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ABSTRACT. The well-known Banach-Mazur theorem says that every separable
Banach space can be isometrically embedded into C([0,1]). We prove that
this embedding can have the property that the image of each nonzero element
is a nowhere approximatively differentiable and nowhere Hélder function. It
improves a recent result of L. Rodriguez-Piazza where the images are nowhere
differentiable functions.

INTRODUCTION

The well-known Banach-Mazur theorem says that every separable Banach space
can be isometrically embedded into C([0,1]). We prove that this embedding can
have the property that the image of each nonzero element is a nowhere approxi-
matively differentiable and nowhere Holder function. It improves a recent result of
L.Rodriguez-Piazza [2] where the images are nowhere differentiable functions (for
references about results concerning embeddings into subsets of C([0,1]) see [2]).
The basic idea of our proof is the same as in [2] but we use a more complicated
construction which uses an idea of Maly and Zajicek [1].

Let A be the Cantor set. It is well known that every separable Banach space is
isometric to a subspace of C(A) so the following theorem will be enough to obtain
the announced result.

Theorem 1. There exist a closed subset K of [0,1] homeomorphic to the Cantor
set A and a linear operator F : C(K) — C([0,1]) such that for every f € C(K)\{0}
we have:

(i) Ff(t) = f(t) for every t € K, so Ff is a continuous extension of f to the
whole interval.

(1) [| flloo =l Ff |loos s0 Ff is an isometry.

(iii) F'f is nowhere approximatively differentiable and nowhere Hélder function.

In fact we will prove a stronger result:

Proposition 2. Let ¢ : [0,00) — [0,00) be a continuous increasing function such
that ©(0) = 0. Then there exist a closed subset K of [0,1] homeomorphic to the
Cantor set A and a linear operator F : C(K) — C([0,1]) such that for every
fe C(K)\ {0} we have:
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(i) Ff(t) = f(t) for every t € K.
() [ flloe = 1 ES Moo

(iii) For all n € N it holds that the set D, = {y € [0,1] : ‘%‘ > n}

has the symmetric upper density 1 at z for all z € (0,1), the set Dy has the right
upper density 1 at point 0 and the set Dy has the left upper density 1 at point 1.

Remark. Proposition 2 not only gives us that F f does not have finite approximate
derivative but also that F'f does not have a finite one-sided preponderant derivative
as well (for definition of the preponderant derivative see [3, pages 112-113]).

As a by-product of our construction we will obtain:

Proposition 3. There exists a nonempty perfect set K C [0,1] such that every
continuous function on K can be extended to [0,1] such that every point z € [0,1]
is a Jarnik point of the extension.

Recall definitions of some notions used above. Suppose that f is measurable on
[0,1].

Let € [0,1] and r € R. We say that ap-lim,_, f = r, if for each neighborhood
U of r

b Hp €l —ha+nO00.1]: 7)€ VY] _

1
h—0+ |[[x — h,z+ h]N[0,1]|

)

where |M| denotes the Lebesgue measure on R. The function f is said to be
approximatively differentiable at a point = € [0, 1] if there exists L € R such that

ap-lim, _, fly) - fl@) _
y—x
A point z € [0,1] is a Jarnik point of f if
ap-lim, _, fy - fl@)) _
y—x
We say that f on [0, 1] is a nowhere Hélder function if for all € [0, 1] and o > 0
wp VO S _
y€[0,1] |z —y|

holds.
1
If we apply Proposition 2 for ¢(t) = ~g e get that property (iii) of Proposi-
n
tion 2 clearly implies property (iii) of Theorem 1. Thus we devote the rest of the
paper to the proofs of Proposition 2 and Proposition 3.

CONSTRUCTION OF USEFUL SEQUENCES

Let ¢ be as in Proposition 2. Put ¢ = /p. We can clearly find a sequence
{an}>2, such that 1 > a, >0,

00

Gp
1 il
M) > 4S5

J=n+1

> 1
(2) > a; < o
j=n
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Further define inductively a sequence {py,}n; such that p, > 0,

3) p<
(4) 2((n — 1)pp_1) < %” forn=2,3,...,
(5) 27rpnnz:1a—]:§a—n forn=2,3,...,
=P

(6) anVn — 1p,_1 > 10np, forn =2,3,...,
(7) npp "\ 0.

Put
(8) An = V/np, forneN.

CONSTRUCTION OF K

Define Iy = [0,1] and Ao = 1. For every n € N we will choose 2" pairwise
disjoint closed intervals {In]}?:1 in [0,1], I,; = [cn,j,dn 4], such that |I,, ;| = A, .
We will also require that

9) In2j—1UIn2j C Int(In-1,5),
Cn,1 CnJ+J,_’dnJ . n

(10) “nl e N, Dt T e Nfor all j e {1,...,2" — 1},
DPn DPn

(11)

A —1 A -1 A —1
Cn,2j—1 — Cn—1, = nTv Cn,2j — dnoj—1 > n5 and dp—1; — dn2j > n5 .
Let us define intervals I,, ;. Suppose that for a certain n € N we have defined

An—l

all I,,_1 ;. Divide each I,,_1 ; into five intervals of equal length . If we choose

the interval I, o1 inside the second one, and I,, o, inside the fourth one, then (9)

An—
and (11) clearly hold. Since by (6) and (8) p, + A, < "Tl, it is easy to see that

we can choose subsequently I, 1, I 2, ..., In 2n such that moreover |I, ;| = A, and
(10) holds.

Put K,, = 1,1 UI,2U...Ul, o» and K = ﬂn>1 K,,. Clearly K is homeomorphic
to the Cantor set. -

Lemma 1. Let n > 2 and (z — h,z + h) C [0,1] be an interval such that h <
(n— 1)pp—1. Then (z+ h,z — h) intersects at most two components of K,,.

Proof. Thanks to (6) and (8) we have

An72
5

So by (11) we obtain that (z — h, z + h) intersects at most one component of K,,_1
and thus at most two components of K. O

1
2h <2(n—1)pp—1 < g\/n — 2P0 =
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CONSTRUCTION OF T

Construction of T' is analogous to the construction in Lemma 2 from Rodriguez-
Piazza [2].

Lemma 2. There exists a linear T : C(K) — C([0,1]) such that for all f € C(K):
(@) Tf(t)= f(t) forallt € K.
1
) ITFO1 < (1= 551 f Il for allt & K.
() Let n > 1. If I C [0,1] 4s an interval such that I N K, = (, then Tf is
2/
% Vi — 1pn—1
Proof. For every n > 0 and every j € {1,...,2"} pick a point x,, ; € I, ; N K. We

define T f(t) = f(t) for every t € K. For every n > 0 and every j € {1,...,2"}, we
define

Lipschitz on I with the constant (

T (en ) = T dns) = Flan)(1 - 57)
Extend T'f affinely on every interval [a,b] where f has been defined in points a, b
above and f has not been defined in points of interval (a,b) above. Conditions (a)
and (b) are clearly fulfilled. It is easy to see that F is a linear operator and it
is obvious that F'f is a continuous function on [0,1]. Now verify (c¢). Clearly
|f(a)— f(b)] < 2| f ], for endpoints a,b of any interval (a,b) on which f has been

defined affinely and (11) implies that every such interval which does not intersect

1 An—
K, has the length at least g\/n —1pp_1 = n5 L O

CONSTRUCTION OF F'
Choose a sequence {y,}o2; dense in K and define functions f,:

fu(t) =0for t € K,,

. /2mt
fu(t) = an sm(—pn ) for t € [0, ¢p 1],
e (2m(t —dn )
fnt) =an SIH(T) for t € [dn j, cn j+1],
B . (27(t — dyon)
fu(t) = an SID(T) for t € [dp2n,1] .

Notice that

fn(Cn,l) = fn(cn,jJrl) =0
by (10). Put

oo

Ff(t)=Tf(t)+ Y fya)fult)-

n=1
Thanks to (2) this series converges uniformly. Thanks to (2) and Lemma 2, F :
C(K) — C(]0,1]) is a linear isometry so conditions (i) and (ii) from Proposition 2
are fulfilled.
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PROPERTIES OF F'
We will need the following simple fact.

Lemma 3. Let I be an interval of lengthp >0, M C I, 0 < a <1 and § € R.
For all z,y € M let

2 2
sm(ﬂ + ﬁ) — sin(ﬂ + ﬁ)‘ <a.
b b
3p
Then |M| < — arccos(1 — «).
™

Proof. Lemma 3 is proved in [I, Lemma 1] in the special case 8 = 0. Applying this

[T, Lemma 1] to the interval I* = I — ]27_5 and the set M* = M — ]27_5 we obtain our
™ ™
lemma. O

~ Choose z € [0,1] and denote f= F(f). We shall prove that, if f # 0, then for
f condition (iii) from Proposition 2 holds. It is enough to prove that
(12)
the set S = {z : |f(z) — f(2)| < ¢(|z — z|)} has symmetric lower density 0 at z
for z € (0,1) and one-sided lower density 0 at points 0 and 1.

Choose arbitrary 1 > ¢ > 0 and put M = {n : [f(yn)| > 6| f ||} If f # 0, then
card(M) = oo. Choose an arbitrary 0 < h < p;. Thanks to (7) there is a unique
n = n(h) such that np, < h < (n — 1)p,—1. First prove that
(13)

if n € M is big enough and I C (z — h,z+ h) \ K,, is an interval of length p,, ,

I
then |10 5] < arccos(l — g),
1] n

where C' = 4max(5 Al ;” ) Choose z,y € SN I. The definition of S and (4)

give

(@) = F)l < |f @) = FI+1F(y) = F(2)] < el = 2) + 9 (ly — =])

< 21#((” - 1)pn 1) S Wn
Put s,(z) = f(y;)fi(x) and ro(2) = > f(y;)f;(x). From (1) and (4) we
j=1 j=n+1

have

sn—1(2) = sp—1(y)| < |z —y| sup [(s},_1)(t)]
te(z,y)

n—1 n—1

a;
<2z —y| IIfIIOOZj <2mpall f 1 Y <—H Fl

i=1 +* o1 Pi

) = <20 e 3 a5 < 220 £

Jj=n+1
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Now from Lemma 2 (c) and (6) we obtain

2| f llog <» 20| f lloo
>~ Pn
%\/n_lpn—l

Since f(yn)fa = f — rn — Sn_1 — T'f, we obtain
. (27 . [ 2my
jsin( 2 5) —sin( T2 4 8) | = e W) £a(0) — ) a0
(If (@) = FW) + [sn-1(x) = $n—1(y)|

i

%\/n_lpn—l_ " n

Tf(x) =Tf(y) < |z —yl

_anlf( o]
- lra(@) = raw)] + 1T () — TFW))

| Bl 4 1 1\ C
< e <G T

Thus Lemma 3 gives that
C C
|[INS| < —_— arccos(l - —) whenever — < 1.
n n
So (13) really holds for n big enough.

Choose arbitrary z € [0,1) and h < 1 — z. From Lemma 1 we get that (z,z+ h)
| Knny N (2,2 + h)|

intersects at most two components of K, ) and h > n(h)p, so

— 0. Clearly there exist Zj, C (z,2+ h), |Zn| < 3pn and J1,Jo...Jx C (2,2 + h)
pairwise disjoint intervals of length p,, such that

(z,z+h)\ (K,UZp) =

IICw

| Z1]

Clearly - 0 and for J; we can use (13). Since hlir(r)1+n(h) = 00, we obtain
C
arccos(l — m) — 0. This all together gives us
m 120G EME
h—0+ h
n(h)eM
Analogously for z € (0, 1] it holds that
lim SN (z—h,z2)]| _0.
h—0+ h
n(h)eM

Since card(M) = oo, we obtain that (12) holds and we are done.

Proof of Proposition 3. If f(t) # 0 for all ¢ € K, then there exists 1 > § > 0 such

h
that M = N. In this case our construction gives us that hh n M =0
—h
and hlir(r)lJr M = 0. So every point z € [0, 1] is a Jarnik point of F'f.

For a given continuous function f on K find ¢ € R such that f(¢) + ¢ # 0 for all
t € K. Then F(f + ¢) — ¢ is the desired extension of f. O
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