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ON STABLE CURRENTS
AND POSITIVELY CURVED HYPERSURFACES

YI-BING SHEN AND QUN HE

(Communicated by Jozef Dodziuk)

Abstract. We establish a nonexistence theorem for stable currents (or stable
varifolds) in complete δ-pinched hypersurfaces of a real space form with non-
negative constant sectional curvature. This is a partial positive answer to the
well-known conjecture of Lawson and Simons.

§1. Introduction

A Riemannian manifold M is said to be δ-pinched for 0 < δ ≤ 1 if the sectional
curvature KM of M satisfies δa ≤ KM ≤ a everywhere for some positive number a.
One may take a = 1 usually. As a generalization of stable minimal submanifolds,
a stable current is a rectifiable current which is a local minimum for the norm
(or mass) functional. In their paper [LS] on stable currents, Lawson and Simons
show that there are no stable currents (or, more generally, stable varifolds) on the
Euclidean sphere, and propose the following

Conjecture. There are no stable currents (or stable varifolds) in a compact,
simply-connected 1

4 -pinched Riemannian manifold.

There are several results supporting this conjecture (e.g., [Am], [Ho], [HW1],
[Ok]). Here we also give a partial positive answer to this conjecture on complete
δ-pinched hypersurfaces immersed in the Euclidean space Rn+1. Concretely, in the
present paper we prove the following

Main theorem. Let N(c) be a real space form with constant sectional curvature
c (≥ 0) and M ↪→ N(c) an n(≥ 3)-dimensional complete hypersurface immersed in
N(c). If the sectional curvature KM of M satisfies the following pinching condition:

c+ δ < KM ≤ c+ 1

where δ = 1/5 for n ≥ 7, δ = 1/4 for n = 5, 6 and δ = 1/3 for n = 3, 4, then there
are no stable currents (or stable varifolds) in M .
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As a direct result of the theorem, we then have

Corollary. There are no stable currents (or stable varifolds) on an n(≥ 3)-dimen-
sional complete δ-pinched hypersurface of the Euclidean space Rn+1 where δ = 1/5
for n ≥ 7, δ = 1/4 for n = 5, 6 and δ = 1/3 for n = 3, 4.

Remark. For a “harmonic version” of the above conjecture of Lawson and Simons,
a similar result has been obtained in [HPS] and [HW2].

§2. Preliminaries

In this section we prepare some necessary formulas and propositions.
Let M be a compact Riemannian manifold and let Hp denote the Hausdorff

p-measure on M . An oriented p-rectifiable set is a pair S = (S, ξ), where S is a p-
rectifiable subset and ξ : S →

∧p TM is an Hp-measurable section of p-th exterior
product of the tangent bundle over M satisfying the fact that for Hp-almost all
x ∈ S, ξx is a simple vector of unit length which represents TxS. Given a smooth
p-form ω ∈

∧p
T ∗M , the integral

S(ω) =
∫
S

ω(ξx)dHp(x)(2.1)

defines S as a continuous linear functional on
∧p

T ∗M , so that S has a norm

M(S) = Hp(S).

Consider the following set:

Rp(M) =

{
S =

∞∑
k=1

kSk | Sk = (Sk, ξk),M(S) =
∑

kHp(Sk) <∞
}
.(2.2)

An element S of Rp(M) is called a rectifiable p-current with norm M(S).
For any vector field V ∈ TM , let φt : M → M be the 1-parameter group of

diffeomorphisms generated by V . Then for each t we have the rectifiable current
φ∗t (S) defined as

φ∗t (S)(ω) = S(φ∗tω)

for ω ∈
∧p

T ∗M . A current S ∈ Rp(M) is said to be stable if for each vector field
V there is an ε > 0 such that

M(φ∗tS) ≥M(S)(2.3)

for | t |≤ ε. The first and second variational formulas for currents have been given
by Lawson and Simons (see [LS] for details).

Let N(c) be a real space form with constant sectional curvature c ≥ 0, and
let M be a submanifold isometrically immersed in N(c). Denote by ∇ and ∇ the
Levi-Civita connections of N(c) and M , respectively. Then the second fundamental
form of M in N(c) is defined as

B(X,Y ) = ∇XY −∇XY



STABLE CURRENTS AND POSITIVELY CURVED HYPERSURFACES 239

for X,Y ∈ TM , so that B is a symmetric tensor field on M with values in the cross
section of normal bundle of M in N(c). The Gauss equation of M is

R(X,Y, Z,W ) =c(〈X,Z〉〈Y,W 〉 − 〈X,W 〉〈Y, Z〉)
+ 〈B(X,Z), B(Y,W )〉 − 〈B(X,W ), B(Y, Z)〉(2.4)

for X,Y, Z,W ∈ TM , where R denotes the curvature tensor of M . The following
proposition is well known from [LS].

Proposition 2.1. Let N(c) be a real space form with constant sectional curvature
c (≥ 0) and M ↪→ N(c) an n-dimensional compact submanifold with the second
fundamental form B in N(c). If at each point of M

n∑
r=p+1

p∑
i=1

{
2 ‖ B(ei, er) ‖2 −〈B(ei, ei), B(er, er)〉

}
< p(n− p)c(2.5)

for any local orthonormal frame field {ei, er} on M , where 0 < p < n, then there
are no stable p-currents (or stable p-varifolds) in M . Moreover,

Hp(M,Z) = Hn−p(M,Z) = 0.

By using a straightforward estimate, we have from (2.4) and (2.5)

Corollary 2.2. Let M be a n-dimensional complete δ-pinched submanifold with the
second fundamental form B in the Euclidean space. If ‖ B ‖2≤ 2δ(n−1+2

√
n− 1)

at each point of M , then there are no stable currents (or stable varifolds) in M .

Now let M be an n-dimensional hypersurface with codimension 1 in N(c). From
now on we make use of the following convention on ranges of indices unless otherwise
stated:

1 ≤ α, β, γ, · · · ≤ n; 1 ≤ i, j, · · · ≤ p; p+ 1 ≤ r, s, · · · ≤ n.

Let x ∈M be an arbitrary point of M and let {λα} be principal curvatures of M
corresponding to the principal direction vectors {ẽα} which form an orthonormal
basis at the point x ∈M . Clearly, in such a basis, the second fundamental form of
M is diagonalized. From (2.4) it follows that

Rαβαβ = c+ λαλβ (α 6= β)(2.6)

at x ∈M , where Rαβαβ = R(ẽα, ẽβ, ẽα, ẽβ).
On putting

eα =
∑
β

aβαẽβ(2.7)
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for a special orthogonal matrix (aβα), we have from (2.5) and (2.7)∑
r,i

{
2 ‖ B(ei, er) ‖2 −〈B(ei, ei), B(er, er)〉

}

=
∑
α,β

λαλβ

2

(∑
i

aαi a
β
i

)(∑
r

aαr a
β
r

)
−
∑
i,r

(aαi )2(aβr )2


=
∑
α,i,r

(λα)2(aαi )2(aαr )2

+
∑
α6=β

λαλβ

2

(∑
i

aαi a
β
i

)(∑
r

aαr a
β
r

)
−
∑
i,r

(aαi )2(aβr )2


=
∑
α,i,r

(λα)2(aαi )2(aαr )2 +
∑
α6=β

λαλβ

·


(∑

γ

aαγa
β
γ

)2

−
(∑

i

aαi a
β
i

)2

−
(∑

r

aαr a
β
r

)2

−
∑
i,r

(aαi )2(aβr )2


=
∑
α,i,r

(λα)2(aαi )2(aαr )2

−
∑
α6=β

λαλβ


(∑

i

aαi a
β
i

)2

+

(∑
r

aαr a
β
r

)2

+
∑
i,r

(aαi )2(aβr )2

 ,

from which it follows that∑
r,i

{
2 ‖ B(ei, er) ‖2 −〈B(ei, ei), B(er, er)〉

}
= F (p, n),

where

F (p, n) ≡
∑
α,r,i

(λα)2(aαi )2(aαr )2 − 1
2

∑
α6=β

λαλβG(α, β),(2.8)

G(α, β) ≡ 2

(∑
i

aαi a
β
i

)2

+ 2

(∑
r

aαr a
β
r

)2

+
∑
r,i

[
(aαi )2(aβr )2 + (aβi )2(aαr )2

]
.

(2.9)

Thus, by Proposition 2.1 we have immediately the following

Proposition 2.3. Let N(c) be a real space form with constant sectional curvature
c (≥ 0) and M ↪→ N(c) an n-dimensional compact hypersurface with principal
curvatures {λα} in N(c). If at each point of M

F (p, n) < p(n− p)c(2.10)

for any special orthogonal matrix (aβα), where 0 < p < n and F (p, n) is defined by
(2.8), then there are no stable p-currents (or stable p-varifolds) in M .
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§3. Some lemmas

We begin with the following algebraic lemma.

Lemma 3.1. Let (aβα) be a special orthogonal matrix. Then∑
i,r

aαi a
β
i a

α
r a

β
r ≤

1
4
δαβ .(3.1)

Proof.

∑
i,r

aαi a
β
i a

α
r a

β
r ≤

1
2


(∑

i

aαi a
β
i

)2

+

(∑
r

aαr a
β
r

)2


=
1
2

δαβ − 2
∑
i,r

aαi a
β
i a

α
r a

β
r

 ,

(3.2)

from which (3.1) follows directly.

Now suppose that the sectional curvature KM of M satisfies the following pinch-
ing condition:

c+ ε2 < KM ≤ c+ 1(3.3)

for some positive number ε < 1. (3.3) together with (2.6) yields that

ε2 < λαλβ ≤ 1 (α 6= β),(3.4)

which implies that all of {λα} are nonzero and have the same sign. So, without
loss of generality, we may assume that at x ∈M

0 < λ1 ≤ λ2 ≤ · · · ≤ λn.(3.5)

By using (3.4) and (3.5), one can see the following statement is true.

Lemma 3.2. If (3.4) and (3.5) hold, then we have

(1) λα > ε for α 6= 1;
(2) λα ≤ 1 for α 6= n;
(3) λn < ε−1 and λ1 > ε2 if n ≥ 3.

In the following, all calculations will be made out at a point x ∈M where (3.4)
and (3.5) hold.

Lemma 3.3. If (3.4) and (3.5) hold, then we have

F (p, n) < −p(n− p)ε2 +
∑
α,i,r

(λ2
α − ε2)(aαi )2(aαr )2,(3.6)

where F (p, n) is defined by (2.8).
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Proof. By using (2.9) and the fact that the matrix (aβα) is a special orthogonal
matrix, we have

1
2

∑
α,β

G(α, β) =
∑
i,j

∑
α,β

aαi a
α
j a

β
i a

β
j

+
∑
r,s

∑
α,β

aαr a
α
s a

β
r a

β
s


+
∑
i,r

(∑
α

(aαi )2

)∑
β

(aβr )2


= n+ p(n− p).

From this equation and (3.4) it follows that

−1
2

∑
α6=β

λαλβG(α, β) < −1
2
ε2
∑
α,β

G(α, β) +
1
2
ε2
∑
α

G(α, α)

= −ε2 [n+ p(n− p)] + ε2
∑
α

1−
∑
i,r

(aαi )2(aαr )2


= −p(n− p)ε2 − ε2

∑
i,r

(aαi )2(aαr )2.

(3.7)

Inserting (3.7) into (2.8) yields (3.6).

Lemma 3.4. Under the same hypothesis in Lemma 3.3, we also have

F (p, n) <− p(n− p)ε2 +
1
4

∑
α6=1,n

(λ2
α − ε2)

+
1
4

(λn − ε)2 + (λ2
1 − ε2)

∑
i,r

(a1
i )

2(a1
r)

2

− ε(λn − ε)
{

(n− p)
∑
i

(ani )2 + p
∑
r

(anr )2

}
− (λ1 − ε)λnG(1, n),

(3.8)

where G(1, n) is defined by (2.9).

Proof. By using (3.4) and the property (1) in Lemma 3.2, we have

−1
2

∑
α6=β

λαλβG(α, β) < −1
2
ε2
∑
α,β 6=n

∑
α6=β

G(α, β)− ελn
∑
α6=1,n

G(α, n)

− λ1λnG(1, n)

= −1
2
ε2
∑
α6=β

G(α, β) − ε(λn − ε)
∑
α6=n

G(α, n)

− (λ1 − ε)λnG(1, n),

(3.9)
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where G(α, β) is defined by (2.9). By substituting (3.9) into (2.8) and using (3.7),
we can get

F (p, n) <− p(n− p)ε2 +
∑
α,i,r

(λ2
α − ε2)(aαi )2(aαr )2

− ε(λn − ε)
∑
α6=n

G(α, n) − (λ1 − ε)λnG(1, n).
(3.10)

Since the matrix (aβα) is a special orthogonal matrix, then we see easily that∑
α6=n

G(α, n) = 2
∑
i,j

ani a
n
j (δij − ani anj ) + 2

∑
r,s

anr a
n
s (δrs − anr ans )

+
∑
i,r

(anr )2
[
1− (ani )2

]
+
∑
i,r

(ani )2
[
1− (anr )2

]
= 2

∑
i,r

(ani )2(anr )2 + (n− p)
∑
i

(ani )2 + p
∑
r

(anr )2.

(3.11)

By inserting (3.11) into (3.10), we have

F (p, n) <− p(n− p)ε2 +
∑
α6=1,n

(λ2
α − ε2)

∑
i,r

(aαi )2(aαr )2


+ (λ2

1 − ε2)
∑
i,r

(a1
i )

2(a1
r)

2 + (λn − ε)2
∑
i,r

(ani )2(anr )2

− ε(λn − ε)
{

(n− p)
∑
i

(ani )2 + p
∑
r

(anr )2

}
− (λ1 − ε)λnG(1, n).

By noting (1) of Lemma 3.2 and using Lemma 3.1 with α = β, now (3.8) follows
from the above inequality directly.

§4. Proof of the main theorem

First of all, the pinching condition for the curvature in the theorem implies that
M is compact by the theorem of Bonnet-Meyers. By Proposition 2.3, it is sufficient
to prove that F (p, n) < 0 for any 0 < p < n, where F (p, n) is defined by (2.8),
because c ≥ 0.

For a fixed point x ∈ M , the same notations in §2 and §3 will be adopted and
all calculations will be carried out at that point x. The proof is separated into two
steps.

The first step. Suppose that λ1 ≥ ε.
Since p(n − p) ≥ n − 1 for any 1 ≤ p ≤ n − 1 and G(1, n) defined by (2.9) is

nonnegative, then we have from (3.8)

F (p, n) <− (n− 1)ε2 +
1
4

∑
α6=n

(λ2
α − ε2) +

1
4

(λn − ε)2

− ε(λn − ε)
{

(n− p)
∑
i

(ani )2 + p
∑
r

(anr )2

}
,

(4.1)

where Lemma 3.1 has been used for α = β = 1.
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By virtue of (1) and (2) in Lemma 3.2 and noting that

(n− p)
∑
i

(ani )2 + p
∑
r

(anr )2 ≥
∑
α

(anα)2 = 1,

(4.1) may be reduced to

F (p, n) < −(n− 1)ε2 +
n− 1

4
(1− ε2) +

1
4

(λn − ε)2 − ε(λn − ε)

=
1
4
{

(n− 1)(1− 5ε2) + (λn − ε)(λn − 5ε)
}
.

From this equation, together with (3) of Lemma 3.2, it follows that

F (p, n) <
1
4
{

(n− 1)(1 − 5ε2) + (λn − ε)(ε−1 − 5ε)
}

= −1
4

(5ε2 − 1)
[
n− 1 + ε−1(λn − ε)

]
≤ 0

(4.2)

for ε2 = δ ≥ 1/5. Thus, under the pinching condition in the theorem, (4.2) holds
for any 0 < p < n. Hence, the theorem follows from Proposition 2.3 directly.

The second step. Suppose that λ1 < ε.
Since ε < λn < ε−1 according to (1) and (3) in Lemma 3.2, we consider two

cases separately.

Case (i). ε < λn ≤ 1.

From Lemma 3.3 it follows that

F (p, n) < −(n− 1)ε2 +
∑
α6=1

(λ2
α − ε2)

∑
i,r

(aαi )2(aαr )2,

which together with (3.1) and (2) of Lemma 3.2 yields

F (p, n) < −(n− 1)ε2 +
1
4

∑
α6=1

(λ2
α − ε2)

≤ −(n− 1)ε2 +
1
4

(n− 1)(1− ε2)

=
n− 1

4
(1− 5ε2) ≤ 0

(4.3)

for ε2 = δ ≥ 1/5. By the same reason as in the first step, the theorem follows.

Case (ii). 1 < λn < ε−1.

By Lemma 3.3 and Lemma 3.1, we have

F (p, n) < −(n− 1)ε2 +
∑
α6=1

(λ2
α − ε2)

∑
i,r

(aαi )2(aαr )2

≤ −(n− 1)ε2 +
1
4

∑
α6=1

(λ2
α − ε2).

(4.4)

By means of (3.4), we have λα ≤ 1/λn for α 6= n. So, (4.4) can be reduced as

F (p, n) < −(n− 1)ε2 +
n− 2

4
(λ−2
n − ε2) +

1
4

(λ2
n − ε2)

=
1

4λ2
n

{
λ4
n − 5(n− 1)ε2λ2

n + n− 2
}
.

(4.5)
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Assume that ε2 = δ = 1/5. An element estimate gives

λ4
n − (n− 1)λ2

n + n− 2 ≤ 0 for n ≥ 7 and 1 < λ2
n < 5.

Assume that ε2 = δ = 1/4. A similar reason gives

λ4
n −

5
4

(n− 1)λ2
n + n− 2 ≤ 0 for n ≥ 5 and 1 < λ2

n < 4.

Assume that ε2 = δ = 1/3. A similar reason gives

λ4
n −

5
3

(n− 1)λ2
n + n− 2 ≤ 0 for n ≥ 3 and 1 < λ2

n < 3.

Hence, under the hypothesis in the theorem, we have from (4.5) that F (p, n) < 0
for any 0 < p < n, which together with Proposition 2.3 implies that the theorem
holds.

In summary, the main theorem is proved completely because the point x ∈M is
arbitrary.

§5. Examples

LetRn+1 be the Euclidean (n+1)-space with Cartesian coordinates x1, · · · , xn+1.
Consider the following ellipsoid

Θn =
{

(x1, · · · , xn+1) ∈ Rn+1 :
x2

1

a2
1

+ · · ·+
x2
n+1

a2
n+1

= 1
}

(5.1)

with 0 < a1 ≤ a2 ≤ · · · ≤ an+1. By [SP], the minimal and maximal principal
curvatures of Θn in Rn+1 are respectively

λ1 = a1/a
2
n+1 and λn = an+1/a

2
1.(5.2)

Thus, by the Gauss equation, the sectional curvature KΘ of Θn satisfies

a2
1

a4
n+1

≤ KΘ ≤
a2
n+1

a4
1

.(5.3)

Hence, Θn is δ-pinched if

(a1/an+1)6 ≥ δ.(5.4)

By the corollary, we have the following

Example 1. Let Θn (n ≥ 3) be an ellipsoid in Rn+1 defined by (5.1) satisfying
(5.4), where δ = 1/5 for n ≥ 7, δ = 1/4 for n ≥ 5 and δ = 1/3 for n ≥ 3. Then,
there are no stable currents (or stable varifolds) on Θn.

We now consider the case of n = 2. In such a case, (2.7) can be replaced by

e1 = cosθẽ1 + sinθẽ2,
e2 = −sinθẽ1 + cosθẽ2,

(5.5)

for some θ ∈ [0, 2π). Clearly, (2.8) with p = 1 yields that

F (1, 2) =
1
4

(sin2θ)2(λ2 − λ1)2 − λ1λ2

≤ λ2
2

4

{(
λ1

λ2

)2

− 6
(
λ1

λ2

)
+ 1

}
.(5.6)
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Thus, F (1, 2) < 0 if

3 + 2
√

2 > (λ1/λ2) > 3− 2
√

2.(5.7)

By Proposition 2.3, we have

Example 2. Let M2 be an ovaloid in R3 with principal curvatures λ1 ≤ λ2 satis-
fying (5.7). Then there are no any stable closed geodesics on M2.
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