0} is also
T-absorbing. We obtain a contradiction since on one hand {f > 0} and C\{f > 0}
are T-absorbing sets, while on the other hand T' overlaps supports.

Clearly, in order to complete the proof of the lemma, it is enough to prove that
sup T""1¢ = 1x. To this end, note that since 7" is a Koopman operator, it follows

that sup 7'"1¢ = 1p for some B € ¥. Assume that B # X; that is, assume that
n
w(X\B) > 0. Then there exists g € L(X,%, 1), g >0, g # 0, gl = 0. Since

/(T”f) AT g)dp = /(f A (T"g))ledp < /(T”g)lcdu
< / g(T" 1)yt < / g1pdp =0
for every n € N, we obtain a contradiction since T overlaps supports. Q.E.D.

3. ASYMPTOTIC STABILITY

As mentioned in the Introduction, our goal in this section is to prove the main
result of this note (Corollary [3.2] below).
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Theorem 3.1. Let T be a positive contraction of LY (X, %, u) with dual T' and with
conservative and dissipative parts C' and D, respectively. The following assertions
are equivalent:

(a) T is strongly asymptotically stable.
b) inf T""1p = 0 and Ty is strongly asymptotically stable.
£ (©)
ne

Proof. (a) = (b). Using a result of Helmberg (see Theorem 3.3, p. 175 of [4]), we
obtain that inf T'"1p = 0.

Clearly, thz fact that T' is strongly asymptotically stable implies that T(¢) is also
strongly asymptotically stable.

(b) = (a). Since T(¢y is strongly asymptotically stable, there exists h €
LYC,S¢, pc), h > 0, ||h]| = 1 such that T(cyh = h. Let f € LY(X,%,pu) be
defined as follows: f =hon C and f =0 on D.

In order to complete the proof of the theorem, it is enough to prove that (7™ g)nen
converges to f in the norm topology of L'(X,Y, 1) whenever g is a density in
LY(X,%, ). Since every u € L'(X,3, 1) can be written in the form v = ulc +
ulp, and since the strong asymptotic stability of T(¢y implies that (7" (ulc))nen
converges in norm to f - [ulcdpy, it follows that it is actually enough to prove that
(T"g), converges to f whenever g is a density in L'(X, 3, ) such that glp = g.

To this end, set Tp = 1pT'1p and note that D is a strong zero set in the
terminology of [8] (that is, the sequence of operators (T} )nen converges strongly
to zero). Indeed,

/TBudu: /u((lDTllp)”lx)du < /u(T'”lD)du

for every n € N and v € LYX,%,u), u > 0. Since (T'"1p), is a decreasing
sequence (of elements of L>°(X, 3, 1)), and since inf T""1p = 0, it follows that
n
lim ||T3ul| = 0 for every u € LY(X, X, u).
n—oo
Now, let g be a density in L'(X, %, i) such that glp = g, and let € € R, € > 0.
€

Since D is a strong zero set, it follows that there exists n; € N such that ||[T3g|| < 3

for every n > n;.
By Lemma 2.2 of Lin [6] (see also Lemma 2.1 of [8]), it follows that there exist
91,92,93 > 9n, € LY X, 2, 1), gi >0, gilc = g; for every i = 1,2,3,...,n; such

1
that T™g =Tplg+ Y T™ g,

i=1

Since g;l¢ = g¢;, it follows that lim ‘

n—oo

T"g; — </gidﬂ> fH = 0 for every i =

IN

1,2,...,n1. Accordingly, there exists ny € N such that HT”gi — (/gidu> fH

€ |1gl| for every n > ng and i = 1,2, ..., n1.

Let ne = n1 + no.
Since

ni
> llgill =
i=1

n1

Zgi

i=1

€
97

=T"g = Tp'gll =IT"gll = ITp'gll > 1 — 5




ASYMPTOTICALLY STABLE OPERATORS 3551
it follows that

ny
T (Tpig+ Y T Fgi) — f]]

[T"g — fll =
k=1
ni
< oo (- Sa) o
i=1
ni
+ ) |7 gk - </gkdﬂ> fH
k=1
ni !
< |ITp gl + (1 _ZHgiH) + §Z||gi||
i=1 i=1
€ € €
< < 1—(1——)) €
37" ( 3)) T3¢
for every n > ne. Q.E.D.

Corollary 3.2. LetT : L*(X, %, u) — LY(X, %, i) be a Frobenius-Perron operator.
The following assertions are equivalent:

(a) T is strongly asymptotically stable.
(b) T has an invariant density and overlaps supports.

Proof. (a) = (b). If g is a density, then the sequence (T™g)nen converges in the
norm topology of L'(X, ¥, 1) to a density f which is T-invariant.
Let g and h be densities in L'(X, X, ). Since lim ||T™g — T™h|| = 0, and since

T™g = T™h[| = [IT™g +T™h —2((T™g) A (T™h))]|

for every m € N, it follows that there exists n € N such that (T™g) A (T™h) # 0.
Thus, T overlaps supports.

(b) = (a). Let the conservative and the dissipative parts of X generated by T
be C' and D, respectively.

Since T' has an invariant density, it follows that C' # @.

Since C'is a T-absorbing set, Lemma Tl tells us that T\ is a Frobenius-Perron
operator, while Lemma 22 implies that T(¢y satisfies the conditions of Theorem 1
of [2]; hence T(¢y is strongly asymptotically stable.

Finally, using Lemma and Theorem [T we conclude that T is strongly asymp-
totically stable. Q.E.D.
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