PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 128, Number 12, Pages 3629-3637

S 0002-9939(00)05506-4

Article electronically published on June 7, 2000

POINTWISE CONVERGENCE OF A CLASS
OF NON-ORTHOGONAL WAVELET EXPANSIONS

AHMED I. ZAYED

(Communicated by Christopher D. Sogge)

ABSTRACT. Non-orthogonal wavelet expansions associated with a class of
mother wavelets is considered. This class of wavelets comprises mother wavelets
that are not necessarily integrable over the whole real line, such as Shannon’s
wavelet. The pointwise convergence of these wavelet expansions is investigated.
It is shown that, unlike other wavelet expansions, the ones under consideration
do not necessarily converge pointwise to the functions at points of continuity,
unless a more stringent condition, such as bounded variation, is imposed.

1. INTRODUCTION

Wavelet expansions have been the focus of many research papers in the last
few years. One of the reasons for their popularity is that they provide a more effi-
cient representation of functions than other orthogonal expansions. The orthogonal
wavelet expansion of a function in L?(R) is known to converge to it in the sense of
L?(R), but the pointwise convergence is a little bit more subtle. Y. Meyer [, Ch.
2] was among the first to study the convergence of orthogonal wavelet expansions.
He showed that if the mother wavelet is r-regular, the orthogonal wavelet expansion
of a function will converge to it in the sense of LP(R), 1 < p < 0o, and in the sense
of some Sobolov spaces as well.

A function f(z), z € R%,d > 1, is said to be r-regular (in the sense of Meyer) if

Ca,m
|D* f(x)] < At 2™
for all @ with || < r and m = 0,1,2,---, where Cy ,,, are constants. Here o =
(a1, ,aq) is a multi-index with ; (i = 1, - - , d) being a non-negative integer and
| |= iy i, and
Do glal

= Qi Qg -
oz - - - 0xy

Before we state some important results on pointwise convergence of wavelet
expansions, let us recall the following definition.
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Definition 1. A multiresolution analysis of R¢ is a decomposition of L*(R%) into
a nested sequence of closed subspaces {V;}52 __ such that

1) .cVoicVecVoycWVicVoC---,
2) U2 ___V; is dense in L%(RY),

1=—00

)
3; Niz o Vi = {0},
)

—0o0

4) f(z) € V; if and only if f(2z) € V41, for all 4,

5) Vp is closed under integer translation, i.e., f(z) € Vi implies that f(z — k) €
Vo, for all k = (kq,- -+, kq) with k; being a nonnegative integer,

6) there exists a function ¢(z) € Vp, called the scaling function or the father
wavelet, such that {¢r(x) = ¢(z — k)} is an orthonormal basis for Vj.

A multiresolution analysis is said to be r-regular if its scaling function is r-regular.

Let W; denote the orthogonal complement of Vj in Vj4,. It is known that there
is a family {wA(x)}/\ ca (whose cardinality depends on the dimension d) of basic
mother wavelets such that {t;), ,(z) = 2™%/2¢*(2™z — n)} is an orthonormal basis
of W,,, for fixed m, where m is an integer, n is a multi-integer, and A € A, and is
an orthonormal basis of L2(R%), for all m and n. In one dimension the cardinality
of A is one; hence there is one basic mother wavelet v generating an orthonormal
basis of L?(R).

From the definition, it follows by induction that

(1) LR = @ W,

where @ denotes the direct sum and
o0

(2) LA(RY) = Vo D Wi
i=0

It also follows that in one dimension {¢,, .(z) = 2™/2¢(2™2x — n)}>2___ is an
orthonormal basis for V,,, for each m. From (@) and (2)), it follows that

(3) fz) = Z a}\,k%}‘\,k(@ )
ik A

where a;‘k are the L? expansion coefficients of f and

(4) fl@) =Y bdr(@) + > ajiii(@),

k 7>05k;
where b and a;" , are the L? expansion coefficients of f. The convergence of the
above series is in the sense of L2. In one dimension, we have

f(x) = me,k(bm,k + Z aj ki k(T) = frn(2) + 1 (2) -
k

jzmik

The functionf,, is in the space V,,, and in fact is the projection of f onto V.
Assuming that the scaling function ¢ of the multiresolution analysis is r-regular,

G. Walter [6] proved that the orthogonal wavelet expansion of a function f € L?NL!

converges to f pointwise at every point of continuity of f and uniformly on compact
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subsets of any interval (a,b) on which f is continuous. Later, he relaxed this
condition and assumed that ¢ satisfies the condition

C
) < ——m=.
[o(z)] < 112
In [2, B], S. Kelly, M. Kon, and L. Raphael improved Walter’s results by prov-
ing pointwise convergence of orthogonal wavelet expansions not only under less
stringent conditions, but also by extending them to n dimensions. Crucial to their
proofs is the following definition.

Definition 2. A function f(z) on R? is radial if it depends on |z| only. A real-
valued radial function is radial decreasing if f(z) < f(y) whenever |y| < |z|. A
function f(x) is in the class RB if it is absolutely bounded by an L' radial decreasing
function n(x), i.e., with n(x1) = n(x2) whenever |z1| = |z2| and with n(z1) < n(z2)
whenever |z1| > |72, and n(z) € L' (RY).

They showed, among other things, that if ¢, 4" are in the class R for all ), then
the series ([B) and (@) of any function f € LP(R?) converge to f pointwise almost
everywhere. Moreover, if only 1> In(2 + |z|) € R, then the wavelet expansion (3)
of any function f € LP(R?) converges to f pointwise almost everywhere.

In all the work cited above on pointwise convergence it is essential that the
summation kernel of the wavelet series

(5) Pulr,y) = 3 O @T0) = bm@)Gn i (v)
k

F<m;k;\

be absolutely bounded by a dilation of an L'- radially decreasing convolution kernel,
ie., by H(2™|z — y|), where H € RB. There are, however, some mother wavelets
that do not satisfy these conditions. Chief among them is Shannon’s wavelet, which
is given by
sin 27t — sinwx
Y(x —1/2) = — =
and for which the associated scaling function ¢ is given by ¢(z) = sinwa/mwa. The

summation kernels in the subspaces V) and Wy are easily seen to be

sinm(z —y) <~ sinm(z—k)sin7(y — k)
© PR R Dy R N
and
sin27(x —y) —sinw(x —y) _
m(x — k)
2. sin2n(z — k) —sinw(z — k) sin27(y — k) — sinw(y — k)
™ 2 "o =) = h)

Equation (@) is well known, but (7)), to the best of our knowledge, is less known.
From (B) and () it is clear that neither kernel is in L'(R); hence neither one can
be absolutely bounded by an L'(R) radially decreasing function.

Of course, it is easy to study directly the pointwise convergence of the Shannon
wavelet series, but this is a very special case and of no great interest. Instead,
we shall study the pointwise convergence of wavelet expansions associated with a
class of mother wavelets that contains Shannon’s wavelet as a special case. We
shall assume that neither the scaling function of the multiresolution analysis, ¢,
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nor the mother wavelet v is in L', and we shall not assume that they generate an
orthonormal basis of Vj or of Wy. This means that unlike the wavelet expansions
studied in [2 [B [6], ours are not necessarily orthonormal. Therefore, we replace
condition (6) of Definition [ by the weaker condition that {¢(z —k)} is a Riesz
basis of ;.

The foregoing discussion may give a false impression that our results are stronger
than those of [2, Bl [6], while in fact they are neither stronger nor weaker, but
complementary. On the one hand, we do not assume that ¢ or 1 is integrable
or generates an orthonormal basis, but on the other hand we assume a stronger
condition on ¢, namely, that its Fourier transform qB has compact support. By not
requiring that ¢ or i be absolutely integrable, the partial sums of the wavelet series
behave differently from those studied in [2, [3,[6]. The continuity of a function f is
no longer sufficient to ensure that its wavelet series expansion will converge to it
pointwise. A more stringent condition, such as bounded variation, is needed.

2. THE MAIN RESULT

We adopt the following standard notation. The Fourier transform of a function
f(x) is defined as

]‘ > WwxT
flw) = o= / @y,

so that the inverse transform is given by

1 * —iTw
f@) = = / e,

whenever the integrals exist. A summation of the form ), is understood to mean
> ne - The characteristic function of a set A will be denoted by xa(z), ie.,
xa(z) =1if x € A and zero otherwise. The space of all locally integrable functions
on R will be denoted by L}, (R).

loc
Definition 3. Let A be the set of all scaling functions ¢ € L?(R) that satisfy the
following conditions:
1) ¢(w) has support in some interval [—a,a], 0 < a < 7, and |¢(z)| < ¢/(|z|+1);
2) there exist two positive numbers A and B such that

0< A< |p(w+2mk)[* < B < oo;
k

3) ¢(x) satisfies the dilation equation

Px) = arg(2z — k),
k

for some sequence {ax} with Y, |ax|?* < oc;
4) ¢(w) is bounded and continuous near zero with ¢(0) # 0;
5) the support of ¢, which will be denoted by FE, is of the form

N
E = |Jlai,bi] U O,
i=1
where O is a set of measure zero.

The class of mother wavelets associated with the class A will be called the class of
Shannon-type wavelets and will be denoted by Ay .
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In addition to Shannon’s wavelet, the class Ay contains infinitely many func-
tions; among them, for example, is the function
sin 2zt + sin 7t — 2 sin(37t/2
vl —1/2) = L 2]

which is associated with the scaling function ¢(t) = [2sin(nt/2) — sinnt]/nt, or

N 1, lw| < /2,
plw) = { 1, n2< ol <

(for more examples of wavelets in the class Ay, see [7]).

Let us define V; as the closed linear span of the set {¢(z — k)} and likewise V,,,
as the closed linear span of {d)m,k = 2m/2¢(2mx — k‘)} . The space V; is the same
as the space Bg of functions bandlimited to F since any f € Bg can be written in
the form f = §¢, where § is the 2m-periodic extension of f / . Condition (2) implies
that {¢(z — k)} is a Riesz basis of V. Condition (3) implies that the spaces V;,
have the nested property (1) of Definition I Conditions (2) and (3) ensure that
the set ¢, 1 is a Riesz basis of V;, for each m and that (,, Vi, = {0}. Condition
(4) ensures that property (2) of Definition [ holds; see [T, p. 141-142].

Therefore, Conditions (1)—(4) guarantee that we have a multiresolution analysis
and a mother wavelet ¢ (z). Without loss of generality, we assume that ¢(0) = 1.
Condition (5) implies that if

)

1 . 1 ENI b
() = —== | e"™dw = — e " dw
V2T /E V2T a
k=17 ak
1 N efiakz _ efibkx
 Vor Z 1z ’

=~
Il

1
then

—iap AT __ efibk)\z

1 e
(8) A(Ax) = \/%,; = :

which is clearly bounded for all z and A. Since {¢(x — k)} is a Riesz basis of Vp, it
has a biorthonormal basis {¢} ()} such that for any f € Vi we have

f@) = _(f,67)b0k (),
k

in the sense of L%(R), where ¢gx(x) = ¢(z — k). Similarly, for any f € V,, and
fixed m, we have

@) = S G i) bk (),

k

(o)
where { * (x)}k is the biorthonormal basis of {¢m k(2)},— . From the

m,k

relation -
(G L) = m = /_ b(z — 1)§* () da

we obtain by a change of variable that

(6nr 61) = B = 27 / (2" — )G (2" ) da.
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It follows that {Qm/2¢,”;(2mx)}z.;_oo is the biorthonormal basis of {¢m k(z)}
for each m.

We recall the following version of the second mean-value theorem: If f is in-
creasing and h is continuous on J = [a, b], then there exists ¢ € J such that

b c b
/ f@)h(z)dx = f(a)/ h(x) dx—i—f(b)/ h(z) dz.
Now we can state and prove our main theorem.
Theorem 1. Let ¢ € A, ¢j(x) = O(k™%) as k — oo for some a > 0, and f €
L2(R). Assume that either
1) f € LY(R) and of bounded variation on every bounded interval, or

2) feLl.(R), of bounded variation in neighborhoods of 0o and tends to zero

loc
as |z| — oo,

then the wavelet series
Fn(@) =) (f, S i) bk ()
k

converges to f(x) as m — oo at every point of continuity of f(z).
The result is best possible in the sense that the continuity of a function at a point
is not sufficient to ensure the convergence of its wavelet expansion.

Proof. From Eq. (@), it is clear that the partial sum Zj<m,k a; k¥jk(x) of the
wavelet expansion of f is the same as the projection f,,(z) of f on V,,. Therefore,
it suffices to study the convergence of f,,(z) as m — oo.

The space Vj is a reproducing-kernel Hilbert space since point evaluation is

continuous: )
@)= | = [ Fw)e=d

Therefore, it has a reproducing kernel k(t, z), which is easily seen to be a convolution
kernel. For, if f € V4, then

1 n —izw _ > T
(9) fla) = <= [E fw)e i d = / Ok,

where

< ClIfl = Clfll.

1 .
k(t,z) = Dy /E e dw = k(t — z).

m
The last integral in (@) is absolutely convergent by the Cauchy-Schwarz inequality
because both f and k are in L?(R). The reproducing kernel has also the represen-
tation k(t,z) = Y, ¢ (t)p(z — n), where the series converges in the sense of L?.
But from the hypothesis, the series also converges absolutely and uniformly for all
2 and t to a function go(t,x). Thus, by standard arguments, go(t,x) = k(t — x)
almost everywhere. One can also show directly that if f € V{, then

[ O; f)qo(t,x)dt = zn: ( [ O; F)en(t) dt) é(z —n)
D (. dp)e(a —n) = f(x),

n

since strong convergence implies weak convergence and, in addition, strong conver-
gence in a reproducing-kernel Hilbert space implies pointwise convergence, as well
as uniform convergence on any set on which k(z, z) is uniformly bounded.
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The projection of f € L?(R) on Vj is

o) = [ " (. z) dt

and similarly by Property 1) of Definition 1, we have that the projection of
L?(R) on the space V,, is given by

)= [ " FOamt ) dt

where

G (t, @) =Y G (Dmn(@) =27 12" 1)$(2"z — n).
Thus, gm(t,x) = 2™qe(2™t,2™x). Setting A = 2™, we obtain
(10) ) = @) =2 [ FOw 0 M) dr

Furthermore, we have ([5] p. 25])

oo

XE(W)Z/ qo(z)e”“*dz,

—0o0

which implies, in view of Condition 4 of Definition [, that

(11) 3 we—ad = [ ) = xe©) = 1

— 00 —0o0

From Equations (I0) and (III), we obtain

@ - 1@ = Af T - F@) A — ) di

Y / F@+ ) — F(@)] qo) dy = T () + Ia(, ),

Il(m)z/o . and Ig(x,)\)z/ooo.

—0o0

where

We shall only show that limy_,o [2(z, A) = 0 since the proof for I; is similar.
Let Iy = Is + 14 + Is — I, where

)

L = A / @ +1) — £(2)] a0 (An) dn,
A

L = A /5 @ +n) — F(@)] qo(m) dn,

J A /A f&+mao(m)dy, and Iy = A /A F(@)ao(n) dn,

where ¢ and A are to be determined later on. Let € > 0 be given. Since

oo

=A@ [ " go() dn = f(z) A ) dy.
and

(12) / " goly) dy < oo,

3635
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it follows that by choosing A large enough, we can make |I| < €/6. From the
relation

1 wy
= — d
qO(y) ot /Ee W,
it follows that

b 0 iwA(b—a) _
1 jaw € 1
3wty = 5 [ e fp ="  a,

for any finite numbers a, b. But since the function in the curly brackets is integrable,

it follows that |A f: qo(Ay)dy|, or equivalently, |f;; ¢o(2)dz| is bounded by, say L,
for all A. Moreover, by ([I2)), we have

b b
(13) A / do(Aw)dy = / go(2)dz — 0

A
as A — oo for any b > a > 0.
If f € LY(R), then in view of (B) we can choose A large enough so that

|I5|sc/A @+ )] dy < /6.

Because f is assumed to be of bounded variation, we can assume, without loss of
generality, that it is monotone increasing, and set g(n) = f(z + n) — f(z). Clearly,
¢ is monotone increasing with ¢g(0) = 0. And since go is continuous, being the
Fourier transform of an integrable function yg, it follows from the second mean-
value theorem

SA
I3 = g(9) /A q0(y) dy,
C.
for some ¢ with 0 < ¢ < §. By choosing ¢ small enough so that |g(d)| < e/(3L), we
obtain that |I3| < ¢/3.

Having determined § and A we can now estimate I4. By applying the second

mean-value theorem once more, we obtain

(14)

I = /\{[f(ac+5) — f(2)] [qo(An)dnJr [f(z+ A) —f(:c)]/

c

A

qo(An) dn} )

for some § < ¢ < A. Thus, by taking the limit of ([I4) as A — oo, we obtain by (13)
that Iy — 0 as A — oo, and this completes the proof for case 1.

In case 2, f € L} (R) but is of bounded variation in a neighborhood of +oo,
and tends to zero as |z| — co. Therefore, we write Io = I3 + Ig, where I3 is defined

as before and -

fo=A [ e+ o) = f@l () di.
which we may write as

N
o= Jim 1= Jim \ [ (1) - f@)lwOn) o

Showing that Is can be made arbitrarily small is the same as before. As for Ig, we
have by the the second mean-value theorem once more that
N

B
I —A{mxw)—f@cﬂ /5 o) dn + [f(z + N) - f(2)] /B qoun)dn}
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for some 6 < B < N. Thus

I = [f(z+6) — f(@) A 6

Taking the limits as N — oo yields

B AN

@) dy + [+ N) — f(2) A w(y) dy.

B

oo

AB
Is = [f(x +6) — f(2)] / )y~ f(@) / o) dy.

which, after taking the limits as A — oo, yields that Is — 0, and this completes the
proof of part (2).

To show that the continuity of a function at a point is not sufficient to ensure
the pointwise convergence of its wavelet expansion, one needs only to observe that
for Shannon’s wavelet

sm )\7r(x —t)
T dt,
which is Fourier’s integral formula. It is Well known that the mere continuity of a
function at a point is not sufficient for the convergence of that integral; see [5]. O

If ¢ generates an orthogonal basis, then the condition ¢} (x) = O(k~®) is not
needed since in this case ¢ (x) = ¢ (z) = O(k™1).
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