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BLOCK DIAGONALIZATION IN BANACH ALGEBRAS

ROBIN HARTE

(Communicated by David R. Larson)

Abstract. “Reduction” of linear operators is effected by commuting projec-
tions; the spectrum of the operator is then the union of the spectra of its
range and null space restrictions. Disjointness of these partial spectra implies
that the projection “double commutes” with the operator, which in turn can
be recognised as a curious kind of “exactness”. Variants of this exactness
correspond to various kinds of disjointness between the partial spectra.

Introduction

“Reduction” of an operator T on a linear space X means writing X = X0 ⊕X1

as the direct sum of a pair of complementary invariant subspaces TXj ⊆ Xj for
T : the philosophy is that each of the induced operators Tj is in some sense simpler
than the original operator T , whose behaviour on X can be reconstructed from the
behaviour of T0 and T1. When X is a Banach space and T is continuous it is natural
to ask that the subspaces Xj be closed also; then the open mapping theorem says
that there is a bounded projection

Q = Q2 ∈ BL(X,X) with QT = TQ,(0.1)

commuting with T , whose range and null space furnish the subspaces

X1 = Q(X) and X0 = Q−1(0).

In this situation the behaviour of T is rather easily recovered from T1 and T0; for
example the spectrum

σ(T ) = σ(T1) ∪ σ(T0).

Of course it is not at all clear that such reduction can be achieved in a non-trivial
way: the operator T may have no invariant subspaces other than {0} and X , such
invariant subspaces may not have closed complements, and if they are comple-
mented, they may not have invariant complements. One situation in which such a
projection certainly can be found is when the spectrum of T can be written as a
disjoint union of closed subsets

σ(T ) = K1 ∪K0 with K1 ∩K0 = ∅.
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A projection Q satisfying (0.1) is given by a Cauchy integral

Q = χK1(T ) =
1

2πi

∮
K1

(zI − T )−1dz.

Here the disjoint subsets of the spectrum coincide with the spectra of the restricted
operators

K1 = σ(T1) and K0 = σ(T0).

Notice in particular that the reduced operators Tj induced on the invariant sub-
spaces have mutually disjoint spectra. This need not always happen: in a provoca-
tive observation Koliha [8] has noticed that in finite dimensions it is necessary
and sufficient that Q is in the “double commutant” ([3, Definition 7.1.1]) of T . If
S ∈ BL(X,X) is arbitrary, there is the implication

ST = TS =⇒ QS = SQ.

In infinite dimensions the situation is more complicated, and it is the purpose of
this discussion to classify various relationships between the projection Q and the
operator T according to various kinds of disjointness between the spectra of the
reduced operators. The discussion can be extended to Banach algebra elements,
although it is helpful if the algebras behave to some degree like algebras of operators;
the conditions are that they should be “prime”, or “ultraprime”. Specifically ([6,
Definition 5]) an algebra G is prime if there is the implication

LTRS = 0 =⇒ T = 0 or S = 0,

and ultraprime if there is k > 0 for which

‖LTRS‖ ≥ k‖T ‖‖S‖.
This is satisfied if in particular G = BL(X,X) is the bounded operators on a
Banach space.

If Q = Q2 ∈ G is an idempotent in a complex Banach algebra G, with an identity
I, then we can represent elements of G as 2× 2 “operator matrices”, writing

G =
(
A M
N B

)
= {
(
a m
n b

)
: a ∈ A,m ∈M,n ∈ N, b ∈ B}(0.2)

with

I =
(

1 0
0 1

)
and Q =

(
1 0
0 0

)
,

so that A and B are Banach algebras and M and N are bimodules over A and B.
An element T ∈ G commuting with Q can be written as

T =
(
a 0
0 b

)
∈
(
A 0
0 B

)
= commG(Q).

The partial spectra σ(T1) and σ(T0) are given by the spectra σA(a) and σB(b)
relative to the “corner” algebras A ∼= QGQ and B ∼= (I − Q)G(I − Q). The
condition that Q be in the double commutant of T turns out to be weaker than the
disjointness of the spectra σ(a) and σ(b): we shall see that it lies somewhere between
disjointness of “point spectra” π(a) and π(b) and disjointness of “approximate point
spectra” τ(a) and τ(b). We recall ([3, Definition 9.2.1]) that for T ∈ G the left and
right point spectrum πleftG (T ) and πrightG (T ) are the eigenvalues of the left and
right multiplication operators LT : G → G and RT : G → G, while the left
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and right approximate point spectrum τ leftG (T ) and τrightG (T ) are the approximate
eigenvalues of the same operators. Naturally all these are subsets of the spectrum
σG(T ) = {λ ∈ C : T − λI 6∈ G−1}. More generally we need point and approximate
point spectra for systems of Banach algebra elements T = (T1, T2, . . . , Tn) ∈ Gn
([3, Definition 11.1.2]):

πleftG (T ) = {λ ∈ Cn :
n⋂
j=1

(LTj − λjI)−1(0) 6= {0}}

and

πrightG (T ) = {λ ∈ Cn :
n⋂
j=1

(RTj − λjI)−1(0) 6= {0}}.

Also the left and the right approximate point spectrum of T in G are the simulta-
neous approximate eigenvalues of the same operators

τ leftG (T ) = {λ ∈ Cn : inf
‖U‖≥1

n∑
j=1

‖(Tj − λjI)U‖ = 0}

and

τrightG (T ) = {λ ∈ Cn : inf
‖U‖≥1

n∑
j=1

‖U(Tj − λjI)‖ = 0}.

The one way spectral mapping theorem ([3, Theorem 11.2.2]) says that there is
inclusion, for each ω = πleft, πright, τ left, τright,

fωG(T ) ⊆ ωGf(T ),(0.3)

for m-tuples of non-commutative polynomials f : Gn → Gm, with equality ([3, The-
orem 11.3.4]) when ω = τ left, τright for commuting systems T ∈ Gn. In particular,
in the situation of (0.2), we look at pairs

(La, Rb) ∈ E2 = BL(M,M)2 , (Ra, Lb) ∈ F 2 = BL(N,N)2.

The one way spectral mapping theorem gives inclusion

πleftE (La, Rb) ⊆ πleftA (a)× πrightB (b) and πleftF (Ra, Lb) ⊆ πrightA (a)× πleftB (b),
(0.4)

and also

τ leftE (La, Rb) ⊆ τ leftA (a)× τrightB (b) and τ leftF (Ra, Lb) ⊆ τrightA (a)× τ leftB (b).(0.5)

Further, if the algebra G is prime then there is equality in (0.4), and if the algebra
G is ultraprime there is equality in (0.5). Remark that if the algebra G = ( A M

N B )
is prime, then the analagous condition holds between a ∈ A and b ∈ B acting on
the spaces M and N

LaRb = 0 or RaLb = 0 =⇒ a = 0 or b = 0;(0.6)

for notice (
a 0
0 0

)(
a′ m′

n′ b′

)(
0 0
0 b

)
=
(

0 am′b
0 0

)
;(

0 0
0 b

)(
a′ m′

n′ b′

)(
a 0
0 0

)
=
(

0 0
bn′a 0

)
.
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In effect if the algebra G is prime, then so is the induced category of four “objects”
{A,M,N,B}. In the same way ultraprimeness for G transfers to ultraprimeness
for {A,M,N,B}.

In this generality the disjointness of partial spectra σ(a) and σ(b) says something
stronger than double commuting about the projection Q:

1. Theorem. a ∈ A and b ∈ B have disjoint spectra

σA(a) ∩ σB(b) = ∅(1.1)

if and only if Q is a holomorphic function of T :(
1 0
0 0

)
∈ Holo

(
a 0
0 b

)
.(1.2)

Proof. Here we write Q ∈ Holo(T ) to mean that Q = f(T ) with f holomorphic
on some open neighbourhood of the spectrum σ(T ), where f(T ) is given by the
holomorphic functional calculus ([3, Definition 9.7.1]) based on the Cauchy integral
formula. If (1.2) holds, then f(a) = 1 and f(b) = 0 so that σ(a) ⊆ f−1(1) and
σ(b) ⊆ f−1(0) lie in disjoint sets, which gives (1.1). Conversely if (1.1) holds,
then so does (1.2), with f = χK the characteristic function of the spectral set
K = σ(a) ⊆ σ(a) ∪ σ(b) = σ(T ).

It is clear from the functional calculus that holomorphic functions of a Banach
algebra element lie in the double commutant, so that we can expect the double
commutant condition to be somewhat weaker than the disjointness of the full spec-
tra.

2. Theorem. If a ∈ A and b ∈ B have disjoint approximate point spectra, in the
sense that

τ leftA (a) ∩ τrightB (b) = ∅ = τrightA (a) ∩ τ leftB (b),(2.1)

then Q is in the double commutant of T :(
1 0
0 0

)
∈ comm2

G

(
a 0
0 b

)
.(2.2)

If in particular the algebra G is prime, then conversely this implies that point spectra
are disjoint:

πleftA (a) ∩ πrightB (b) = ∅ = πrightA (a) ∩ πleftB (b).(2.3)

Proof. If (2.2) holds, then

commG

(
a 0
0 b

)
⊆ commG

(
1 0
0 0

)
=
(
A 0
0 B

)
⊆ G.(2.4)

Now from (2.4) follow the implications(
0 u
0 0

)
∈ commG

(
a 0
0 b

)
=⇒ u = 0 and

(
0 0
v 0

)
∈ commG

(
a 0
0 b

)
=⇒ v = 0.

In words the operators La −Rb : M →M and Ra − Lb : N → N are one-to-one:

0 6∈ πleftE (La −Rb) and 0 6∈ πleftF (Ra − Lb).(2.5)

Now the one way spectral mapping theorem (0.3) says

{λ− µ : (λ, µ) ∈ πleftE (La, Rb)} ⊆ πleftE (La −Rb) and
{λ− µ : (λ, µ) ∈ πleftF (Ra, Lb)} ⊆ πleftF (Ra − Lb),

(2.6)
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and this with the prime condition (equality in (0.4)) gives disjointness (2.3). Con-
versely the condition (2.5), and a fortiori the stronger condition

0 6∈ τ leftE (La −Rb) and 0 6∈ τ leftF (Ra − Lb),(2.7)

is sufficient for the double commutivity (2.4), and then (2.7) follows from (2.1).
Neither primeness nor ultraprimeness is needed at this stage, but we do need the
two-way spectral mapping theorem for τ so that there is equality in (0.3):

{λ− µ : (λ, µ) ∈ τ leftE (La, Rb)} = τ leftE (La −Rb) and
{λ− µ : (λ, µ) ∈ τ leftF (Ra, Lb)} = τ leftF (Ra − Lb).

(2.8)

The condition (2.5) is equivalent to the condition (2.4) and hence also (2.2),
but possibly stronger than the disjointness (2.3): suppose for example b = a with
πleft(a) = ∅. A specific example would be the forward shift. When the algebra G is
ultraprime however the conditions (2.1) and (2.7) are the same. A feeble intimation
of the disjointness (1.1) follows (cf. [6, (11.2)]) from the disjointness of the point
spectra, and hence from the double commutant condition (2.2):

σleftA (a) ∩ σrightB (b) ⊆ σrightA (a) ∪ σleftB (b) and

σrightA (a) ∩ σleftB (b) ⊆ σleftA (a) ∪ σrightB (b).

Even in finite dimensions the double commutant condition (2.2), and hence also
the disjointness condition (1.1), need not hold ([8] Example 3.1). Provided the
disjointness condition (1.1) is satisfied, the idempotent Q = ( 1 0

0 0 ) of (1.2) and (2.2)
is the only projection commuting with the element T = ( a 0

0 b ) ∈ G which induces
the correct spectra for the elements a ∈ A and b ∈ B: for if P is another, then by a
joint spectrum argument ([5] (6.7)) the spectrum of each of the projections Q−QP
and P −QP reduces to {0}. The arguments that (1.2) implies (1.1) and that (2.1)
implies (2.2) are due to Koliha [8], in the finite dimensional case, where of course
(1.1) and (2.3) are equivalent. Implication (2.1)=⇒(2.2) is also a consequence of
Rosenblum’s theorem ([10, Corollary 0.14]). For matrices we can actually deploy
the Euclidean algorithm to show [7], [9] that the idempotent ( 1 0

0 0 ) is a polynomial
function of the operator ( a 0

0 b ). Also in the finite dimensional case the equivalence
between (1.2) and (2.2) is a deep theorem (cf. [8, Theorem 5.1], [13, page 106], [12,
Theorem 1.7.3]) which does not however survive in infinite dimensions.

3. Example. If A = B = M = N = BL(X,X) is the algebra of bounded opera-
tors on the sequence space X = `2 and if u ∈ A is the forward shift (ξ1, ξ2, ξ3, . . . ) 7→
(0, ξ1, ξ2, . . . ), then (

1 0
0 0

)
∈ comm2

(
u 0
0 1− u

)
(3.1)

but (
1 0
0 0

)
6∈ Holo

(
u 0
0 1− u

)
.(3.2)

Proof. Necessary and sufficient for ( a mn b ) to commute with ( u 0
0 1−u ) is that a and b

commute with u while x = m and x = n satisfy the equation

ux+ xu = x.(3.3)
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Since the operator I − Lu − Ru is one-to-one this forces m = n = 0. To see this
recall the backward shift v ∈ A, so that vu = 1 6= uv: now if ux + xu = x and
w ∈ A is arbitrary we claim that there is implication

x = wx =⇒ (1− uwv)x(1 − u) = 0 =⇒ x = uwvx.(3.4)

The first implication here is elementary algebra, and the second follows because
1 − u ∈ A has dense range. By induction, starting with w = 1, it follows that if
ux+ xu = x, then

x = unvnx ∈ unA for each n ∈ N,(3.5)

so forcing x = 0. Thus we have (3.1): for (3.2) observe

1 ∈ σ(u) ∩ σ(1 − u) 6= ∅(3.6)

and recall Theorem 1.

If we write T = ( a 0
0 b ) as in (0.2) and define P : G→ G by setting

P(
(
a′ m′

n′ b′

)
) =

(
a′ 0
0 b′

)
,(3.7)

then the commutant condition (2.4) can be written in the form

(LT − RT )−1(0) ⊆ P(G),(3.8)

which is of course equivalent to the spectral condition (2.5). The stronger spec-
tral condition (2.7) should therefore be equivalent to a strengthened version ([3,
Definition 10.3.1]; cf. [3, (9.5)]) of the “exactness” (3.5):

4. Theorem. With the notation (3.4), necessary and sufficient for the boundedness
below (2.7) is that there are k > 0 and h > 0 for which: for arbitrary U ∈ G there
is (Vn) in G for which

lim sup
n
‖U −P(Vn)‖ ≤ k‖(LT −RT )(U)‖ with sup

n
‖Vn‖ ≤ h‖U‖.(4.1)

Proof. We claim that (2.7) is equivalent to the following “comparison” (cf. [3, Def-
inition 10.1.1]): there is k > 0 for which

‖(I−P)(·)‖ ≤ k‖(LT −RT )(·)‖ on G.(4.2)

To see this observe, for arbitrary a′,m′, n′, b′,

‖
(

0 m′

n′ 0

)
‖ ≤ k‖

(
0 am′ −m′b

bn′ − n′a 0

)
‖ ≤ k‖

(
aa′ − a′a am′ −m′b
bn′ − n′a bb′ − b′b

)
‖.

This proves that the boundedness below (2.7) is sufficient for the operator majoriza-
tion (4.2), taking the norm of an operator matrix to be the maximum of the norms
of its entries. Conversely apply LT − RT to ( 0 m′

0 0 ) and to ( 0 0
n′ 0 ). It is clear that

(4.2) is sufficient for (4.1): take Vn = U for each n ∈ N. Conversely if (4.1) holds,
then premultiply by P and subtract to obtain (4.2), with (1 + ‖P‖)k in place of
k.

Even stronger than (4.1) is “split exactness”:
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5. Theorem. With the notation of (3.4), disjointness

σleftA (a) ∩ σrightB (b) = ∅ = σrightA (a) ∩ σleftB (b)(5.1)

implies that there are U and V on G for which

V(LT −RT ) + PU = I,(5.2)

which in turn, provided G is ultraprime, implies disjointness (2.1).

Proof. We prove that left invertibility

U(La −Rb) = I ∈ E and V (Lb −Ra) = I ∈ F(5.3)

is equivalent to the factorization

I−P = W(LT −RT ) :(5.4)

certainly if (5.3) holds, then so does (5.4), with

W
(
a′ m′

n′ b′

)
=
(

0 Um′

V n′ 0

)
.

Conversely if (5.4) holds we can extract U ∈ E and V ∈ F from(
∗ Um′

∗ ∗

)
= W

(
0 m′

0 0

)
and

(
∗ ∗
V n′ ∗

)
= W

(
0 0
n′ 0

)
.

It is clear that spectral disjointness (5.1) is sufficient for left invertibility (5.3), and
that the factorization (5.4) is stronger than the majorization (4.2). Majorization
(4.2) is equivalent to boundedness below (2.7), which if G is ultraprime implies
disjointness (2.1).

Spectral disjointness (5.1) says something about the spectra of triangular matri-
ces extending ( a 0

0 b ) [1], [2]:

6. Theorem. If a ∈ A, b ∈ B and m ∈M are arbitrary, then there is inclusion

σleftA (a) ∪ σrightB (b) ⊆ σG
(
a m
0 b

)
⊆ σA(a) ∪ σB(b)

⊆ σG
(
a m
0 b

)
∪ (σrightA (a) ∩ σleftB (b)),

(6.1)

with

∂(σA(a) ∪ σB(b)) ⊆ σG
(
a m
0 b

)
.(6.2)

If a ∈ A and b ∈ B are arbitrary, then the following are equivalent:(
a m
0 b

)
∈ G−1 is invertible for some m ∈M ;(6.3)

there are a′ ∈ A and b′ ∈ B for which

a′a = 1 ∈ A and bb′ = 1 ∈ B(6.4)

with similarity of complementary idempotents

1− aa′ ∼ 1− b′b.(6.5)
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Proof. This is very elementary. We observe ([4, Theorem 3.1])

σleftA (a) ⊆ σleftG

(
a m
0 b

)
⊆ σleftA (a) ∪ σleftB (b),

σrightB (b) ⊆ σrightG

(
a m
0 b

)
⊆ σrightA (a) ∪ σrightB (b)

and ([4, Theorem 3.2])

σrightA (a) ⊆ σrightG

(
a m
0 b

)
∪ σleftB (b)

and

σleftB (b) ⊆ σleftG

(
a m
0 b

)
∪ σrightA (a).

This gives (6.1). Then for (6.2) we argue ([3, Theorems 7.10.3, 9.3.3])

∂(σA(a) ∪ σB(b)) ⊆ ∂σA(a) ∪ ∂σB(b) ⊆ σleftA (a) ∪ σrightB (b).

If (6.3), then ( a m0 b ) has a two-sided inverse ( a
′ m′

n′ b′
) ∈ ( A M

N B ), so that matrix mul-
tiplication gives (6.4) and

1− aa′ = mn′ ∈ A and 1− b′b = n′m,(6.6)

which is the similarity (6.5). Conversely if (6.4) and (6.6) hold, then 1 − b′b and
1 − aa′ are idempotents, and (6.6) continues to hold with (1 − b′b)n′(1 − aa′) in
place of n′. Thus without loss of generality we may assume

n′ = (1− b′b)n′ = n′(1− aa′),
so that

bn′ = 0 = n′a

and hence(
a′ 0
n′ b′

)(
a m
0 b

)
=
(

1 a′m
0 1

)
and

(
a m
0 b

)(
a′ 0
n′ b′

)
=
(

1 mb′

0 1

)
are both invertible, giving (6.3).

From (6.1) it follows (cf. [10, Corollary 0.15]) that

σrightA (a) ∩ σleftB (b) = ∅ =⇒ σG

(
a m
0 b

)
= σG

(
a 0
0 b

)
.(6.7)

The spectral theory argument ([6, Lemma 3, Theorem 4]) says that the “co approx-
imate point spectrum” or defect spectrum of the multiplication operator La − Rb
on M is given by the algebraic difference between the right and left spectra of a
and b:

τrightE (La −Rb) = σrightA (a)− σleftB (b).(6.8)

If their intersection is empty it follows that La − Rb : M → M is onto, and hence
that the upper triangular ( a m0 b ) is similar to the diagonal ( a 0

0 b ). We take the
opportunity to point out a misprint in the statement of Theorem 4 of [6]: on the
right hand sides of the second parts of [6] (4.2) and (4.3) the τ and the π should
be σ.
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We conclude with a slight extension of Wermuth’s theorem [14] about commuting
exponentials, adapting the argument of Schmoeger [11]:

7. Theorem. If the left and right approximate point spectra of a ∈ A and b ∈ B
are “mutually 2πi-congruence-free”, in the sense that

λ ∈ τ leftA (a), µ ∈ τrightB (b), eλ = eµ =⇒ λ = µ,(7.1)

then there is equality

(Lea −Reb)−1(0) = (La −Rb)−1(0) ⊆M.(7.2)

If in particular (7.1) holds with A = B and a = b = c and also with a = b = c′,
then there is the implication

ec
′
ec = ecec

′
=⇒ c′c = cc′.(7.3)

Proof. Recall, following Schmoeger [11], the “difference quotient” δαf of a holo-
morphic function f : U → C at a point α ∈ U :

(δαf)(λ) =
f(λ)− f(α)

λ− α if λ 6= α, = f ′(α) if λ = α.(7.4)

Evidently δαf : U → C is holomorphic on the same set as f . When in particular
f = exp is the exponential function notice that if λ 6= µ are distinct points of C
there is the equivalence

eλ = eµ ⇐⇒ (δ0 exp)(λ− µ) = 0.(7.5)

Now the formula (7.4) says that, with ϕ = δ0 exp,

Rebϕ(La −Rb)(La −Rb) = (Lea −Reb).(7.6)

By (2.8) and (0.3) we have inclusion

πleftE ϕ(La −Rb) ⊆ τ leftE ϕ(La −Rb) = ϕτ leftE (La −Rb) ⊆ ϕ
(
τ leftA (a)− τrightB (b)

)
.

Thus the condition (7.1), together with the equivalence (7.5), ensures that the
operator ϕ(La−Rb) is bounded below, in particular one-to-one. This in the formula
(7.6) gives the inclusion (7.2). Specialising to A = B = M and a = b = c gives the
inclusion

commA(ec) ⊆ commA(c) ⊆ A.
In particular there is implication, for arbitrary c′ ∈ A,

ec
′
ec = ecec

′
=⇒ ec

′
c = cec

′
;

but if also the condition (7.1) holds with a = b = c′ there is also the implication

ec
′
c = cec

′
=⇒ c′c = cc′.

References

1. Hong-Ke Du and Jin Pan, Perturbation of spectrums of 2× 2 operator matrices, Proc. Amer.
Math. Soc. 121 (1994) 761-766. MR 94i:47004

2. Jin Kyu Han, Hong Youl Lee and Woo Young Lee, Invertible completions of 2 × 2 upper
triangular operator matrices, Proc. Amer. Math. Soc. 128 (2000) 119-123. MR 2000c:47003

3. R.E. Harte, Invertibility and singularity, Dekker New York 1988. MR 89d:47001

4. R.E. Harte, Invertibility and singularity for operator matrices, Proc. Royal Irish Acad. 88A
(1988) 103-118. MR 90a:15019

5. R.E. Harte, Unspectral sets, Rendiconti del Circ. Mat. Palermo 56 (1998) 69-77. CMP 2000:01

http://www.ams.org/mathscinet-getitem?mr=94i:47004
http://www.ams.org/mathscinet-getitem?mr=2000c:47003
http://www.ams.org/mathscinet-getitem?mr=89d:47001
http://www.ams.org/mathscinet-getitem?mr=90a:15019


190 ROBIN HARTE

6. R.E. Harte and C. Hernandez, On the Taylor spectrum of left-right multipliers, Proc. Amer.
Math. Soc. 126 (1998) 397-404. MR 98e:46057

7. K. Hoffman and R. Kunze, Linear algebra, Prentice Hall New York 1971. MR 43:1998
8. J.J. Koliha, Block diagonalization, Mathematica Bohemica (to appear).
9. R.R. London and H.P. Rogosinski, Decomposition theory in the teaching of elementary linear

algebra, Amer. Math. Monthly 97 (1990) 478-485. MR 91d:15022
10. H. Radjavi and P. Rosenthal, Invariant subspaces, Springer New York 1973. MR 51:3924
11. Ch. Schmoeger, Remarks on commuting exponentials on Banach algebras, Proc. Amer. Math.

Soc. 127 (1999) 1337-1338. MR 99h:46090
12. D. A. Suprunenko and R.I. Tyshkevich, Commutative matrices, Academic Press New York

1968.
13. J. H. M. Wedderburn, Lectures on matrices, AMS Colloq. Publ. 17, Amer. Math. Soc. Prov-

idence 1934.
14. E. M. E. Wermuth, A remark on commuting operator exponentials, Proc. Amer. Math. Soc.

125 (1997) 1685-1688. MR 97g:39011

School of Mathematics, Trinity College, Dublin 2, Ireland

E-mail address: rharte@maths.tcd.ie

http://www.ams.org/mathscinet-getitem?mr=98e:46057
http://www.ams.org/mathscinet-getitem?mr=43:1998
http://www.ams.org/mathscinet-getitem?mr=91d:15022
http://www.ams.org/mathscinet-getitem?mr=51:3924
http://www.ams.org/mathscinet-getitem?mr=99h:46090
http://www.ams.org/mathscinet-getitem?mr=97g:39011

	Introduction
	References

