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THERE EXISTS A POLYHEDRON
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ABSTRACT. We show that there exists a finite polyhedron P homotopy domi-
nating infinitely many finite polyhedra K; of different homotopy types such
that there isn’t any homotopy type between P and K;. This answers negatively
the question raised by K. Borsuk in 1975: Does every FANR have only finitely
many left neighbors?

We assume the reader to be familiar with the basic notions of shape theory. The
classical works here are [B2], [DS], [MS].

Following K. Borsuk ([B2], p. 349) we call a shape Sh(X) a left neighbor of Sh(Y)
iff X is shape dominated by Y, Y is not shape dominated by X, and every Z such
that X is shape dominated by Z and Z is shape dominated by Y has the shape of
either X or Y (in the same manner we define a right neighbor of Sh(Y")).

Concerning this notion K. Borsuk asked in his monograph in 1975 (|[B2], Problem
(6.4), p. 349):

Is it true that every FANR has only a finite number of left neighbors?

We answer this question showing that there exists even a finite polyhedron with
infinitely many left neighbors which are also finite polyhedra.

Remark 1. Similarly, in the homotopy category of compact ANR’s there were de-
fined the so-called h-neighbors (see [BI])). Since on this category shape theory and
homotopy theory coincide, we immediately obtain an example of a finite polyhedron
with infinitely many left h-neighbors.

Let us note that from the results of Hastings and Heller ([HaHel], [HaHe2]),
there is a 1-1 correspondence between the shapes of compacta and the homotopy
types of CW-complexes dominated by a given polyhedron.

Hence we will work in the homotopy category of CW-complexes and homotopy
classes of maps between them.

Remark 2. On the other side, it is easy to find a finite polyhedron with infinitely
many right neighbors. It suffices to take a point {p}, then the spheres S?, for
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t = 1,2..., are the right neighbors of {p} (by the above-mentioned results of
Hastings and Heller and the classical Whitehead Theorem, this claim is obvious).

Definition 1. Let 7 be a group and m an integer > 2. A (w,m)-complex X is
a finite, connected CW-complex with dimension < m having fundamental group
m1(X) isomorphic to 7 and trivial homotopy modules 7;(X) for 1 < i < m.

In 1949 J. H. C. Whitehead proved the following:

Theorem (Theorem 14, [Wh2]; see also [WhI]). Assume that X andY are (w,m)-
complexes. Then there exist integers ax and ay such that

xv\/sm~yv\/sm,

where \/,, S™ denotes the wedge of k spheres S™.

Thus the homotopy types of (mw, m)-complexes form a connected tree, in which
the homotopy type of X is joined by an edge to the homotopy type of X vV S™ (this
graph clearly contains no circuits). We denote it by HT (7w, m).

Each tree is partitioned into levels by the Euler-Poincaré characteristic y, and
note that if x(X) = x(Y), then ax = ay in the above theorem. By junctions in
a tree we mean the homotopy types with two or more inequivalent factorizations
involving an S™ summand.

Our example which answers the question of K. Borsuk will be an infinite junction
in some 3-dimensional tree.

Definition 2. A finitely generated projective Zmw-module M is called stable free iff
there exist finitely generated free Zm-modules (Z7)(™) and (Z7)®) (where r and s
are integers) such that

M & (Zm)") =~ (Zm)®
((Z7)™ denotes the direct sum of n copies of Z).
By this definition, if M7 and M5 are two finitely generated projective Zm-modules
which are stable free, then
M, & (Zm)™) = My @ (Zr)(™2),

for some integers 1 and ro. Thus one can consider the tree of such modules as the
tree of homotopy types.

In the sequel we will use the following lemma (compare [Dy2], p. 253; for the
sketch of the proof, see the Appendix).

Lemma. If there exists a finite CW -complex K(m, 1) of dimension n, then the tree
HT(m,m), for m > max(n,3), is identical with the tree of isomorphism classes of
stable free, finitely generated projective Zmw-modules.

Definition 3. Recall that a group G is a poly-Z-group if it has a finite normal
series

G=GyD2G1D...2G, =1
(G, <G, G <Gy, fori=1,...,n) with factors G;_1/G; = Z.

The number h(G) of the terms Z in a decomposition as above is an invariant of
G known as the Hirsch number of G (see [R], (5.4.13)).
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Definition 4. A group G is called Hopfian if every epimorphism f: G — G is an
automorphism.

Definition 5. A group G is residually finite iff all its subgroups of finite index
have trivial intersection.

Let us now prove the following theorem.
Theorem. There exists a finite polyhedron P with infinitely many left neighbors.

Proof. Let G = T/T®), where T is the trefoil knot group, i.e. the group with a
presentation

T= {(a,b| a*>=0%

(T® denotes the second derived of the group T, i.e. T(?) = (T")', where, as usual,
T" = [T,T]). Then we have G’ 2 Z & Z and the sequence

1<9Z2Z=G <G,

in which G/G’ = Z (moreover, it is easily seen that G(?) = 1).

Thus G is a poly-Z-group with a Hirsch number h(G) = 3 (and a metabelian
group); hence there exists a finite CW-complex K(G,1) of dimension < 3 (see for
example Theorem 7.1, Ch. 8, [Bi]).

P. Berridge and M. Dunwoody showed in [BeDul] that there exist infinitely many
non-isomorphic projective modules M; over ZG (of rank 1). Moreover M; ® ZG =
ZG @ ZG (see [BeDul), so these modules are projective and stable free, and obvi-
ously, finitely generated.

Thus, by the Lemma, there is an infinite junction in the homotopy tree HT (G, 3),
i.e. there exist infinitely many finite polyhedra K; of different homotopy types and
a polyhedron P such that K; VvV S® ~ P with m(K;) & m(P) & G, m(K;) =
m2(P) =0 and dim K;,dim P < 3.

We will show that K; are left neighbors of P.

Consider any X < P (where X < P denotes that X is homotopy dominated by
P).
By the results of Wall if X is a C'W-complex dominated by a finite polyhedron P
with dim P = n > 2 and K°(Zm; (X)) = 0 (for the definition of the group K°(ZG),
see [Wal), then X is homotopy equivalent to a finite polyhedron of dimension <
max(n,3) ([Wal, Theorem F, p. 66).

In our situation K°(Zm (X)) = 0 because from the results of Waldhaussen
([Wd]), this is true for every poly-Z-group and all of its subgroups (obviously each
subgroup of a poly-Z-group is a poly-Z-group). Thus we may assume every X < P,
where P is as above, to be a finite polyhedron of dimension < 3.

Let K denote any K;.

Suppose that there exists an L such that K < L < P. Let us then observe that
m1(L) = G. Otherwise, there exists an r-homomorphism G = 11 (P) — m(K) 2 G
that is not an isomorphism, which is impossible.

Indeed, it was proven by Hirsch that every polycyclic group is residually finite
(see (5.4.17), [R] and by Malcev that if a finitely generated group is residually finite,
then it is Hopfian (see [Mal, [KS]).

Therefore L belongs to our tree.

Since K < L < P and K V S3 =~ P, then either x(L) = x(K) or x(L) = x(P).
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Consider the case where x(L) = x(K). It follows from the Whitehead Theorem
on Trees that

Kv\/$*~Lv\/s

for some integer a.
For any (m,m)-complex X, mp(X V S™) = mp(X) & 7, (S™) as Zm-modules
(folklore). Then we have

75(K) & (ZG)@ 2 my(L) & (2G)
as ZG-modules. Hence, for a sufficiently large integer b, there is
m3(K) @ (ZG)® = 13(L) @ (ZG)®) = (Z2G) @D,

where d is an integer (recall that there exists a K(G,1) at this tree and use the
Theorem of Whitehead on Trees once again).

Since K < L, if the homotopy type of L is different from that of K, then
there exists a nontrivial ZG-module C such that m3(K) & C = w3(L). Indeed,
as above — since (G is Hopfian, the domination of L over K induces an isomor-
phism of fundamental groups. If it also induces an isomorphism of 73, then by
the classical Whitehead Theorem, K and L are homotopy equivalent (recall that
WQ(K) = 7T2(L) = 0)

Then we have (ZG) @ C = (ZG)P; hence (ZG)(¥) is isomorphic to a proper
direct factor of itself. But this is impossible because for any group G, any finitely
generated free ZG-module (ZG)(") (where 7 is an integer) cannot be isomorphic to
a proper direct factor of itself — this is a corollary to the result of Kaplansky ([Kal,
p. 122; see [Pal).

By the same arguments P cannot dominate L of the homotopy type different
from that of P in the case where x(L) = x(P).

Obviously, K cannot dominate P. Thus K is a left neighbor of P and the proof
is finished. O

Remark 3. The group G in consideration has the following presentation (see [BeDul)

1 1

G=(rp,q| pa=qp, q=r""pr, v qr=qp~ ', rpr~t = ¢ 'p, rgr~" =p).

APPENDIX

The Lemma can be drawn from the classical results of J. H. C. Whitehead and
S. Mac Lane and constructions similar to those of Wall (compare the proof of
Theorem 7.1, Ch. 8 in [B1] and the proof of Proposition 1.4 in [DyI]).

First recall some definitions (see [MWHh], [Dyl]):

Definition 6. By an algebraic m-type we mean a triple T' = (7, 7, k), where 7 is
a group, T, is a Zm-module, and k € H™ (7, 7).

Definition 7. The algebraic m-type of a given C'W-complex X whose universal
cover X is (m — 1)-connected is the triple

T(X) = (m(X), mm (X), k(X)),

where k(X) € H™H(11(X), 7, (X)) is the first k-invariant of X (for its definition,
see [MWHI).
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Definition 8. We call two algebraic m-types T = (7, ™, k) and T = (m, 7, k')

y My
isomorphic iff there exists an automorphism 6 : 7 — m, and a #-automorphism g :

Tm — 7, (ie. B(a-y) = 0(a)B(y), for a € m,y € m,,) such that k = (5*)~L-0* (k')
in the diagram

B () 5 B (73 (w0,)0) & B (5 mL),

where (7],)¢ is the m-module with action axy = 0(«a) - y, for a € w1,y € 7,.

Definition 9. Two connected CW-complexes X and Y have the same homotopy
m-type if there exists a map f : X"+ — y(m+1) guch that fi, : m(XMmFTY) —
wi(Y(mH)) is an isomorphism for all 1 < ¢ < m.

It is known that two C'W-complexes X and Y such that X and Y are (m—
1)-connected have the same homotopy m-type iff T(X) = T(Y). In particular,
the homotopy type of a (m, m)-complex X is completely determined by T(X) (see
[MWH]).

Sketch of the proof of the Lemma. Let us take m > max(n, 3) and consider the tree
of (m, m)-complexes. Observe that 7, (X) of each (7, m)-complex X is a finitely
generated, projective, stable free Zm-module (since there exists a (m, m)-complex
K(m, 1), it follows from the Whitehead Theorem on Trees).

On the other hand, let m,, be a finitely generated, projective, stable free Zmn-
module. It was shown in [Whi], II that every abstract m-type T = (m, 7, k) can
be realized by a connected (m + 1)-dimensional CW-complex X (not necessarily
finite) such that T'(X) = T'. Moreover, if there exists a finite CW-complex K (7, 1)
of dimension < n, X can be choosen to be finite (the construction may be done by
the methods of homological algebra similarly to the proof of Theorem 7.1, Ch. 8 in
[B).

Let us observe that for such an X we have m,,(X) = Cp,(X)/Bm(X), where
C,n(X) are the m-th chains in the cellular chain complex of the universal cover X
of X

S\ Omt1 S\ Om Sy Om—1 S\ Om—2 o S

C:Chni1(X) = Cp(X) = Cp—1(X) =— Crpra(X) — ... — Cp(X)
and Bm()z') = 1im Opyy1-

By the assumption, m,, = m,(X) is a projective, stable free, finitely generated
module over Z7. Thus we have

Cin(X)/Bmn(X) @ (Zm)"*) = (Zm)®),

for some integers s and t.
In this situation

~ ~ / ~ 3/ ~ 0
C' 2 Co(X)/B(X) ® (Zm)® 22 Cpu_1(R) @ (Z)®) 5 Cro(X) T2 .
with 9),, = O, ®id, 9),,_1 = Om—1 ®0 and 9} = 9;, for i < m — 2 is a cellular chain
complex of free, finitely generated Zm-modules.
Let us take an m-dimensional C'W-complex

t
X' = (Xm0 \/smhHul e,

i=1
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where the m-cells are attached to X(™~1 v Vs S™~1 by the maps corresponding
to the

al : (Zm)M — O 1 (X) @ (Zm)®

(compare the proof of Proposition 1.4 in [DyT]).

Since T (X') 2 Hy,(X) = ker 8/, /im ), , 1, then it is easily seen that m,, (X') =
T (X).

Moreover, it is clear that there is a 1-1 correspondence between isomorphism
classes of finitely generated, projective and stable free Zm-modules and the homo-
topy types of (m, m)-complexes (note that in our situation H™ (71 (X), 7, (X)) =
0).

Remark 4. The proof of the main Theorem may now be slightly simplified in the
last part. Indeed, by the proof of the Lemma, two (G, m)-complexes with distinct
homotopy types have non-isomorphic groups 7,,; hence the existence of a ZG-
module C # 0 such that 73(K) & C = w3(L) is immediate.
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