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ABSTRACT. In this paper we consider the following property:
(®P?) For every function f: R x R — R there are functions g9, gL : R — R
(for n < w) such that

(Vz,y €R)(f(z,9) = Y g5(x)gn ().
nw

We show that, despite some expectation suggested by S. Shelah (1997), (®P?)
does not imply MA (o-centered). Next, we introduce cardinal characteristics
of the continuum responsible for the failure of (®P?).

0. INTRODUCTION

In the present paper we will consider the following property:

(®P2) For every function f : R x R — R there are functions g2, gl : R — R
(for n < w) such that

(Va,y € R)(f(z,y) = Y go(@)gn(y)).
n<w
Davies [Da74] showed that CH implies (®°?*) and Miller [Mixx, Problem 15.11],
[Mi9T] and Ciesielski [Ci97, Problem 7] asked if (®P?) is equivalent to CH. It was
shown in |[Sh 675! §3] that the answer is negative. Namely,

Theorem 0.1. (1) (See [Sh 675, 3.4]) MA (o-centered) implies (®P?).
(2) (See [Sh 675l 3.6]) IfP is the forcing notion for adding Ro Cohen reals, then
IFp —\(®Da).

The proof of [Sh 675 Conclusion 3.4]) strongly used the assumptions, causing
an impression that the property (®"%) might be equivalent to M A (o-centered).

The first section introduces a strong variant of ccc which is useful in preserving
unbounded families. In the second section we show that (®P?) does not imply
MA (o-centered). Finally, in the next section we show the combinatorial heart of
[Sh 675l Proposition 3.6] and we introduce cardinal characteristics of the continuum
closely related to the failure of (®P?).
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Notation. Most of our notation is standard and compatible with that of classical
textbooks on Set Theory (like Bartoszynski and Judah [BaJu95]). However in
forcing we keep the convention that a stronger condition is the larger one.

Notation 0.2. (1) For two sequences 7, we write ¥ < 1 whenever v is a proper
initial segment of n, and v < n when either v <« n or v = 7. The length of a
sequence 7 is denoted by £g(n).

(2) The set of rationals is denoted by Q and the set of reals is called R. The
cardinality of R is called ¢ (and it is referred to as the continuum). The dominating
number (the minimal size of a dominating family in “w in the ordering <* of
eventual dominance) is denoted by d and the unbounded number (the minimal size
of an unbounded family in that order) is called b.

(3) The quantifiers (V°>°n) and (3°°n) are abbreviations for

(Im ew)(Vn>m) and (Ym € w)(@n > m),

respectively.

(4) For a forcing notion P, TI'p stands for the canonical P-name for the generic
filter in P. With this one exception, all P-names for objects in the extension via P
will be denoted with a dot above (e.g. A, f)

1. F-SWEET FORCING NOTION

Definition 1.1. An uncountable family F C “w is spread if

(X) for each k*,n* < w and a sequence (fo,n : @ < w1, n < n*) of pairwise
distinct elements of F there are an increasing sequence («; : 4 < w) C wy and
an integer k > k* such that

(Vi <w)(Vn < 1) (fain(k) < fain(k)).

Proposition 1.2. Suppose that k is an uncountable cardinal and Cy is the forcing
notion adding  many Cohen reals (¢o : @ < k) C“w. Then

ke, “(éq:a < K) is spread 7.

Proof. A condition in C, is a finite function p : dom(p) — w such that dom(p) C
k X w (and the order of C,; is the inclusion).

Suppose k*,n* < w, p € C, and ﬁan (for @ < wy, n < n*) are C,-names for
ordinals below k such that

plkc, <Ban fa < wi,n < n*) are pairwise distinct 7.

For each v < wy pick a condition p, > p and ordinals 5(«, 0),...,B(a,n* —1) < k
such that py IF Ban = B(a,n) (for n < n*) and dom(py) = uq X My for some
Mo < w, Uy C Kk such that 8(e,0),...,08(a,n* — 1) € u,. Take A € [wl]Nl such

that (uq : a@ € A) forms a A-system with heart u, my = m (for a € A) and
palu X m=pglux m (for a, B € A). Note that if o,/ € A, 0,7’ <n* and (o, 1) #
(o/,4"), then B(a, i) # B(a/,4'). Choose an increasing sequence (o : i < w) C A so
that 8(a;,0),...,08(af,n* — 1) ¢ v and fix k > max{k*, m}. Next, for each i < w,
choose a condition ¢; > pa» such that dom(q;) = uar x (k4 1), ¢i(B(af,n), k) =i
(fori < w), and ¢;lux (k+1) =gjlux (k+1) = ¢ fori,j < w. Let I be a C,-name
for the set {i € w: ¢; € I'c, }. It follows from the choice of the conditions ¢; that
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qIF || = Rg. Clearly
qIF (Yn<n*)(Vi<j)i,jel = G (W) =i <= %;,n(m)’
finishing the proof. O

It should be clear that, if there is a spread family, then b = X; (so in particular
MAy, (o-centered) fails). Also, as the referee pointed out, the converse is true as
well; see[[3] below (so that there is a spread family of size 8 if and only if b = N;).
Moreover, if there is a spread family of size x, then 0 > k.

Proposition 1.3 (The referee). If F = {fs : @ < w1} C “Yw is an unbounded
family, a < B <wi = fo <* f3, then F is spread.

Proof. Fix k*,n* < w and take pairwise distinct B(a,n) < wy (for o < wy, n < n*).
Without loss of generality, we may assume that

(Va < o’ <wip)(Vn,n" <n*)(B(a,n) < B(a/,n')).

Put ho(k) = min{fgan) (k) : n < n*} (for @ < wy, k € w). Then hq € “w,
a<da = hg <*hy and {h, : @ < w;}is an unbounded family. Consequently,
we may find k& > k* and an increasing sequence (a; : @ < w) such that he, (k) <
ha,., (k) for all i < w. Pruning the sequence of the «;, if necessary, we may get

(Vi € w)(Vn < ) (f3(a:,n)(F) < fa(airi,m) (F))- O

Definition 1.4. Let F C “w be a spread family. A forcing notion P is F-sweet if
the following condition is satisfied:

(B)Zyeet for each sequence (po : @ < wy) C P there are A € [wl]Nl, kE*,n* <w and
a sequence (fan 1 n < n*, a € A) C F such that (a,n) # (¢/,n') =
foz,n 7é foz’,n’ and

(@) if (o : i < w) is an increasing sequence of elements of A such that
for some k € (k*,w)

(Vi < w)(Vn < n*)(fou,,n(k) < fa11+1,n(k3))a
then there is p € P such that p IF (3% € w)(pa, € I'p).
Proposition 1.5. Assume that F C Yw is a spread family and P is an F-sweet
forcing notion. Then
lFp “F is a spread family 7.
Proof. First note that easily F-sweetness implies the ccc.

Suppose that k., n" < w, (fa.n : @ < wi, n < nt) are P-names for elements of
F,pePand

plp (Yo, o <wi)(Vn,n' <n¥)((an) # (@) = famn # forw)-

For o < wy choose conditions p, > p and functions f,,, € F (for n < n™) such
that p IF (Vn < n™)(fa,n = fa,n). Passing to a subsequence, we may assume that

(avn) # (alvn,) = fa,n 7é fa’,n“

Choose k* > k+, a set A € [w]™! and a sequence (fon : @ € A, nt < n < n*)
as guaranteed by (B)7 ... of [ for (p, : @ < wi) (note that here, for notational
convenience, we use the interval [n*, n*) instead of n* there). Shrinking the set A
and possibly decreasing n* (and reenumerating the f, ,’s) we may assume that all
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functions appearing in (fo, : & € A, n < n*) are distinct. By (X) of [T we find
k > k* and an increasing sequence («; : i < w) C A such that

(Vi <w)(Vn <n*)(fain(k) < fain(k)).

But it follows from (&) of [4 that now we can find a condition ¢ € P such that
q - (3% € w)(pa, € Tp). As all conditions p, are stronger than p, we may demand
that ¢ > p. Now use the choice of the p,,’s and fa, n (for n < n') to finish the
proof. O

Theorem 1.6. Assume F is a spread family. Let (IP’(X,Q(y s a < ) be a finite
support iteration of forcing notions such that for each o <~ we have

(1) IFp, “F is spread 7, and
(2) IFp, “Qq is F-sweet ”.
Then P, is F-sweet (and consequently, lkp. “ F is a spread family 7).

Proof. We show this by induction on ~.
CASE 1: y=0+1
Let (pq : o < wi) C Pgyq. Take a condition p* € Pg such that

p* ke, “{a <wi:palB € Tp,} is uncountable ”

(there is one by the ccc). Next, use the assumption that Qg is F-sweet and get
Ps-names A € [wl]Nl and k*, n* and (fo., : a € A, n < 2*) C F such that the
condition p* forces that they are as guaranteed by (B)Z, .., of [.4lfor the sequence
(pa(B) o <wi, palB € Tp,).

Let A’ be the set of all & < wy such that there is a condition stronger than both
p* and pa |3 which forces that « is in A. Clearly |A’| = X;. For each a € A’ choose
a condition g, € Pg stronger than both p* and p, [ which forces that a € A and
decides the values of k*, n* and (fo., : 7 < n*). Next we may choose A" € [A’]Nl,
E*,n* and (fan :a € A”, n < n*) C F such that (for each a« € A” and n < n*)
Qo IF€ =k & =n* & f(yn = fan 7. Moreover we may demand that the
fan’s are pairwise distinct (for a € A”, n < n*).

Apply the inductive hypothesis to the sequence (g, : @ € A”) (and Pg) to get
Ae [A”]Nl, kT, nt > n* and (fon : @ € A, n* < n < nt). For simplicity we
may assume that there are no repetitions in the sequence (fo n : @ € A, n < n*)
(we may shrink A and decrease n* reenumerating the f, ,’s suitably). We claim
that this sequence and max{k*, k*} satisfy the demand in (®) of [L4. So suppose
that (o; : ¢ < w) is an increasing sequence of elements of A such that for some
k > k* kT we have

(Vi <w)(¥n < nJr)(faqz,n(k) < fm+1,n(k))-

Clearly, by our choices, we find a condition p* € Pg stronger than p* such that
pt Ik (3% € w)(qa, € Tp,). Next, in V¥4, we look at the sequence (pq,(3) : ga, €
I'p,, i <w). We may find a Pg-name p* () such that (p* forces that)

pT(B) g, (37 € w)(qa, € Tpy & pa,(B8) € L)

Look at the condition p™~p™ ().
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CASE 2: v is a limit ordinal.

If (pa : o < wi) € P,, then, under the assumption of the current case, for some
A€ [wl]Nl and § < 7, the sets {supp(pa) \ 0 : « € A} are pairwise disjoint. Apply
the inductive hypothesis to Ps and the sequence (p,[d : a € A). O

Conclusion 1.7. Suppose that x > Ns is a regular cardinal such that k<" = k and
(Vi < &) (™ < k). Assume that S C {§ < k : c¢f(§) > wa} is stationary, o5 holds
true and Xy < A\ < k. Then there is a ccc forcing notion P of size k such that

IFp ¢ there is a spread family F C “w of size A & ¢ = k & MA (F-sweet) 7.

Proof. Using standard bookkeeping arguments and ¢g, build a finite support iter-
ation (Py, Qq : o < A) such that
(1) Qo is the forcing notion adding x many Cohen reals F = (f, : @ < \) C “w
(with finite conditions) [so in V@ the family F is spread; see [2],
(2) for each o < &, Ikp ¢ Q14 is a F-sweet forcing notion of size < x 7,
(3) if Q is a Py-name for a F-sweet forcing notion on x, then for stationarily
many o < k of cofinality > w2, Q N is a Py-name and IFp, QN o = Q4.
It follows from [L.6] that in VTe (for 0 < o < k) the family F is spread, so there are
no problems with carrying out the construction. Easily P, is as required. [l

Remark 1.8. (1) Note the similarity of M A (F-sweet) to the methods used in [Sh:98|
84].

(2) We do not know what are the consequences of “there is an uncountable spread
family F and MA(F-sweet)” on cardinal invariants of the continuum. Since the
Cohen forcing notion is F-sweet, we conclude that (under this assumption) the
covering number of the meager ideal is ¢. As we stated before, we also know that
b = N;. But what about e.g. the covering number of the null ideal?

2. MORE ON DAVIES’ PROBLEM

The aim of this section is to show that (®P?) does not imply MA (o-centered).
Let (v, : n < w) be an enumeration of “~w such that £g(v,) < n. For distinct
po,p1 € “Yw let §(po,p1) = 1 +max{m : v, < po & v < p1}. (Note that

pold(po, p1) # p11d(po, p1).)
Assume that there exists a spread family of size ¢ and let F = (p, : @ < ¢) C Yw

be such a family (later we will choose the one coming from adding £ many Cohen
reals).

Definition 2.1. Let { < ¢ be an ordinal and let f:( x { — R.

(1) A ¢-approximation is a sequence g = <gf, 0 <2, ne¥w) such that:
(a) g5 : ¢ — Q (for £ <2, n €Y w),
(b) if @ < ¢, then (V3 < ¢)(3°k € w)(gﬁark(a) #0 & v < pg),
(¢) if a < ¢, n € YZw and neither 7 nor Vig(y) is an initial segment of pq,

then gh(a) = g} () = 0.

(2) If ¢ < ¢ and g& = (g% : £ < 2,y € W>u) (for k = 0,1) are (i-
approximations such that gf]’o - gf]’l (for all £ < 2 and n € “Zw), then
we say that g! ertends g° (in short: g° < g').
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(3) We say that a (-approximation g agrees with the function f if
(Va, B < Q) (f (e, B) = Z gg(a) -g}](ﬁ) and the series converges absolutely).

neY>w

Proposition 2.2. If g are Ce-approzimations (for £ < £*) such that the sequence

(g5 : € < &) is =-increasing and (e = |J (¢, then there is a (e--approzimation
§<g

g& such that (V&€ < €)(3¢ = &). Moreover, if f : Cer X Cer — R and each g

agrees with f[((e X C¢), then G¢ agrees with f.

Thus if we want to show that (®P?) holds, we may take a function f : cx¢ — R
(it should be clear that we may look at functions of that type only) and try to build
a =-increasing sequence (g : £ < ¢) of approximations. If we make sure that g¢ is
a -approximation that agrees with f](£ x &), then the limit g¢ of g&’s will give us
witnesses for f. (Note that by the absolute convergence demand in [2.3)(3) we do
not have to worry about the order in the series.) At limit stages of the construction
we use 2.2, but problems may occur at some successor stage. Here we need to use
forcing.

Definition 2.3. Assume that ( < ¢ is an ordinal, and f: ((+1) x ((+1) — R.
Let g = (gf] :0 <2, m €YW) be a C-approximation which agrees with f[¢ x ¢.
We define a forcing notion P?C as follows:
a condition is a tuple p = (ZP, jP, (r‘zn <2, ne jp>w>> such that

(a) j* <w and Z” is a finite subset of ¢, 7, € Q (for £ <2, n € 3> ),

(B) the set {n € P>y 7o, 7 0orry, # 0} is finite, and if n € 7*>4 and

neither 7 nor vy, is an initial segment of p¢, then r‘Zn =0,
(7) if a € ZP, then

(0, Q) = S{ah(e) o], s €7 7wy <27,
1£(¢,0) = S{rh, - gb(a) :n €T w} < 279", and
FCQO =ty rh, ned Zwy <27
(note that by demand () all the sums above are finite),
(0) if o, B € ZP U {(} are distinct, then §(pa, pg) < j¥;
the order is defined by p < ¢ if and only if
(a) jP <j9 ZP C Z%and ry, =r{, forne >0 0 <2,
(b) if @ € ZP, then

-q D 1 _ 2jp—jq
Z{|7"g,n ga(a) in el Tw\ T 7w} < 4297’7?1’

q -p 1— 237’—]"1
> Aoy - rf [ in el Zw\ T 7w <d—2—=—,  and

p.,.D GI> | P> 1—27"-7"
Z{Vo,n riglinel Tw\ Twh < Sy

Remark 2.4. In[Z3] we want to force an extension g* of g to a ((+1)-approximation
which agrees with f. For this we have to say what are the values of g;“I’O(C), g;‘]’l(()

(for n € YZw). A condition p € ]P’?’C gives some information about these values:

p Ik g;;’l(g) =y, for £ <2,ne J°>w. The clause 23(v) is the first step toward
guaranteeing that we will finish with an approximation that agrees with f. To make
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sure that the respective series really converge (and even converge absolutely, see
Z11(3)) we need demands like those in[Z3[(b). The right-hand sides of the inequalities
in [Z3|(b) have perhaps a strange form, but they make it easy to show that the

— _ja g _ T
relation < of P?C is transitive. (Note that if p < ¢ < r, then 1= 32 AT & A

247-1

1-2/" 3"

Proposition 2.5. Suppose that { < ¢, f: ((+1)x ((+1) — R and g is a
C-approzimation that agrees with f]¢ x (. Then:
(1) IP’?’C is a (non-trivial) F-sweet forcing notion of size |C| + Ro.
(2) In VP?C, there is a (¢ + 1)-approzimation g* such that g < g* and g* agrees
with f.

Proof. (1) First note that (P?C, <) is a partial order and easily P?C # () (remember
that ZP may be empty). Before we continue let us show the following claim that
will be used later too.

Claim 2.5.1. For each j < w, £ < ¢ and p € Yw the sets

T L {pePitigr >,
T € {(pePi ez}, and
- def a . . ..
I = {pePPCij< P& (VE<2)(Fke G PN e # 0 & vy < p)}

are dense subsets of P?’C.

Proof of the claim. Let j < w, £ < (, pe¥wand p€ IP?’C.

If j < 4P, then p € 77, so suppose that j? < j. Let (&, : m < m*) enumerate ZP.
Choose pairwise distinct (jg ., : £ < 2,m < m*) C (j,w) such that v;, =~ <1 pc and
gﬁgm b (Em) # 0 (remember EZT|(1b)). Fix j* > j such that v;- is not an initial
segment of any pe,, (for m < m*). Let j9 = j + max{je,m : £ < 2, m < m*} + j*,
Z% = ZP and define r§ ,,r{ , as follows.

(1) It 5 € "> w, then e = Tl
(2) Ifn e jq>w\(jp>wu{p5m [Jem :m <m*}U{pcli*}), £ <2, thenr{ , =0.
(3) It n = pclj*, then 7§, r{ € Q\ {0} are such that |rf, -r{ [ < 277" and

P _ 4
l£(¢,¢) — Z{TOV' 1o Lived >w}—rgm-r(fm|<23.
(4) If n = pe,, 1jo,m, m < m*, then 7”‘1]777 € Qs such that |g)(&m) - 7], | < 277" and
P _ 54
F&mi Q) =D {g0Em) Y, cv €T 7w} — g8(&m) - 1Y, | <277

if n = pe,, [j1,m, m < m*, then rgn € Qis such that |rf, - g} (&m)| < 2-7" and
- »
F(G&m) =D Arb, - 9Em) v €T Zw) = rf - gn(Em)| < 277"

One easily checks that ¢ = (Z9, j9, <7“Z,n <2 ne ]q>w)) is a condition in P‘}’C
stronger than p (and q € Z7).

Now suppose £ ¢ ZP. Take jo > jP such that (VYo € ZP U {C})(0(pe, pa) < Jo)-
Let (&, : m < m*) enumerate ZP U {{} and let (o m : € < 2, m < m*) C (jo,w) be
pairwise distinct and such that v;, = < pc & ggm lem (&m) # 0. Let j* > 5P be such
that v;- is not an initial segment of any pe,,. Put Z? = ZPU{(}, j? = jP+max{jrm :



286 ANDRZEJ ROSLANOWSKI AND SAHARON SHELAH

<2, m<m*}+ 5%, and define rgn as before, with one modification. If &,, = &
and 7 = p¢[jo,m, then r{ € Q is such that

1F€,0) =S {g2€) -8, v eI wy — g0(e) vl | < 279"

if £ = € and ) = pelj1,m, then rf, € Q is such that

1FCE) =S b, - gb(€) v el Zwy —rd - gl(e)] <277

Similarly one builds a condition ¢ € IZ stronger than p (if p ¢ {pe : £ € ZP},
then just choose j* suitably; otherwise pick 71 > jj > j? and for n = p¢|j, define
r{ , in an obvious way). O

Now we are going to show that P?’C is F-sweet. So suppose that (p, : @ < wi) C
IP?’C. Choose A € [wl]Nl such that

o (ZP> : o € A) forms a A-system with kernel Z,
o for each o, 3 € A, |ZP=| = |ZP5|, jP~ = jP5 and

(<2, el 7w = (<2, e Pw)

(remember 23] 3)),

e if a,0 € Aand 7 : ZP~ — ZP# is the order preserving bijection, then w[Z is
the identity on Z and (V€ € ZP~)(pe[jP~ = pr(e)[J7?)-

Let k* = jP>, n* = |ZP= \ Z| for some (equivalently: all) « € A. For a € A let
(fan : m < n*) enumerate {pe : £ € ZP> \ Z} so that if a,8 € A, £ € ZP~\ Z,
7 ZP« — ZP% is the order preserving bijection and pe = fa,n, then pr) = f5.n-
Clearly there are no repetitions in (fon : 7 < n*, @ € A). We claim that this
sequence is as required in (@) of [L4]1 So suppose that (a; : i < w) C A is an
increasing sequence such that for some k£ > k* we have

(Vi <w)(Vn <n*)(fain(k) < faim(k)).

Passing to a subsequence we may additionally demand that for each m < k, for every
n < n*, the sequence (fq, n(m) : i < w) is either constant or strictly increasing.
For n < n* let ky, > k* be such that the sequence (fu, nlkn : i < w) is constant
but the sequence (fo, n(kn) : @ < w) is strictly increasing. Take j > k such that
if vy, < fo,mlkn, n < n*, then m < j. Fix an enumeration (&, : m < m*) of
ZP=0 (so m* = |Z| +n*) and choose j*, jo.m > j + 2 with the properties as in the
first part of the proof of Z5.1] (with p,, in the place of p there). Put Z9 = ZPeo
and define 59, rgn exactly as there (so, in particular, for each n € Ve, \ Ipag >
we have r{, = 0). We claim that ¢ IF (3%i € w)(pa; € FP?’C)' So suppose
that ¢ > ¢, i9p < w. Choose ¢ > iy such that for each n < n* and k¥’ > k,, if
Um = fa;nlk', then m > j9. Moreover, we demand that if k, < ¥ < j7, n < n*,
then rg,f%n = 7"‘11710%_’n ) = 0 (remember 2.3(3)). Then we have the effect that

(v € J"’/>w\j”“"’>w)(\fg € 2P\ 2)(rl, - gh(€) = g2() - r1, = 0).

So we may proceed as in the proof of [Z5.1] and build a condition ¢T stronger than
both ¢’ and p,, -
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(2) Let G C ]P’?’C be generic over V. For n € “~w define

gb*(¢)=rF,  wherepe GNTNT!
g5 (&) =gh(¢)  for &<

It follows immediately from Z51] (and the definition of the order on P?’C) that the

above conditions define a (¢ + 1)-approximation g* = (gi* : £ <2, n € W=>0) which
agrees with f and extends g. O

Theorem 2.6. Assume that k is an uncountable cardinal such that k<% = k. Then
there is a ccc forcing notion P of size A such that

Fp “(®P*) + ¢=~r + there is a spread family of size ¢ 7.

Proof. Using standard a bookkeeping argument build inductively a finite support
iteration (P, Qu : @ < ) and sequences (Co : @ < k), (G, : @ < &) and (fo : @ < K)
such that:

(1) Qo is the forcing notion adding » many Cohen reals {p¢ : £ < k) € “~w (by
finite approximations; so, in V&, ¢ = x and the family F = {p¢ : £ < s} is
spread; we use it in the clauses below),

(2) (o < K, fu is a Pa-name for a function from (Ca+1)x(Ca+1)to R, g, is a
Py-name for a (,-approximation (for the family 7 added by Qo) which agrees
with fo[(Ca % CO(.))

(3) rpysy Quia =B4 (for F),

(4) if f is a Pr-name for a function from (¢ +1) x ((+1) to R, ¢ < x and § is
a P,-name for a (-approximation which agrees with f[(C x (), then for some
a < Kk, a > w we have: f,g are P,-names and

Fp, “G=00 & f=fa & (=C7

Clearly P, is a ccc forcing notion (with a dense subset) of size k. It follows from
2.5(2), B2 that I-p, (®P?) (and clearly IFp, ¢ = k). Moreover, by 2.5[1), we
know that, in V& for each a € [1, ] the forcing notion P, [[1, k) is F-sweet, so

IFp, “ F is a spread family of size x ”

(by [L3). O

3. WHEN (®P%) FAILS

In this section we will strengthen the result of [Sh 675 3.6] mentioned in [I.1](2)
giving its combinatorial heart. In some cases, the combinatorics underlying the
failure (®P?) involves relatives of a negative square bracket relation; see (the proofs

of) B(B,C).

Definition 3.1. (1) For a function h such that dom(h) C X x ) and rng(h) C Z
and a positive integer n we define

k(hon) = min{|Ao| + [Ai] 1 Ay € P(X) & A CP(Y) &
(Vw € [X]")(3A € Ag)(w C A) &
(Vw € V[M)(3A4 € A1) (w C A) &
(VAO c Ao)(VAl c ./41)( [Ao X Al] # Z)}
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If ¥ =) and h is as above, and n is a positive integer, then we define
k™ (h,n) =min{|A4|: ACPX) & (Vwe [X]")(FA € A)(w C A) &
(VA e A)(h[A x A] # 2) }.
(2) Foré = {c, :n < w) € “Randd = (d, : n < w) € “R let h®(¢,d) =
> ¢ - dy, (defined if the series converges).
n<w

We will deal with the following variant of the property (®P2).

Definition 3.2. For a function h: “R x YR — R let (®P*) mean:

(®P?) For each f: Rx R — R there are functions g2, g} : R — R (for n < w)
such that

(Vo y € R)(f(z,y) = h((gn(2) 1 n < w), {ga(y) 1 n <w))).
(So (®P?) is (®pP2), where h® is as defined in [3I(2).)

Proposition 3.3. Assume that a function h : YR x YR — R is such that one of
the following conditions holds:

(A) K(h,1) < 2801 = ¢ or

(B) £(h,1) < p < c for some regular cardinal p, or

(C) K7 (h,2) < p < c for some regular cardinal p.

Then (®P%) fails.

Proof. First let us consider the case of the assumption (A). Let A, A; C P(“R)
exemplify the minimum in the definition of x(h,1), A, = {Aﬁ : & < k(h, 1)} (we
allow repetitions). Choose a sequence (r¢ : £ < k(h, 1)) of pairwise distinct reals

and fix enumerations (s : ¢ < ¢) of R and (¢ : € < ¢) of ”(hvl)ﬁ;(h,l). Let
f:R xR — R be such that

(Ve < ¢)(V€ < w(h, 1) (f(s,m¢) & h[AZ x AL (¢)])-

We claim that the function f witnesses the failure of (®7%). So suppose that
g%, : R — R. For & < k(h,1) let be = (gi(re) : n < w) € “R and let
©(€) < k(h,1) be such that be € A}P(&). Take ¢ < ¢ such that ¢ = ¢, and let
a. = (gn(sc) : n < w). Fix & < w(h,1) such that a. € AZ. and note that

h(ae, be-) € hlA. x A;E(g*)], S0
fse,re) # hae, be) = h({gn(se) 11 <w), (gn(re-) :n <w)).

Suppose now that we are in the situation (B). Let co,c1 : ut x u™ — k(h, 1) be
+
such that for any sets Xo, X1 € [uT]#* we have

(¥Co, €1 < k(h,1))(3(e0,€1) € Xo x X1)(co(€0,€1) = Co & ci1(c0,61) = (1)

(see e.g. [Shigl Chapter IIT]). Let Ag, A; C P(“R) exemplify x(h,1), Ay = {Aé :
¢ < k(h,1)} (with possible repetitions). Choose a sequence (r. : € < u™) of pairwise
distinct reals and a function f : R x R — R such that

(VEOa €1 < MJF)(f(ranrEl) % h[A(c)o(eo,sl) X Ail(so,el)])'
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Now suppose that ¢%,g) : R — R and let @’ = (g'(r.) : n < w). Choose
Xo, X, € [u+]”+ and (o, 1 < k(h, 1) such that a’ € Af whenever ¢ € X;. Take
g¢ € Xy (for £ < 2) such that co(e0,e1) = (o, c1(€0,61) = (1. Then h(dgo,dél) €
h[A(c)O(goygl) X A}:1(60,€1)]’ 80 f(reoart?l) 7& h(<gg(’l‘€0) tn < w>7 <grlz(r€1) tn < w>)
Now, suppose that the assumption (C) holds. Let {A¢ : £ < k™ (h,2)} be
a family witnessing the minimum in the definition of k= (h,2). Take a function
c:put x pt — k7 (h,2) such that for every X € [u+]”+ and ¢ < £~ (h,2) there
are g9 < €1, both in X, such that c(gg,e1) = ¢ (see e.g. [Sh:g, Chapter III]). Take

a sequence (r. : € < p') of distinct reals and define a function f: R x R — R so
that

(V50,€1 < M+)(f(r€07T€1) ¢ h[AC(60,61) X AC(50751)])'

As before, suppose that g2, gt : R — R and let a% = (g’ (r.) : n < w). For each
e < u' there is (. € £ (h,2) such that a’,al € Ac.. Take a set X € [u+]“+

and ¢* < £~ (h,2) such that (Ve € X)({: = ¢*). Then choose gy < &1 both in
X so that ¢(eg,e1) = ¢*. By our choices, al ,al, € Acye) and h(al ,al) €

€07 €1
h[Ac(ey,er) X Ac(ey,e,)- But this implies that

h({gn(re)) s n < w), (gn(re,) :n <w)) # f(req:7e,).

€0,

O

Now the phenomenon of [Sh 675l 3.6] is described in a combinatorial way by B3]
if one notices the following observation.

Proposition 3.4. Let h: “R x “R — “R be a function with an absolute defini-
tion (with parameters from the ground model). Suppose that P = (Py,Qq : @ < w1)
is a finite support iteration of non-trivial forcing notions. Then for each 0 < n < w

IFp,, k(h,n) =K (h,n) =R;.

Proof. Work in V1. For a < w; let A, = VFe N¥R. Clearly ¥R = |J A, and

a<wi
for each a, 3 < wy we have h[A, X Ag] # “R (remember that the function h has a
definition with parameters in the ground model; at each limit stage of the iteration
Cohen reals are added). O

4. CONCLUDING REMARKS

One can notice some similarities between the property (®)P?

problem.

and the rectangle

Definition 4.1. (1) Let R2 be the family of all rectangles in R xR, i.e. sets of the
form Ax B for some A, B C R. Let B(Rz2) be the og-algebra of subsets of RxR
generated by the family R and let B, (R2) be defined inductively by: By(R2)
consists of all elements of Ry and their complements, B,(R2) = |J Bg(Rz2)

B<a
for limit «, and B,+1(R2) is the collection of all countable unions J A,
n<w
such that each A,, is in B,(R2) and of the complements of such unions. (So

B(Rz2) = Bu, (R2).)
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(2) Let us introduce the following properties of the family of subsets of R x R:
(EKw) PR x R) = B(R2),
(E6") P(R x R) = Ba(R2).

Kunen [Ku68| §12] showed the following.

Theorem 4.2. (1) (see [Ku68, Theorem 12.5]) M A (o-centered) implies ([IXY).
(2) (see [Ku68, Theorem 12.7]) If P is the forcing notion for adding Ro Cohen
reals, then IFp ﬂ(DK“).

The relation between (®P?) and ([IX) is still unclear, though the first implies
the second.

Proposition 4.3. (®P2) = (TKw).

Proof. Suppose that A C R x R and let f : R x R — 2 be its characteristic
function. Let g2, gl be given by (®P?) for the function f. For a rational number
¢, n <w and £ < 2 put

def
Ag’n ={zeR: gfl(x) < q}.

It should be clear that the set A can be represented as a Boolean combination

of finite depth of rectangles Agﬁn X Aé/,n (we do not try to safe on counting the

quantifiers). O

The following questions arise naturally in this context.

Problem 4.4. (1) Does (X%) (or (TXY)) imply (®P2)?
(2) Is it consistent that for some countable limit ordinal o we have (EXY,) but
(K1) fails?
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