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ABSTRACT. We answer a question of Alas, Tkac¢enko, Tkachuk and Wilson by
constructing a connected locally pathwise connected Hausdorff space in which
the Sorgenfrey line can be densely embedded.

A connectification of a Ts-space X is a connected Hausdorff space Y in which X
can be densely embedded. In such a case Y is called a connectification of X, and
X is said to be connectifiable. In 1977 Emeryk and Kulpa showed, in response to a
question of van Douwen, that the Sorgenfrey line cannot be densely embedded in a
connected T3-space, although it is connectifiable (see [2]). In a recent paper Alas,
Tkacenko, Tkachuk and Wilson asked if the Sorgenfrey line has a locally connected
connectification ([1]).

The aim of this paper is to give a strongly positive answer to the above question.

We refer the reader to [3] for notations and terminology not explicitly given.

Recall that a collection of pairwise disjoint non-empty open subsets of a space
X is called a cellular family.

Theorem 1. The Sorgenfrey line has a locally pathwise connected connectification.

Proof. Let S = (R,7) be the Sorgenfrey line and let D = {d,, : n € N} be a
countable dense subset of S, and for every n,i € N set B(n,i) = [d,,d, + %[ and

C(n,i) = [dn + 77, dn + 5[-

Let Q be the subset of N3 consisting of all w = (n,m,i) with n < m and
B(n,i) N B(m,i) = 0. Set A =Q x (Z\ {0}).

By induction we can choose, for every A = (n,m,i,k) € A, a free open filter Fy
on S with a countable base such that:

i) if k> 0, then C(n,i+k —1) € Fy;

ii) if £ < 0, then C(m,i —k — 1) € Fy;

iii) the family ® = {F : A € A} is Hausdorff separated (i.e., if A # X', then
there are F' € Fy and F' € F,/ such that F N F' = 0).

Note that B(n,i) U B(m,i) € F.

Now let H =]0,1[NQ\ ({2 :neN}U{1—L:neN}), and set T = Q x H.
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For each g € H set

For each v = (w,q) € ' let A, = (w, kq) € A. Clearly, for every A € A, there are
countably many v € I' such that A, = A.

Now for every v € I' choose a countably generated open filter G, on S finer
than Fy  so that, for every A € A, the family {G, : v € I', A, = A} is totally
Hausdorff separated, i.e., for every v such that A, = X, there is a A, € G, such
that {A, : v € ', \y = A} is a cellular family (an easy proof of the existence of the
family {G, : v € I', A\, = A} can be found in []).

Set Y = Qx]0, 1[, and for every y = (w,r) € Y and any e > 0, let us denote by
ly — €,y + €[ the set {(w,s):|s—r| <e, s€]0,1[}.

Moreover [y — €,y + €] will denote the set {(w, s) : |s — 7| <€, s €]0,1[}.

Put T=RUY and let 7* be the topology on T generated by the base {A* : A €
7}, where A* is the subset of T characterized by the following properties:

1) A*NR = A4

2)foreveryyeY, yc A* < (Fe>0:vely—e,y+eNI'=Aecg,).

Observe that for every y € A*NY there is some € > 0 such that [y—e, y+¢€] C A*.

We claim that T, endowed with the topology 7%, is a connected locally pathwise
connected (and hence pathwise connected) Ta-space in which S is densely embed-
ded.

Clearly S is a dense subspace of T.

To check that T is connected and locally pathwise connected it is enough to show
that A* is pathwise connected for every A € .

First let us show that for every w = (n,m,7) € Q the function f, : [0,1] — T
defined by

1) fu(0) = dn, fu(1) = dm;

2) fu(t) = (w,t) for every t €]0,1]
is a path.

Let ¢t €]0,1[, y = fu(t) = (w,t) and take a G € 7 such that G* is a neighbourhood
of y in T. Then there is a positive e such that G € G, for every v € [y—e,y+¢€]NT".
Hence f,([t —€,t +€]N]0,1]) = [y — €,y + €] C G*. Therefore f, is continuous on
10, 1].

Now let us prove that f,, is continuous at 0. Let G € 7 such that d,, € G*. Since
d, € G, there is a k > 0 such that B(n,i+k—1) C G. Observe that G € F(,, 5 for
every h > k (note that F, ) > C(n,i+h—1) C B(n,i+h—1) C B(n,i+k—1)
for every h > k). Therefore G € G, ) for every ¢ €]0, 1-|+ka (in fact let h be
such that ¢ €]2+th H%h[ﬁH; then G, 4 is finer than F(,, 4)).

Now let ¢ €]0, 1-|+k[’ y = fu(t) = (w,t) and take € > 0 such that [t — €,t + €]
C]O,H%k[ and G € G, for every v € [y — €,y + ¢/ NT. Then y € G*. Hence
fu ([0, H%k[) C G*, and f,, is continuous at 0. Similarly it can be shown that f, is
continuous at 1. Therefore f,is a path.

Now let us show that for every A € 7 and x,y € A* there is a path in A* between
x and y.

i) x = d, and y = d,,. Let i be such that B(n,i) U B(m,i) C A; then A € G,
for every v = (w,q) € T', where w = (n,m, i) and n < m. Now set z = (w,t) with
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t €]0,1[ and let us show that z € A*. Take a positive ¢; then A € G, for every
v € ly—e€,y+eNT. Hence z € A*. Therefore f, is a path between z and y in A*.

ii)z=de AND and y € A. Let {B,, : n € N} be a decreasing base for S in y
such that By = A, C,, = B, \ clx(Bn+1) # 0 and d € Cy. Put d,,, = d and take
dp, € Cp N D with ng < ng41, for every k > 2. Now choose, for every k € N, if so
that B(ng,ix) U B(ng,ik—1) C Ck. Set wr = (ng, ng41, k) and observe that f,, is
a path between d,, and d,,,, contained in (B(ng,ir) U B(ngy1,ix))" (and hence
in Bf). Since { B, : n € N} is a base for T at y and, for every n € N, all but finitely
many f,, are contained in B, it is possible to find a path in A* between x and y.

i) z=de€ Aand y = (w,t) € A* \ A. Take € > 0 such that [y — e,y + €] C A*.
Since [y — €,y + €] is a path, we may assume that y € I'. If B* is a neighbourhood of
y, then there is € > 0 such that B € G, for each v € [y — €,y + ¢/ N T, in particular
B e gG,.

Now if B is a countable base of G, then {B* : B € B} is a local m-base of T at
y . Arguing as in the previous case we can find a path in A* between x and y.

Now it remains to show that T is a Hausdorff space. So let us consider two
distinct points z and y in T.

1) z,y € R. Choose A, B € T such that ANB =0, x € A and y € B. Clearly A*
and B* are open in T, z € A* and y € B*. We claim that A* N B* = (). Suppose
not, and take p € A* N B*. Since p € Y, there is some € > 0 such that A, B € G,
for every v € [y — €,y + €] N T, a contradiction.

2)z € Rand y = (w,r) € Y. It is easy to see that there are a sufficiently small
e > 0 and Fi,F> € ® such that, for every v € [y — e,y + €] NI, Fy, = Fy or
Fx, = Fo. Since Fi and F are free filters, there are A; € F1, Ay € F3 and a
neighbourhood B of = such that A;, N B =0, ¢ € {1,2}. Set A = A; U A3 and
observe that A* N B* = (. Clearly x € B*; moreover y € A* (since A € F; and
A € Fy, it follows that A € F\, C G, for every vy € [y — €,y +¢]NT).

3)z = (w,r),y=(,7") €Y, with w # w'. Take € > 0 and F; € ® for every
1€ {1,2,3,4} so that:

i) F; # F; whenever i # j;

ii) 71 C G, or Fo C Gy for every v = (w,t) € [t — €,z + €| NT;

iii) F3 C Gy or Fy C G, for every v = (w',t) € [y —e,y + ¢ NT.

Since {JF1, Fa, F3, F4} is Hausdorff separated, we can choose A; € F; for every
1 € {1,2,3,4} in such a way that the family {A;, Ao, A3, A4} is cellular.

Put A = Ay UAs, B = A3 U A,. Tt is clear that A* and B* are open sets of
T such that x € A* and y € B*. Since AN B = (), it follows that A* and B* are
disjoint.

4) y1 = (w,m1),92 = (w,r2) €Y, with r; < rg.

If there is some n > 2 such that % €lri,rof or 1 — % €|r1, 72|, then there are
€ > 0 and Fi, Fo, F3, Fy as in the previous case. So let us suppose that there is
n > 1 such that n+r1 <r<rg < % (the case 1—% <ri<re < 1—ﬁ is similar).
Then there are € > 0 and F, Fy, F2 € ® such that

Dy —eyi+efNfy2 —e,y2 + €] = 0;

ii) F C G, or F1 C G, for every v € [y1 — €,y1 + €] NT.

ili) F C Gy or Fo C G, for every v € [y2 —€,y2 + ¢/ NI
Choose F € F, Fy € F; and F» € F3 so that the family {F, F}, Fy} is cellular.

Since the family {G, : v € ', F C G,} is totally Hausdorfl separated, take
A, € G, such that A, C F and the family {A, : v € T',F C G,} is cellular.

Set C; = F;UU{A, : v € [yi —€,yi +€)NT, F C G4} and note that C1 NCs = 0.
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Now it is enough to observe that Cf and C5 are disjoint open subsets of T such
that y; € Cf, i € {1,2}. O

Remark 1. A space X is called feebly compact if every countable open cover of X
has a finite subfamily whose union is dense. Observe that if G is an open subset
of a space X whose closure is not feebly compact, then G is an element of a free
open filter on X with a countable base (see Lemma 3.7 in [6]). It is easy to see that
in the proof of Theorem 1 we use only the fact that the Sorgenfrey line is a first
countable separable Hausdorff space in which every non-empty open subset has non
feebly compact closure.

Therefore we have the following more general result.

Theorem 2. Every first countable separable Hausdorff space with no non-empty
open subsets with feebly compact closure has a locally pathwise connected connecti-
fication.

A space is called pathwise connectifiable if it can be densely embedded in a path-
wise connected Hausdorff space ([4]). Since every non-empty countable Hausdorff
space without isolated points is not feebly compact ([5], Theorem 5.2), we have the
following

Corollary 1 ([4]). Every countable first countable Hausdorff space without isolated
points is pathwise connectifiable.
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