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POSITIVE AND NEGATIVE 3-K-CONTACT STRUCTURES
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ABSTRACT. The aim of this paper is to give a characterization of 3-K-contact
and quasi 3-K-contact manifolds.

1. INTRODUCTION

The aim of this paper is to describe the class of Riemannian manifolds that is
closely related to quaternionic-Kéhler manifolds. It is well known that there is a
close connection between the quaternionic-Kéhler manifolds with positive scalar
curvature and the class of 3-Sasakian manifolds (see [K], [Ku], [I1], [BGM]). Ishi-
hara [1] has shown that every fibered Riemannian 3-Sasakian bundle has a base
which is a quaternionic-K&hler manifold with positive scalar curvature. The 3-
Sasakian manifolds are essentially the SO(3)-principal bundles (or principal orb-
ifold bundles) over quaternionic-K&hler manifolds (see [BGM]). We have proved
in [J2] that for any quaternionic-Kéhler manifold M with negative scalar curva-
ture there exists an SO(3)-principal fibre bundle P such that P is an A-manifold,
the projection p : P — M is a Riemannian submersion and P admits three K-
contact structures satisfying the relations very similar to those characterizing the
3-K-contact structures. We have called such structures the quasi 3-K-contact struc-
tures. Recently similar structures were introduced by S. Tanno ([T]). S. Tanno in-
troduced nS-structures (an n.S-structure is a quasi 3-K-contact structure satisfying
an additional condition analogous to that characterizing the 3-Sasakian structure in
the positive case). S. Tanno proved that every quaternionic-Kéhler manifold with
negative scalar curvature admits an SO(3)-principal fibre bundle P with canonical
nS-structure and that any 3-K-contact structure on a 7-dimensional manifold has
to be 3-Sasakian (respectively any quasi 3-K-contact structure on a 7-dimensional
manifold has to be an n.S-structure). In the present paper we extend these results
to any dimension 4n + 3 > 11. The work is devoted to the study of general quasi
3-K-contact structures. We shall also call them negative 3-K-contact structures and
the usual 3-K-contact structure we shall call positive 3-K-contact structure. The
manifold P with 3-K-contact (positive or negative) structure has dimension 4n + 3.
We show that if n # 2, then every (positive) 3-K-contact structure is 3-Sasakian
and every negative 3-K-contact manifold is an .A-manifold whose Ricci tensor has
two constant eigenvalues.
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2. PRELIMINARIES

We start by recalling some basic facts concerning the quaternion-Kéahler geome-
try (see [S], [Sw], [BI], [GL]) and K-contact structures. By X(M) we denote the Lie
algebra of all local vector fields on M. If D is a vector bundle over M, then by I'(D)
we denote the set of all local sections of D. We also write A®(M) = T(AFTM™).
Let (M, g) be an oriented Riemannian manifold, let dimM = 4n and let SO(M) be
the SO(4n)-principal fibre bundle of oriented orthonormal frames u : R — T M.
By V we denote the Levi-Civita connection of (M,g). Let G C End(TM) be
the 3-dimensional subbundle locally generated by three almost complex structures
{I,J, K} compatible with the metric g and satisfying the additional condition
IoJ=—-Jol =K. If n > 1, then a manifold (M, g) with the bundle G sat-
isfying the above conditions is called the almost quaternion Hermitian manifold.
The subbundle G is called parallel (with respect to V) if for every section A € T'(G)
and for every X € X(M) we have VxA € G. An almost quaternion Hermitian
manifold (M, g) with a parallel bundle G is called a quaternionic-Ké&hler manifold.
If dimM = 4, then we shall call (M, g) a quaternionic-Kéhler manifold if it is anti-
self-dual and Einstein (we shall always choose an orientation of M in such a way
that G = /\+ M). Every quaternionic-Kéhler manifold is an Einstein manifold. Let
(M, g) be a Riemannian manifold and £ be a unit Killing vector field on M. Let
us define a tensor field ¢ by ¢(X) = Vx & and a 1-form n(X) := g(¢§, X). Then we
call (M, g,&,¢,1n) a K-contact structure if the following relation is satisfied:

(K) $? =—id+n®E.

Let us assume that &, is a Killing vector field of constant length on M. We shall

find the conditions under which the Killing vector field £ = ¢£y where ¢ = T §1o|\

defines the K-contact metric structure. Let us denote by

H=kern={X:9(§,X)=0}

the distribution of horizontal vectors on M. The following Lemma is well known

(see [I]).

Lemma. Under the above assumptions the Killing vector field € gives the K-contact
structure on M if and only if the tensor J = ¢y is the almost complex structure
on the bundle H, i.e. J?> = —id) -

The mapping p : P — M is a Riemannian submersion (see [ON]) if for every
y € P the mapping dyp : H, — T, M is an isometry, where = p(y) and Hy is an
orthogonal complement of the vertical space V,, = T, F,, where F, = p~*(z). In the
sequel we shall use the O’Neill’s tensors T, A. They are defined as follows:

AxY = V(VH)(HY) + H(VH)(VY),
TxY = H(VyxVY)+V(VyxHY),

where H, )V respectively denote the projections on the horizontal and vertical sub-
bundles H,V of TP = H @ V. Finally, let us recall that a Riemannian manifold
(M, g) is called an A-manifold (see [G]) (we shall write M € A in such a case) if
the Ricci tensor of (M, g) satisfies the condition Vxp(X, X) = 0 for all local vector
fields X € X(M).
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3. QuaAsI 3-K-CONTACT STRUCTURES

We start with a definition of the 3-K-contact and quasi 3-K-contact structure.

Definition. Let (P,g) be a Riemannian manifold that admits three distinct K-
contact structures (¢;, &, n;) such that

(a) 9(&i,&5) = 6, (b) (&, &5] = 2€€k,  (¢) $i&5 = —€ijuée

where ¢; = V&;, n:(X) = g(&;, X). Let us denote by H the horizontal distribution
H = ker nqyNker naNker n3 = [ ker 7; and let us define the almost complex structures
J; on H by the formulas J; = —¢; 5. We shall call (P,§,&,&3) the 3-K-contact
structure (or positive 3-K-contact structure) if (for ¢ # j)

Ji 9 Jj = Eiijk
and the quasi 3-K-contact structure (or negative 3-K-contact structure) if (¢ # j)
Ji o Jj = _Eiijk~

The Riemannian manifold (P, g) with positive (negative) 3-K-contact structure we
shall call positive (negative) 3-K-contact manifold.

By V = spang{&1,&2,&3} we shall denote the vertical bundle of P. It is clear
that TP = H@&V and H 1L V. The distribution V is integrable and the leaves
are totally geodesic submanifolds of P. If P is complete, then the leaves are 3-
dimensional spherical space forms.

Remark. Our definition of positive 3-K-contact structure is equivalent to the usual
one (see [Kul, [J1]). S. Tanno defined in [T] an n.S-structure. The nS-structure is
a negative 3-K-contact structure (condition (6.3) in [I] is equivalent to J; o J; =
—é€i;,J) satisfying an additional condition ((6.4) in [T]). We shall show in the
sequel that if dimP = 4n 4 3 # 11, then every negative 3-K-contact structure must
be an nS-structure.

Note that if P is complete, then it admits an action of the group SU(2) or SO(3)
of isometries of P. Let us assume that (P, g) is a fibre bundle p : P — M and the
group G (G = SU(2) or G = SO(3)) acts on P on the right by isometries such that
the orbits of the action coincides with the fibers of p, i.e. p~!(p(z)) = orbg(x) and
M = P/G. Let us assume that Killing tensors &1, &2, &3 corresponding to the basis
of the Lie algebra g = s0(3) of G define on P the (positive or negative) 3-K-contact
structure. Thus the fibers are totally geodesic submanifolds of P isometric to G/T’
where I' is a discrete subgroup of G. If I' = {e}, i.e. p: P — M is a G-principal
fibre bundle over M, then we shall call P the 3-K-contact principal fibre bundle. If
X € X(M), then by X* € T'(H) we mean a horizontal lift of X, i.e. the horizontal
vector field X* € X(P) which is p related with X (dp(X*) = X op).

Theorem 1. Let (P, g) be an SO(3) principal 3-K-contact bundle (positive or neg-
ative) over a manifold M. Then the metric g induces a metric g. on M such that
p:(P,g) — (M,gs) is a Riemannian submersion and (M, g.) is an almost quater-
nion Hermitian manifold.

Proof (Compare [[1]). We start by constructing a bundle G CEnd(TM) locally
spanned by three almost complex structures giving the quaternionic structure on
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M. Let o0 € T'(P) be a local section of the bundle P. We shall define on U =domo
three almost complex structures

(3.1) J? =edpop;oc”

where 0% (X)(z) = X7 ), = —1if (P, g) is a positive 3-K-contact manifold, € = 1
if (P, g) is a negative manifold and X* denotes the horizontal lift of the field X €
X(M). We have dppido(X) = dp o ¢;(do(X) — o*(X) + 0*(X)) = dp o ¢p;o*(X)
since do(X) —o*(X) € T'(V) and ¢;(V) C V. Thus in fact we have

(3.2) J? = edp o ¢; o do.

It is obvious from the definition of positive (negative) 3-K-contact structure that
the almost complex structures {J7,Jg,JJ} define on U the almost quaternionic
structure, ie. J7 o J¢ = €, Jy. Thus dimM = 4n. The structures {J7, J5, J§}
are the sections spanning the 3-dimensional bundle Gy C End(T' P). We shall show
that Gy does not depend on ¢ and there exists a global bundle G such that bundles
Gu are the restrictions of G, i.e. G|y = Gy.

The group SO(3) has an adjoint representation ad in the vector space so0(3)
defined by ady, X = gXg~! for X € s0(3). Let us denote

3
= ZAé'(g)EJ
j=1

where {F1, Es, E5} is the standard basis of s0(3) corresponding to the Killing fields
&1,&2,&3. Let V be the 3-dimensional vector space and C = (eq, ea, e3) be a basis of
V. Then by ad® we shall mean the linear representation of SO(3) in V defined on
C by adgei = A{ (g9)ej. The group G = SO(3) acts on (P, g) from the right by the
isometries R,. We shall also write pg instead of Ryp. Note that V(RQ)*X(Rg)*Y =
(Rg)«(VxY) where ((Rg)+X)p = dpg-1Rg(X,5-1). Let X = £ be the fundamental
Killing vector field corresponding via the action of G to the vector ¢ e 50(3) Let us
write a; — exp(£€). Note that ((Ry)-()")y = 4(pg~1asg) = & (plad(g~")(a:))) =
(ad(g~")&); . Tt is also clear that

p(Vx(ad(g™)&) ZAJ HVxE).
7j=1
Thus
(3.3) poi(Rgo* X ZAJ “Vorx&)

:p(z Al(g™")¢j0" X) ZAJ pé;o"X)
=1

for any section o € T'(P). Let 01,02 be two sections of the bundle P, such that
U2 =domoiNdomos # (). Then o1 = 02g12 where g12 : Up — G is a transition
function. From (3.3) it follows that

(34) (75 I3 I) = ad® (g1 ) (72, T3, J32)
where C = {J72, J32, J5°}.
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Hence there exists a global bundle G C End(TP) which is locally spanned by
the bases {J{,Jg,J¢}. From (3.4) it follows that the bundle P is isomorphic to
the G-principal fibre bundle associated with vector bundle G. We also have

(3.5) G = P xg0(3) 50(3).

Hence M is an almost quaternion manifold. In particular dimM = 4n. Let us define
the metric g, on M by the formula ¢.(X,Y), = g(X*,Y*), where p(y) = = and
X*,Y* are horizontal lifts of the fields X,Y € X(M). Since G acts by isometries
it is clear that g(X™*,Y ™) is constant on the fibers and the metric g is well defined.
From the definition of g it is obvious that p : (P,g) — (M, g.) is a Riemannian
submersion. Note that each almost complex structure J? is compatible with the
metric g, i.e.

g*(Xa JzGY) = _g*(ngva)

which is a straightforward consequence of (3.1). Thus (M, g., G) is an almost quater-
nion Hermitian manifold. O

The 3-K-contact bundle P admits a natural connection form (see [BGM], p. 192)
w=mE) +n2Ey +n3E3 € A(P) ® s0(3).
Note that the metric on P can be written as
g = B(w,w) +p*g.

where B is the standard metric on s0(3) inducing on SO(3) the metric of constant
sectional curvature equal to 1. The horizontal and vertical subbundles H,,, V,, with
respect to the connection on P defined by the form w coincide with the horizontal
and vertical bundles defined by us earlier. The vector bundle G defines a reduction
of the SO(4n) bundle SO(M) to the Sp(n)Sp(1) subbundle

Q={uecSOM):ulyu'ecGulu'ecgGuKyu'ecg}

and we have the homomorphism of principal fibre bundles F' : Q — P where we
identify P with the bundle of orthonormal bases of G defined by

(3.6) F(u) = (ulou™ " uJou™ ' uKou™").

It is clear that the Levi-Civita connection of M reduces to @ if and only if the
bundle G is parallel, i.e. if for any section o € I'(G) and any vector field X € X(M)
we have Vxo € T'(G). We shall find the conditions under which VG = 0. Note that
for X,Y € X(M)

(37) eg*(X, JZUY)QC = g(X*v¢iY*)a(x)~
Let us assume that X,Y, Z € X(M),VzX, = VzY, = 0. Thus we have from (3.7)
(3.8) €9 (X, VIZ(Z,Y) = g(Vo, 2z X", ;Y™)

+9(X",V¢i(0.2,Y")) + 9(X™, 0i(Vo. 2YT)).
Note that (0.2), = Z;(x) + Vo (z) where V' € T, ()P is a vertical vector. We can
extend V to a (vertical) Killing vector field V' = w(0.Z)" € T'(V). Note that
(Vv X*)o@z) = (V5 V)o(z). We also have Vz- X* € I'(V), Vz-Y* € I'(V). Let us
write V = w(04(Z2)) = a1&1 + aaéa + a3z where a; € R. Note that

(3.9) €g«(X,VJ7(Z,Y)) = g(Vv X", 6:Y") + g(X*, V(0. 2,Y7)
+9(X7,0i(Vo, 2Y7)).
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We also have

g(Vv X", 6:Y") + g(X*, ¢i(Vo,2Y™)
3
=2 a5(g(65(X), 6:(Y")) = 9(&i(X"), 65(Y)))

= Z 2a;9(X™, ¢i0 9 (Y")) =2 Z ajecijrg (X7, o (Y7)).
J#i j#i
It follows that

(X, VI (Z2,Y)) =2 ajeeijig(X*, ou(Y™) + (X", V(0. Z,Y7)).
j#i
Consequently

(3.10) 9e(X,eVIN(Z2,Y) =2 ajeiJi (V) = g(X*, Vi(0.2,Y")).
J#i
Hence we have proved:

Proposition 1. Let P be a 3-K-contact principal fibre bundle. Then the following
conditions are equivalent:

(a) Vo, (X, Y) e I(V) forie {1,2,3} and any X € X(P), Y € I'(H),

(b) R(X,&)Y e T(V) forie {1,2,3} and any X € X(P), Y € '(H),

(c) R(X,Y )¢ =0 forie{1,2,3} and any X,Y € T'(H),

(d) R(X,Y)Z e T(H) for any Z € X(P) and X,Y € T'(H).

Each of these conditions implies the following condition:

(e) the bundle G is parallel.

Proof. Tt follows from (3.10), the equality R(X,&;)Y = V¢;(X,Y) and the proper-
ties of the Riemannian curvature tensor R. O

Remark. If the 3-K-contact structure is Sasakian, then for X € X(P) and Y €
X(M)

Vo (X, Y")=n(Y)X —g(X,Y")& = —g(X, V™) € T(V)

and the condition (a) is satisfied. Hence (M, g.) is a quaternionic-Kéhler manifold
if dim M = 4n > 4. We obtain in this way the result of Ishihara ([I1]).

Next we shall prove the following theorem (for n = 1 this is a result of S. Tanno
[T]; we include a proof of this case for the completeness):

Theorem 2. Let us assume that dim M = 4n # 8. Let (P, g) be an SO(3) princi-
pal 3-K-contact bundle (positive or negative) over a manifold M. Then the metric
g induces a metric g, on M such that p : (P,g) — (M, g.) is a Riemannian sub-
mersion and (M, g.) is a (positive or negative respectively) quaternionic-Kdahler
manifold. The Riemannian manifold (P,g) is a 3-Sasakian (hence Einstein) man-
ifold if (P,g,&;) is a positive 3-K-contact structure and an A-manifold whose Ricci
tensor has two constant eigenvalues A =4n + 2 and p= —4n — 14 if (P, g,&) is a
negative 3-K-contact structure.

Proof. Let w = n1 E1 +n2Fs +n3F3 be as above the connection form on the bundle
P. We have

Dw=0Q= QlEl + QQEQ + QgEg
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where Q; = dn; oh and h : TP — H is the horizontal projection. Hence from the
structural equation we get

Q; = dn; — €kin; A M-

Let us define the 4-form Q € A*(P) by the formula Q=AU+ A0+
Q3 A Q3. Note that Lg]Qi = Q(Eijkdnk —n; A 771) = 2Ejika. Hence LEJQ =0
for j = 1,2,3 and the 4-form Q € A*(P) is the horizontal 4-form invariant with
respect to the action of G. Let us define for a section o € I'(P) the three 2-forms
Q= g.(JZX,Y). Then 2(p*Qf,)a(x) = €dn; o hy(z) = €(€2) 5 (z) Where h denotes the
horizontal projection and € € {—1,1} was defined above. Let us define the 4-form
Qo =QLAQL+ Q2 A02 + Q3 AQ3. Then Q, € A*(domo). Note that in fact Q,
does not depend on ¢ and there exists a global 4-form € such that Q|doma = Q.
We also have 4p*Q = Q. Thus

(3.11) 4p*dQ = dQ.

Since the form p*dS) is horizontal it follows that the form d{) = DS is horizontal.
Thus

dQ) = 2(d91 AQy +dQs A Qs + dQ3 A Qg)
=2(DQy A Q1+ Dy A Qo+ DQ3 A Q3).

From the Bianchi identity we have D; = 0. Consequently dQ = 0, dQ = 0. From
the result of Swann [Sw] it follows that if dim M = 4n > 12, then VQ = 0 and thus
(M, g«,G) is a quaternionic-Kéhler manifold. In [JI], [J2] we have proved that the
principal SO(3)-bundle P associated with G admits canonical negative 3-K-contact
structure (P, go) if (M, g.) has negative scalar curvature and that (Pp, go) is then
an A-manifold whose Ricci tensor has two eigenvalues A = 4n+2 and p = —4n—14
of multiplicity 3 and 4n respectively. In the case of positive scalar curvature (Po, go)
is a 3-Sasakian manifold (see [IT], [12], [BGM]). We shall show that if dim M = 4,
then (M, g.) is anti-self-dual Einstein and if n # 2, then (P, g) is isometric to the
canonical 3-K-contact bundle (P, go). We can treat P as the bundle of orthonormal
frames of G; hence P = P,. We shall show that w = wy where wq is the canonical
metric connection form on Fy. To this end it is enough to prove that

(3.12) VI(Z,Y) =2 eiwo*w! (Z)J(Y)

for every local section o € T'(P). We first show that V¢;(Z*,Y*),, € I'(V) for
every Z,Y € X(M) and a point pg € P. We can find a section o € T'(P) such
that o(xg) = po and dy,0(U) = Uy € Hy, for every U € T,,M. Since either
(M, G) is quaternionic-Kéhler or dim M =4 and G = AT M we have VJ?(Z,Y) =
ZH{(Z)J]‘»’(Y) where 92- = —6]. Hence from (3.10) it follows that

9(X*VG(Z5 Y gy = € 9u(X,0](2) 7 (V).
Consequently

(3.13) eVU(ZT, X5 Y )py = D 01(2)2 Q5 (X, Y )a

xo _]

Let Z € Ty, M be any vector and let X = I Z,Y = IZ. Note that Qf (Z, X) =
5;9*(2, Z),Q5(Z2,Y) = (5]2»g*(Z, 7),Q5(X,Y) = (5?9*(Z, Z). Since D); = 0 we have
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Cze x+yv-VQi(Z*, X*, Y*) = 0 where € denotes the cyclic sum. Consequently
Zﬁzxyej QU(X Y) 0.

Thus (03(Z) +60}(Y) — 62 (X))g*(Z Z) = 0. Consequently we get 03(2) —62(1,2) =
0,03(2) + 01(1.2) = 0 03(I2Z) — 03(11Z) = 0. Since Z was arbitrary we have
9:15(Z) = 93([1[2 ) —93(13 ) = —92(1213 ) = —92(11 ) Thus (93)330 =0 and
(Hg)xo = 0. Since pg was an arbitrary point we have V(2; o h = 0, which means
that Ve, (Z*,Y*) € T(V). Note that from the first Bianchi equation we obtain (R
being the curvature tensor of (P, g)) R(&;,&)Y ™ + R(Y™*, ;)& — R(Y™*,&)E = 0.

Consequently

(3.14) V¢i(§,Y") = R(&, &)Y = —R(Y™, §)& + R(Y™, §)E;-

If (P,¢) is a positive 3-K-contact structure, then R(Y™*, )¢ = n;(Y*)§ = 0,
condition (a) of Proposition 1 is satisfied and consequently (3.12) holds. In the

case of negative structure we have R(Y™*,&)E, = —2¢€;j1¢0x(Y™) (see [I1]). Thus
from (3.14) it follows that

Voi(&,Y") = —deijrdu(Y™).

Consequently we obtain for an arbitrary section o € I'(P) (where o; = 0*w¥(2))

9(X*\Vi(0.Z,Y*) = > a;g(X*,V$i(§;, V™) = =4 eijrajg(X, J{Y)
and from (3.10) it follows that VJ7(Z,Y) = =23, aje;J7 (Y). Since a; =
o*w?(Z) again formula (3.12) is satisfied. If n = 1, then from the Ricci identity
(see [I2]) we have RQY =23, e (] — 0% A 0},) where R : AM — AM is the
curvature operator. Let the section o be chosen as above. Since ¢} = —2€;j1,0%w; we
infer that at the point 29 RQY = 20*dw; = —4€Q)7. Since z( was arbitrary it follows
that (see [GL] Definition 1.14) (M, g.) is anti-self-dual Einstein with non-zero scalar

curvature. Thus if n # 2 the positive (negative) 3-K-contact bundles are in one-to-
one correspondence with positive (negative) quaternionic-Kéhler manifolds. O

Remark. S. Tanno proved (Theorem B in [T]) that for the negative quaternionic-
Kahler manifold every canonical 3-K-contact structure is an n.S-structure. Conse-
quently from our Theorem 2 it follows that if n # 2, then every negative 3-K-contact
structure is in fact an nS-structure. Let us note that the O’Neill tensor A for the
Riemannian submersion p : P — M is given by the formulas (see [BGM])

(a) AxY = Zg 6 X, Y)&,  (b) Ax& = ¢i(X)
i=1

for any horizontal vector fields X,Y. Since the fibers are totally geodesic the
tensor T' = 0. Hence we could also directly compute the scalar curvature and the
eigenvalues of the Ricci S tensor using the O’Neill formulas (see J[ON]) and the
fact that the connection form w is Yang-Mills. Since &; define K-contact structures
it is obvious that Sy, = (4n + 2)idy (each Killing vector field defining K-contact
structure is an eigenfield of the Ricci tensor with constant eigenvalue dimP — 1).
Using the formulas in [B] (9.62) and [BGM] (p.192) we can show that S|y = pidy
where ;1 = 7~(—24n + 7.) and 7, is the scalar curvature of (M, g,). In the positive
case since P is Einstein it is clear that 7. = 16n(n + 2) (see [BGM]). However it
needs some work to show that in the negative case 7. = —16n(n + 2) (see [J2]).
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The general 3-K-contact structure is bundle like with respect to the vertical
foliation V' (see [BGM]). From the general results concerning bundle like manifolds
it follows that on an open and dense subset U C P the manifold Py; is the bundle

associated with the G-principal bundle P with the fibre F = G /T where T is the
discrete (hence finite) subgroup of G and G = Sp(1) or G = SO(3). Note also that
if G = Sp(1), then @ = ]5/22 is an SO(3)-principal fibre bundle. The metric g
induces on ) the metric g such that the natural projection 7 : P - Q is a local
isometry. Thus the above results concerning the 3-K-contact SO(3)-bundle remain
valid for the Sp(1)-principal 3-K-contact bundle. If dimP > 11, then it follows from
Theorem 2 and [J2| that the positive 3-K-contact structure is then the 3-Sasakian
structure. From [BGM] it is clear that in this case P is an orbifold bundle over
quaternionic-Kéhler orbifold of positive scalar curvature 16n(n + 2). Analogously
as in [BGM] (p.192) we have taken account of Theorem 2 and the results from [J1],
[J2]:

Theorem 3. Let (P, g,&;) be a (positive or negative) 3-K-contact manifold. Then
dimP = 4n 4+ 3. Let us assume that P is complete and n # 2. If P is a positive
3-K-contact structure, then (P,g,&;) is a 3-Sasakian structure. If P is a negative
3-K-contact structure, then

(a) (P,g,&) is an A-manifold of negative scalar curvature which is equal to
—4n(4n +11) +6,

(b) the Ricci tensor S of P has two constant eigenvalues X = 4n + 2 and p =
—4n — 14 of multiplicity 3 and 4n respectively,

(c) the eigendistributions of the Ricci tensor S are Dy = ker(S —Ad) =V and
D, = ker(S—pld)=H,

(d) the metric g is bundle like with respect to the foliation V' defined by the fields
&

(e) each leaf of the foliation V is a 3-dimensional homogeneous spherical space
form,

(f) the space of leaves P/V is a quaternionic-Kdhler orbifold of dimension 4n
with negative scalar curvature equal to —16n(n + 2).

Remark. Note that we do not know whether Theorems 2 and 3 are true for n = 2.
Any counterexample to Theorem 2 with n = 2 will also be an example of an almost
quaternion-Hermitian manifold with closed and non-parallel fundamental 4-form €.
(See [Sw] for a discussion of the problem of whether dQ2 = 0 implies VQ = 0 also
in the case n = 2.)
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