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ABSTRACT. We show that counting functions of covers of C* are equal to sums
of integrals associated to certain ‘Feynman’ graphs. This is an analogue of the
mirror symmetry for elliptic curves.

1. INTRODUCTION AND MAIN RESULT

According to Mirror Symmetry, it is believed that various counting functions on
Calabi-Yau manifolds are related to period integrals on their mirror families. One
case where the relation is well understood is that of 1-dimensional compact Calabi-
Yau manifolds, that is, elliptic curves. In [D], it is shown that the counting function
of simply ramified finite coverings of an elliptic curve is equal to the partition
functions in fermionic and bosonic field theories on the mirror family.

We can also consider non-compact but algebraic analogues of Calabi-Yau mani-
folds. The simplest one is C*: we regard it as an ‘open Calabi-Yau manifold’ since
it has a nowhere vanishing holomorphic 1-form dz/z that has only logarithmic poles
at 0 and co. We consider the following enumerative problem and show that the
resulting functions are equal to bosonic partition functions on C*.

Definition 1.1. Let b be a nonnegative integer and k,l,d1,...,dg, €1, ..., € posi-
tive integers. We consider C* as P* \ {0, 00} and take distinct points P, ..., P, €
C* and sufficiently small circles v and 7’ around 0 and oo respectively. Let § (resp.
8’) be the disjoint union of d;-ple (resp. e;-ple) covers of v (resp. +'), and let
p:d — C* (resp. p' : ¢/ — C*) be the natural map.

Then we define np.4,.....dy:er,....e; to be the number of isomorphism classes of
quadruples (C,m,4,4") where:

e (' is a possibly non-connected smooth curve,

e 7 :(C — C* is a finite covering that is simply ramified over Py, ..., P, (i.e.,

exactly one branch maps with degree 2) and unramified elsewhere, and

e i:0—Candi :§ — Csatisfy roi=pand mroi =p'.

Here, an isomorphism of (Cy,m,i1,4)) and (Cay,ma,ia,i5) is an isomorphism
f:Cy — Cy such that my o f =, foi; =i and f o} =i).

Definition 1.2. Let Fp 5 (21, ..., 2k; w1, ..., w;) be the generating function
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FIGURE 1.

Remark 1.3. (1) The number np.d, ... dgier,....e, 1S Donzero only if > d; = > e;.
Thus, Fp 1, is homogeneous of degree 0.
(2) If k414 b is odd, we have Fy ;= 0.

For bosonic interpretation, we consider the following ‘Feynman’ graphs. Figure
[[] shows examples.

Definition 1.4. Let b be a nonnegative integer and k,l positive integers. We
consider sets Vi = {z1,...,2k}, Vo = {z1,..., 2}, V3 = {wr,...,w;} and V =
ViLIVa L1 Vs.

We define a partial ordering on V as follows: for v,v’ € V, v < v’ if and only if
veV, v eVywithi<i orv=ux;v =z and j < j'.

Let E be a set and v, vy, maps E — V. Then V and E defines an oriented
graph. Now we define G 1; as the set of graphs satisfying:

o for any e € E, vi,(€) < vpin(e),
#{e € Elvin(e) = z:} = 1,
{#{e € E|vin(e) = z;},#{e € Elvsin(e) = x;}} = {1,2}, and
#{e € E|vfin(e) =w;} = 1.
We define an isomorphism of graphs (E, vin,vsin) and (E', v} U}m) to be a

» Yino

bijection of E and E’ that commutes with vy, vfin and v}, ’U}m'
The following is our ‘Bosons’ formula.

Theorem 1.5. In the notations of Definition[I.4] we regard elements of V' as vari-
ables. Then, if max{|z]|} < < -+ <rp < min{|w;|}, we have

T
Fyralzr, .z wr, . w) = Z #Trt(l“)’
[T]eGy k1

where, for I' = (E, Vin,Vfin), I is defined as
b

dx; Vin(€)vgin(€)
.H (j{z—r 277\/—_1%) eH (vin(€) — vrin(e))?’

=1 ek
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Remark 1.6. Consider a graph as in Definition [[4] with the condition
{#{e € Elvin(e) = @i}, #{e € Elvsin(e) = zi}} = {1,2}
replaced by
{#{e € Elvin(e) = z:}, #{e € Elvfin(e) = xi}} = {0,3}.

For such a graph, the integral in Theorem[TH is 0 since all the poles of the integrand
with respect to z; are either all contained in |z;| < r; or in |x;| > r;.

Thus, Fy 1 is also equal to the sum of the integrals as in Theorem over the
set of isomorphism classes of graphs I' with ‘incoming’; ‘intermediate’ and ‘outgo-
ing’ vertices z1,...,2k; T1,...,Tp; W1, ..., w; — ordering of intermediate vertices is
essential — satisfying the following conditions:

e the graph has no loops, that is, the two end points of any edge are not the
same vertex,

e each vertex x; has three edges connected,

e each z; is connected to exactly one of x1,...,xp, w1, ..., w; and each w; is
connected to exactly one of z1,..., Ty, 21, .., 2k-

Remark 1.7. (1) As for ‘Fermions’ formula in [D], it is straightforward to modify
the arguments in §5 of [D] to prove the following formula:

[*S) )\b . .
Y Bl =1 D @ e
b=0

pEL>0+1/2 pEL>0+1/2

[O] shows that the generating function for all ny.q, .. dyes,....e, s satisfies the Toda
lattice hierarchy of Ueno and Takasaki.

(2) The related problem of counting the numbers of covers of P! with arbitrary
ramification over oo, called Hurwitz numbers, is also being actively studied (see, for
example, [SSV], [V]], |GJ1], [G.J2]). This can be seen as an analogue of enumeration
of curves in Fano manifolds, and as in the case of Fano manifolds, some recursive
formulas are known.

(3) In dimension 2, the author counted curves of degree up to 8 in an affine cubic
surface which are images of morphisms from an affine line ([T1]), and interpreted
those numbers from the viewpoint of mirror symmetry of log surfaces ([T2]).

2. PROOF

Now we prove Theorem [[L] We use notations in Definitions [[LT] and [T.4]
Let dy,...,d; and eq,...,e; be positive integers such that " d; = > e; = d. We

reWrite Np.dy ... dyser,....e; s in §4 of [DJ.

Definition 2.1. We denote the group of permutations of {1,...,d} by Sy.

Let CL = 23:1 d;, and let 0q, ... 4, € Sq be the permutation
(do+1 ... d)(di+1 ... do).-- (dp_1+1 ... dy).

We define é; and oy, .. ., in the same way.

For 0,7 € Sy, we write 07 = 771 1

OT =TOOOT .

Lemma 2.2. N4, . dger,....e, 15 the number of sequences (g1, ..., g, T), where g; €

Sa are transpositions and T € Sq, such that gy.--- .g1.04,....dp = (Tey,..e)" -
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FIGURE 2.

Proof. We may take v = {|z| = 70}, v/ = {|2| = 1} and P; = z;¢*V~1, where
O<rog<zy <---<xp <rpand 0 < e 1. Also choose r; with x; < r; < ;41 for
i=1,...,b—1. Then, let v; be the cycle that starts at ry, goes to r;, then runs on
|z| = r; counterclockwise and goes back to 7o (see Figure [2).

We choose a numbering of p~!(rg), where p : § — C* is as in Definition [LT]
such that the monodromy of p along 7 is 04, ... 4,. Similarly, for p'~!(rp), we give
a numbering so that the monodromy along the circle |z| = 1}, counterclockwise, is
Oer,..er-

Let (C,m,i,i") be given. Then, we can talk of monodromy g; € Sy of 7 along
vi- Then g; := §;g,_ !, is a transposition, since it is the monodromy of the simple
ramification over P;. Also, let 7 € Sy be the permutation defined by the path from
7 to 7o and numbering of p'~*(ry) and p~!(rp). Then, we have gp. - -+ .g1.04, .. .4, =
g = (O-elwuyel,)T'

Conversely, such (g1, ..., gy, 7) defines (C, 7, 1,i’). O

We associate a graph to each (g1,...,9p,7) as in the above lemma.

Definition 2.3. Let (g1,...,9s,7) be as in the above lemma. For ¢ =0,...,b, let
E; be the set of cyclic components of g;.- - .g104,,....dy -

Let ~ be the equivalence relation on [[ E; generated by the following relation:
for o € E; and ¢’ € E;41, 0 ~ ¢’ if 0 = ¢’ as elements of Sy.

Then let E = [[E;/ ~. For an element e = {0y,,0iy+1,---,04 ; of E, where
0; € E;, we define v, (e) to be x;, if ig > 0 and vfin(e) to be a;,4q if ¢4 < b. If
ip = 0, we take v to satisfy o¢g = (Jv,l +1 ... Jv) and let v;,(e) = z,, and
similarly if i, = b, we take v with 0, = (6,1 +1 ... &,)7 and let vy, (e) = w,.

We say (g1, .., gp, 7) belongs to (the isomorphism class of) (E, vin, Ufin ).
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Remark 2.4. In the situation of the above lemma and definition, F; is naturally in
one-to-one correspondence with the set of connected components of 7= ({|z] = r;}).
The graph defined describes how these cycles meet and break.

Lemma 2.5. The isomorphism class of (E, Vin,Vfin) defined in Definition 223 be-
longs to G i

Proof. We use notations in Definition 2:3]

If 0, € E; and e is the equivalence class of o;, then v;,(e) = z; if and only if g;
and o; intersect and vyin(e) = xi41 if and only if o; and g, intersect.

There are either one or two cyclic components of g;—1.- -+ .g104,,....a, that inter-
sect g;, since g; is a transposition. If there is only one, say ¢;_1, then two compo-
nents of g;.--- .g104,,....4, intersect g;, i.e. the two components of g;o;_1. In this
case, we have #{e € Elvin(e) = z;} = 2 and #{e € E|vsin(e) = x;} = 1. If there
are two, 0;_1 and o}_y, then g;0y_10}_, is the sole component of g;.- -+ .g104,,....d,
that intersects g;, and we have #{e € E|vin(e) = x;} = 1, #{e € Elvpin(e) =
337,} = 2.

The other properties are easy to see. O

Definition 2.6. For a graph I' = (E, v, Utin), let nryd,,.. dyses,...,e, De the number

of sequences (g1,...,9s,7), where g; are transpositions and 7 € Sy, such that
Gb-- " -91.0dy,...dy = (Tes,...e,)” and that the associated graph is isomorphic to I'.
Also, let
. _ d d —e —ey
Fr(z1, ...y 2p5w1,. .. wp) = E NDsdy . dpier,oner 21 00 Zprwy o

From the two lemmas above, it suffices to prove the following to prove Theorem

Proposition 2.7. Let I' be a graph whose isomorphism class belongs to Gy .
Then, if max{|z;|} < min{|w;|}, we have

Ir
F(Zla y 2Ky W1, ,U}l) #Aut(F)’
where, as in Theorem [I.3,
b
dx; Vin(€)vgin(e)
Ir* = % —_— 5
11 ( . 2wr—1xi> N EemeErme):

with max{|z|} <r4 <--- <1y < min{|w;|}.
We prove the proposition by induction on b.
Claim 2.8. Proposition [2.7 holds for b = 0.

Proof. In this case, we have k = [ and I' connects z; to wy(;) for some o € Si. By
symmetry, we may assume o = id. Then, 7 € Sy satisfies 04, a, = (Ceq,....ex)”
and the associated graph is isomorphic to I' if and only if d; = e; and

(dia+1 ... d)=(E1+1 ... &)
fori=1,...,k. When d; = e;, the number of such 7 is [[ d;. Now
o0
d; digy=diy — T —2%
d 2;—11_[ H(Zz v H (zi —w;i)?
17~~~, k—

proves the claim. O
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Claim 2.9. If Proposition [Z7] holds for b = n, it holds for b =n + 1.

Proof. Let T' = (E, Vi, Vfin) be an element of Gp41 k.-

Case (1): #{e € Elvin(€) = xpny1} = 1.

By symmetry, we may assume vy, (€) = w;. There are two edges €, ¢’ such that
vrin(€') = vpin(€”) = Tpy1. Let IV € G, k141 be the graph obtained by removing
Zn+1 and connecting €’ to w; and e’ to wyy.

Write ¢; = 22:1 ej. If (g1,...,Gn+1,7) belongs to I and gpt1.- -+ .0104,,....dp =
(Cey.....e;)7, then there exist 7/ € Sy with 7/(7) = 7(i) for 0 < ¢ < &,_1 and positive
integers e;, ; , with ej+e;, , = e;suchthat g,,.--- .g104,,....4;, = (061,“,’81_1’4,6;“)71
and that (g1,...,gn,7") belongs to I, as is easily seen from the definition.

Let e1,...,e;—1,€;, €, be positive integers with Eﬁ: e; +e;+ep =d. Then,
let X, be the set of (g1,...,gn,t1,...,ts_,) such that there exists 7/ € Sy with
the property that /(i) = £:(0 < i < 1), gu - -010dsrny = Terrrcrsctet,s)”
and that the graph associated to (g1,...,gn,7’) is isomorphic to I".

If vin(e') # vin(e”) or e; # €y, 7" maps (¢_; +1 ... &) to the cyclic
component of gn.---.g1.04, .4, connected to v;,(e’), and (€; +1 ... &) to
the one connected to vy, (e”). If €] # €}, 7/ maps (_; +1 ... &) and (& +
1 ... &) tocyclic components of lengths e; and e; ;, respectively. Thus there
are e;.ej,, choices for 7" in these cases and we have NTidy,.disereei—1,e) ey —
#Xe;,egﬂ.e;.egﬂ. If vin(e') = vin(€”) and €] = €j,, hold, then it is Q#X%eiﬂ.e;z.

On the other hand, for each (g1,...,9n,t1,...,t5_,) € Xeel, 1 there are ejej

!
Clt1
!

transpositions g,y1 for which there exists 7 with 7(i) = ¢; for 0 < ¢ < &1 such
that (g1,...,gns1,7) belongs to I'. The number of such 7 is ¢; := e; + ¢, ;, and we
have

_ ’r
Nidy,...,dgsers....er = E #Xef,€f+1'el'el'el+1'

Here the sum is taken over different X€276?+1 's with e +ej,, = ;.

. / / : 3 . N
Noting that Xei,ei“ and Xeg+1,eg are the same for e; # e, if and only if v;, (e') =
vin (€"), we see
nl";dl,...,dk;el,...,el = E elnrl;dl,...7dk;el,...,6171,62,€;+1
ejtej =€

if vin(€') # vin(e’) and

1
N0idy,... dikser,....e; — 5 E elnr/§d17~~~,dk§el7~~~g€l—175;:€2+1

erte 1 =el
if v (e") = vin(e”).
Finally, since
dx Twy
Ir‘ = % 27“/__155 (QC _wl)2IF’(Zl7-- <5 Rk W1, - .,wl_1,$,$)

holds,

% dx T 21‘_6;.1?_62'*'1 = elwl_el

2my/—1z (. — wy)

proves the assertion.
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Case (2): #{e € Elvin(€) = Tny1} = 2.

By symmetry, we may assume that w;_; and w; appear as vy;,(e). Let e’ be
the edge such that vy, (€') = xp41. Let IV € Gy k-1 be the graph obtained by
removing Z,+1 and connecting €’ to w;_1.

As in Case (1), if (g1,...,9n+1,7) belongs to I' and gny1.--- .0104y,....dy =
(Cey,....e;)7, then there exists 7/ € Sy such that g, - -+ .g104,,.. .4, = (0617.“,6172762)7/,
where €] = e;_1 + ¢;, and that (g1,...,gn,7’) belongs to I'.

For positive integers e, ..., e;—2,€;_; with Zij ei+e;_; =d, let X bet the set
of (g1,..-,9n,t1,...,ts_,) such that there exists 7/ € Sy with the property that
7)) =t;(0<4<é-2), gn-*** -G1.0dy,....dy = (061,“,’81_2’62_1)7/ and that the graph
associated to (g1,...,gn,7’) is iSomorphic to I".

Then there are e;_; such 7/, and nrv.4,,. dyies .. is #X.e]_,.

On the other hand, for e;_; and e; with e;—1 + ¢; = e]_;, the number of pairs
(gn+1,7) with 7(i) = ¢;(0 < ¢ < €_2) such that (g1,...,9gn+1,7) belongs to I' is
e;_, times e;_1e;: let (a1 ... ag_ ) be the cyclic permutation corresponding to
e/. Choose 1 < r < e, and let s be the residue of r + ¢; modulo ¢;_,. We
take gn4+1 to be (a, as), and then gp41.(a1 ... ae;_l) has cyclic components of
lengths e;_1 and e;, containing a, and as respectively. We can choose 7 so that the
two components equal (&;_2+1 ... &_1)" and (g_1+1 ... ¢&)7, respectively.

Thus we have

’
c€1—2,€1

A
NDdy,..odyier,ne) — HX-€1_1-€1-1.€] = €I_1€INT dy . dyser,....e|_,-

Since

dx TWi_1 Tw;
IF:% 211"’(21;---’Zk;w17---’wl—2,x)

2my/—1x (x — w;—1)? (x — wy)

holds in this case,

e AT yp e
9/ 1z (x — wi_1)? (x — w;)? I-1€1W;_y l

—
ej—1te;=e;_,

proves the assertion. [l
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