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ABSTRACT. In this note we prove that the generalized SRB measure of an
Axiom A basic set is stable under random diffeomorphisms type perturbations.

In her paper [7], Young proved that the SRB (Sinai-Ruelle-Bowen) measure of
a hyperbolic attractor of a diffeomorphism is stable under i.i.d. (independent and
identically distributed) random diffeomorphisms type perturbations. In the case
of an Axiom A basic set of a diffeomorphism, the generalized SRB measure was
proved in Liu [5] to persist under more general, i.e., stationary, random diffeomor-
phisms type perturbations, by employing the Markov partition technique and the
thermodynamic formalism of random subshifts of finite type (see [5] for the related
references). In this note we prove that the generalized SRB measure of an Axiom
A basic set is stable with respect to such perturbations, i.e., the random general-
ized SRB measure converges weakly to the deterministic one when the scale of the
perturbation tends to zero.

In this paper, M will always be a Riemannian manifold without boundary, O an
open subset of M with compact closure and f : O — M a C" (r > 1) diffeomorphism
to the image fO. Assume that Ag C O is an Axiom A basic set of f, i.e., it is a
transitive locally maximal hyperbolic set of f (see [5] for the present and later
various related notions).

Let C™(O, M) (r > 1) be the space of all C" maps from O to M, equipped with
the C" compact-open topology. It is well known that C" (O, M) can be metrized to
a Polish space. We will fix such a metric on C"(O, M).

Let U(f) be an open neighborhood of f in C"(O, M) and consider a random
variable taking values in U(f),

F:(Q,F, P) = U(f),

where (2, F, P) is a complete probability space such that F is countably generated
and on which there is an invertible ergodic measure-preserving transformation 6
that represents the time evolution of the underlying noise system. Put for each
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F"1w)o- o F(w) if n >0,
F(n,w) =< id if n =0,
F"w) to-- o F(07tw)™t if n <O,

defined wherever they make sense. Such an RDS (random dynamical system) gen-
erated by F' will be considered as a random perturbation of (f, Ag). We will also
denote this RDS by F' and write F'(1,w) simply as F(w). This general model of
random perturbation was proposed by Bogenschiitz ([2] and [3]). The reader is also
referred to Arnold [I] for a comprehensive theory of RDS.

The following result on structural stability of (f,Ap) with respect to sample
perturbations follows from Theorem 1.1 and Proposition 1.5 of Liu [5].

Proposition 1. Let r = 1. Then there exist a number g > 0 and an open neigh-
borhood V(f) of f in C*(O, M) such that for any RDS generated by a random
variable F : (Q,F, P) — V(f) the following hold true:

(1) For each w € Q and any x € Ao there exists a unique orbit {x,(n)}nez of
F(-,w) such that

(1) d(f"z,zu(n)) < eo

for all n € Z. For any given 0 < € < g9 one can shrink the V(f) given above so
that (1) holds true with o being replaced by e.

(2) Letw € Q. Then A, := {z,(0) : x € Ao} is compact and depends measurably
on w, and

hy : Ao — Ay, +— 2,(0)

is a homeomorphism that also depends measurably on w. Moreover, F(w) : A, —
Mg, is a homeomorphism and the following diagram is commutative:

l hw J, h@w
LG N G W G

(3) Put
A= J{w} x A,
weN

and let Ex be the pull-back of TM by means of the projection ps : A — M, (w,z) —
x. Then there is a measurable splitting En = E} © E} together with a number
0 < A <1 such that for each (w,x) € A

TxF(w)E(gw,z) = E%(w,x)’ TJCF(W)EEJ’w,z) = Eg(w,x)
and
ToF(w)E| < Alg| for § € EY, 4y,
[ ToF(w)n| > A"yl forn e EE, ),
where

b:A— A (w,2) — (w, F(w)x)

is the associated skew-product transformation on A.



STABILITY OF GENERALIZED SRB MEASURES 3543

Let A = {J,cqlw} x Ay be as given in Proposition 1. Then
{F(n,w) : Ay — Apny,n € Z,w € 2}

defines a bundle RDS over (2, F, P,6) and we will still denote this RDS by F for
convenience of notation.

A family of functions ¢ = {¢., € C(A,)}weq is called an equi-Hélder continuous
random function on A if (w, x) — @, () is measurable on A, [sup,c,_ |¢w(x)|dP(w)
< +o00 and there exist constants C' > 0 and o > 0 such that for P-a.e. w one has
low(x) — pu(y)] < Cd(x,y)* for any x, y € A,. The proof of the following result
is similar to those of the analogous results in Liu [5]. (As said above, see [5] for the
various related concepts.)

Proposition 2. (1) Let r = 1. The neighborhood V(f) in Proposition 1 can be
taken so that, if F' is the bundle RDS on A as introduced above, then for any equi-
Hoélder continuous random function ¢ on A there exists a unique equilibrium state,
written fi,, of ¢ with respect to F'.

(2) Let v = 2. Then V(f) can be taken to be an open neighborhood of f in
C?(0, M) such that, if F is the bundle RDS on A as introduced above and if one

defines gow A, — R by
P (x) = —log| det(To F(w)| s, )l

then o) = {(p&u)}weg is an equi-Hélder continuous random function on A and
hence there exists a unique equilibrium state, written i\, of ¢ with respect to
F. i) satisfies

Wp(ga(")) = hpw (F) — Z positive Lyapunov exponents of (F, ™),

where Tp (™) is the pressure of () with respect to F and hyo (F) is the entropy

of (F, i")). This measure is called the generalized SRB measure of the bundle RDS
F.

In what follows we consider the stability of the generalized SRB measure of f
on Ay with respect to small random perturbations as introduced above. Let r = 2.
For € > 0 let U.(f) be the e-neighborhood of f in C?(0, M) and assume that

Fo: (. F, P) = U:(f)

is a random variable. When ¢ is sufficiently small, let F. be the corresponding
bundle RDS on the corresponding set A = |J co{w} X Acw. Let hey @ Ag —
A, w € Q be the associated conjugate homeomorphisms and let f (") be the
corresponding generalized SRB measure of F.. Putting X = O we denote by
Mp(Q x X) the set of measures on (2 x X, F x B(X)) which have marginal P on
Q. Let LY(Q,C(X)) be the set of random functions v = {1, € C(X)},eq which
are such that (w,x) — 9 (z) is measurable and [ sup,¢x [¢u(2)|dP(w) < +oo.
For ¢ € L'(Q,C(X)) and i € Mp(Q x X), write

[vdi= [ [ @i @are)

where {fi,,} is the natural decomposition of ji. For fi,,, i € Mp(QxX),n=1,2,---,
by saying that [, converges weakly to ji we mean that

lim / ifin = / i
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for all ¢ € L*(Q,C(X)). Considering each ﬁﬁ“) as an element of Mp(Q2 x X), we
state our main result of this note as follows.

Theorem 3. In the sense of weak convergence of measures in Mp(Q x X), one
has

lim (" = P x po

e—0
where pigy is the generalized SRB measure of f on Ag. In particular, the marginal
of ﬁé“) on X converges weakly in the usual sense to py as € — 0, i.e.,

. w) _
lim pec™ = po

where pt () i= [ (A8")o(-)dP(w).
Proof. Since Mp(2 x X) is compact, it suffices to show that, if

(2) lim A" =

n—-+00
for £, — 0 as n — 400, then i = P X uyp.
Let Fy denote the trivial RDS {f : Ag — Ao}weq over (Q,F, P,6), and define
(u) = {ap(u) Ao — R}ueq by go(()uu)}(x) = —log|det(Tmf|E;)| (EY the unstable
space of f at x). Clearly P X ug is the unique equilibrium state of ga(()") with respect
to Fo.
We first show that for the pressure one has

(3) lim 7, () = 7, (125")-

Since the bundle RDS’s F. and Fy over (2, F, P,6) are isomorphic via the family
of homeomorphisms h. := {he, : Ag — Ac o }weq, one has

r. (p{") = 75, (o1 0 he)

and hence
7r (08) = TRy (P8 =m0 0 he) — 7, (05))]
< / sup (62 (he ) = 4" (@)|dP(w).
T 0

Take a neighborhood U of Ag such that the hyperbolic splitting Th, M = E*®E*
can be extended to a continuous splitting Ty M = E' @ E%. By Liu and Qian [6]
Proposition VII.2.1] one knows that, if ¢ is sufficiently small and if Ex, = E}_® E}_
is the splitting given by Proposition 1 corresponding to F, then By = Graph(L.),
where L. : E} — E}_is a fiber-preserving linear map such that |L.| < . and
de — 0 as € — 0 (here EXE is the obvious pull-back of E? to A, i = 1,2, and in
what follows we will identify (E} )., with E} for each (w,z) € A.).

Then, writing z. o, = he o2 and T, o, » = T,  F:(w), one has
| det( wa|E(wy >)| ‘o | det( zawf|E§Ew)|

og :
| det(Te. . flE2_ ) | det(To f|p2)|
)-

= AW (w,z)+ AP (w,z

o0 (@) — ol (hewa) = log

Note that
Tswz L Tswz u LE u
A (0,) — log [ Tesnalen + Leer) A oo: ATyl + Lecs)

|(e1 + Leer) A A (ey + Le eu)” xamfel/\"' :cgwfeu|
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where e1,- -+, e, (u = dim E") is an orthonormal basis of Eﬁa - From this expres-
sion one can see that
lim  sup |AL (w,z)| =0.
e—=0 we,xeNg
Similarly for A® (w, x). Hence one proves (3).
By the Tietz Extension Theorem, one can extend ga((;fl () = —log|det(T. f|Ex)|

to a continuous function on X = O. Then it is easy to see that the above reasoning
also yields that, if (2) is true, one has

(4) lim pMdpl) = / 0y dji.
n—Foo Jo o T Qx Ao

Then, by arguments in Liu [5, Subsections 2.2 and 2.3] together with Bogenschiitz

[, Proposition 3.2.2] (which says that the entropy map of a random subshift of finite

type is upper semi-continuous), one can see that (2), (3) and (4) imply that the

corresponding Gibbs lifting measures of ﬂéﬁ? to the symbol representations of F;,

(which are random subshifts of finite type) as constructed in [5] converge to the
corresponding Gibbs lifting of P X po and hence that

=P X po.
The proof is completed. O
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