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MIRROR SYMMETRY AND C×

NOBUYOSHI TAKAHASHI

(Communicated by Ron Donagi)

Abstract. We show that counting functions of covers of C× are equal to sums
of integrals associated to certain ‘Feynman’ graphs. This is an analogue of the
mirror symmetry for elliptic curves.

1. Introduction and main result

According to Mirror Symmetry, it is believed that various counting functions on
Calabi-Yau manifolds are related to period integrals on their mirror families. One
case where the relation is well understood is that of 1-dimensional compact Calabi-
Yau manifolds, that is, elliptic curves. In [D], it is shown that the counting function
of simply ramified finite coverings of an elliptic curve is equal to the partition
functions in fermionic and bosonic field theories on the mirror family.

We can also consider non-compact but algebraic analogues of Calabi-Yau mani-
folds. The simplest one is C×: we regard it as an ‘open Calabi-Yau manifold’ since
it has a nowhere vanishing holomorphic 1-form dz/z that has only logarithmic poles
at 0 and ∞. We consider the following enumerative problem and show that the
resulting functions are equal to bosonic partition functions on C×.

Definition 1.1. Let b be a nonnegative integer and k, l, d1, . . . , dk, e1, . . . , el posi-
tive integers. We consider C× as P1 \ {0,∞} and take distinct points P1, . . . , Pb ∈
C× and sufficiently small circles γ and γ′ around 0 and∞ respectively. Let δ (resp.
δ′) be the disjoint union of di-ple (resp. ei-ple) covers of γ (resp. γ′), and let
p : δ → C× (resp. p′ : δ′ → C×) be the natural map.

Then we define nb;d1,...,dk;e1,...,el to be the number of isomorphism classes of
quadruples (C, π, i, i′) where:
• C is a possibly non-connected smooth curve,
• π : C → C× is a finite covering that is simply ramified over P1, . . . , Pb (i.e.,

exactly one branch maps with degree 2) and unramified elsewhere, and
• i : δ → C and i′ : δ′ → C satisfy π ◦ i = p and π ◦ i′ = p′.
Here, an isomorphism of (C1, π1, i1, i

′
1) and (C2, π2, i2, i

′
2) is an isomorphism

f : C1 → C2 such that π2 ◦ f = π1, f ◦ i1 = i2 and f ◦ i′1 = i′2.

Definition 1.2. Let Fb,k,l(z1, . . . , zk;w1, . . . , wl) be the generating function∑
nb;d1,...,dk;e1,...,elz

d1
1 . · · · .zdkk .w

−e1
1 . · · · .w−ell .
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b=4, k=l=1. b=3, k=2, l=1.

Figure 1.

Remark 1.3. (1) The number nb;d1,...,dk;e1,...,el is nonzero only if
∑
di =

∑
ei.

Thus, Fb,k,l is homogeneous of degree 0.
(2) If k + l + b is odd, we have Fb,k,l = 0.

For bosonic interpretation, we consider the following ‘Feynman’ graphs. Figure
1 shows examples.

Definition 1.4. Let b be a nonnegative integer and k, l positive integers. We
consider sets V1 = {z1, . . . , zk}, V2 = {x1, . . . , xb}, V3 = {w1, . . . , wl} and V =
V1

∐
V2

∐
V3.

We define a partial ordering on V as follows: for v, v′ ∈ V , v < v′ if and only if
v ∈ Vi, v′ ∈ Vi′ with i < i′ or v = xj , v

′ = xj′ and j < j′.
Let E be a set and vin, vfin maps E → V . Then V and E defines an oriented

graph. Now we define Gb,k,l as the set of graphs satisfying:
• for any e ∈ E, vin(e) < vfin(e),
• #{e ∈ E|vin(e) = zi} = 1,
• {#{e ∈ E|vin(e) = xi},#{e ∈ E|vfin(e) = xi}} = {1, 2}, and
• #{e ∈ E|vfin(e) = wi} = 1.
We define an isomorphism of graphs (E, vin, vfin) and (E′, v′in, v

′
fin) to be a

bijection of E and E′ that commutes with vin, vfin and v′in, v
′
fin.

The following is our ‘Bosons’ formula.

Theorem 1.5. In the notations of Definition 1.4, we regard elements of V as vari-
ables. Then, if max{|zi|} < r1 < · · · < rb < min{|wi|}, we have

Fb,k,l(z1, . . . , zk;w1, . . . , wl) =
∑

[Γ]∈Gb,k,l

IΓ
#Aut(Γ)

,

where, for Γ = (E, vin, vfin), IΓ is defined as
b∏
i=1

(∮
|xi|=ri

dxi

2π
√
−1xi

)∏
e∈E

vin(e)vfin(e)
(vin(e)− vfin(e))2

.
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Remark 1.6. Consider a graph as in Definition 1.4 with the condition

{#{e ∈ E|vin(e) = xi},#{e ∈ E|vfin(e) = xi}} = {1, 2}
replaced by

{#{e ∈ E|vin(e) = xi},#{e ∈ E|vfin(e) = xi}} = {0, 3}.
For such a graph, the integral in Theorem 1.5 is 0 since all the poles of the integrand
with respect to xi are either all contained in |xi| < ri or in |xi| > ri.

Thus, Fb,k,l is also equal to the sum of the integrals as in Theorem 1.5 over the
set of isomorphism classes of graphs Γ with ‘incoming’, ‘intermediate’ and ‘outgo-
ing’ vertices z1, . . . , zk;x1, . . . , xb;w1, . . . , wl — ordering of intermediate vertices is
essential — satisfying the following conditions:
• the graph has no loops, that is, the two end points of any edge are not the

same vertex,
• each vertex xi has three edges connected,
• each zi is connected to exactly one of x1, . . . , xb, w1, . . . , wl and each wi is

connected to exactly one of x1, . . . , xb, z1, . . . , zk.

Remark 1.7. (1) As for ‘Fermions’ formula in [D], it is straightforward to modify
the arguments in §5 of [D] to prove the following formula:

∞∑
b=0

Fb,1,1(q; 1)
λb

b!
=

 ∑
p∈Z≥0+1/2

qpeλp
2/2

 ∑
p∈Z≥0+1/2

qpe−λp
2/2

 .

[O] shows that the generating function for all nb;d1,...,dk;e1,...,el ’s satisfies the Toda
lattice hierarchy of Ueno and Takasaki.

(2) The related problem of counting the numbers of covers of P1 with arbitrary
ramification over∞, called Hurwitz numbers, is also being actively studied (see, for
example, [SSV], [V], [GJ1], [GJ2]). This can be seen as an analogue of enumeration
of curves in Fano manifolds, and as in the case of Fano manifolds, some recursive
formulas are known.

(3) In dimension 2, the author counted curves of degree up to 8 in an affine cubic
surface which are images of morphisms from an affine line ([T1]), and interpreted
those numbers from the viewpoint of mirror symmetry of log surfaces ([T2]).

2. Proof

Now we prove Theorem 1.5. We use notations in Definitions 1.1 and 1.4.
Let d1, . . . , dk and e1, . . . , el be positive integers such that

∑
di =

∑
ei = d. We

rewrite nb;d1,...,dk;e1,...,el as in §4 of [D].

Definition 2.1. We denote the group of permutations of {1, . . . , d} by Sd.
Let d̃i =

∑i
j=1 dj , and let σd1,...,dk ∈ Sd be the permutation

(d̃0 + 1 . . . d̃1)(d̃1 + 1 . . . d̃2). · · · .(d̃k−1 + 1 . . . d̃k).

We define ẽi and σe1,...,el in the same way.
For σ, τ ∈ Sd, we write στ = τ−1στ = τ ◦ σ ◦ τ−1.

Lemma 2.2. nb;d1,...,dk;e1,...,el is the number of sequences (g1, . . . , gb, τ), where gi ∈
Sd are transpositions and τ ∈ Sd, such that gb. · · · .g1.σd1,...,dk = (σe1,...,el)

τ .
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Figure 2.

Proof. We may take γ = {|z| = r0}, γ′ = {|z| = rb} and Pi = xie
ε
√
−1, where

0 < r0 < x1 < · · · < xb < rb and 0 < ε� 1. Also choose ri with xi < ri < xi+1 for
i = 1, . . . , b− 1. Then, let γi be the cycle that starts at r0, goes to ri, then runs on
|z| = ri counterclockwise and goes back to r0 (see Figure 2).

We choose a numbering of p−1(r0), where p : δ → C× is as in Definition 1.1,
such that the monodromy of p along γ0 is σd1,...,dk . Similarly, for p′−1(rb), we give
a numbering so that the monodromy along the circle |z| = rb, counterclockwise, is
σe1,...,el .

Let (C, π, i, i′) be given. Then, we can talk of monodromy g̃i ∈ Sd of π along
γi. Then gi := g̃ig̃

−1
i−1 is a transposition, since it is the monodromy of the simple

ramification over Pi. Also, let τ ∈ Sd be the permutation defined by the path from
rb to r0 and numbering of p′−1(rb) and p−1(r0). Then, we have gb. · · · .g1.σd1,...,dk =
g̃b = (σe1,...,el)

τ .
Conversely, such (g1, . . . , gb, τ) defines (C, π, i, i′).

We associate a graph to each (g1, . . . , gb, τ) as in the above lemma.

Definition 2.3. Let (g1, . . . , gb, τ) be as in the above lemma. For i = 0, . . . , b, let
Ei be the set of cyclic components of gi. · · · .g1σd1,...,dk .

Let ∼ be the equivalence relation on
∐
Ei generated by the following relation:

for σ ∈ Ei and σ′ ∈ Ei+1, σ ∼ σ′ if σ = σ′ as elements of Sd.
Then let E =

∐
Ei/ ∼. For an element e = {σi0 , σi0+1, . . . , σi1} of E, where

σi ∈ Ei, we define vin(e) to be xi0 if i0 > 0 and vfin(e) to be xi1+1 if i1 < b. If
i0 = 0, we take v to satisfy σ0 = (d̃v−1 + 1 . . . d̃v) and let vin(e) = zv, and
similarly if i1 = b, we take v with σb = (ẽv−1 + 1 . . . ẽv)τ and let vfin(e) = wv.

We say (g1, . . . , gb, τ) belongs to (the isomorphism class of) (E, vin, vfin).
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Remark 2.4. In the situation of the above lemma and definition, Ei is naturally in
one-to-one correspondence with the set of connected components of π−1({|z| = ri}).
The graph defined describes how these cycles meet and break.

Lemma 2.5. The isomorphism class of (E, vin, vfin) defined in Definition 2.3 be-
longs to Gb,k,l.

Proof. We use notations in Definition 2.3.
If σi ∈ Ei and e is the equivalence class of σi, then vin(e) = xi if and only if gi

and σi intersect and vfin(e) = xi+1 if and only if σi and gi+1 intersect.
There are either one or two cyclic components of gi−1. · · · .g1σd1,...,dk that inter-

sect gi, since gi is a transposition. If there is only one, say σi−1, then two compo-
nents of gi. · · · .g1σd1,...,dk intersect gi, i.e. the two components of giσi−1. In this
case, we have #{e ∈ E|vin(e) = xi} = 2 and #{e ∈ E|vfin(e) = xi} = 1. If there
are two, σi−1 and σ′i−1, then giσi−1σ

′
i−1 is the sole component of gi. · · · .g1σd1,...,dk

that intersects gi, and we have #{e ∈ E|vin(e) = xi} = 1, #{e ∈ E|vfin(e) =
xi} = 2.

The other properties are easy to see.

Definition 2.6. For a graph Γ = (E, vin, vfin), let nΓ;d1,...,dk;e1,...,el be the number
of sequences (g1, . . . , gb, τ), where gi are transpositions and τ ∈ Sd, such that
gb. · · · .g1.σd1,...,dk = (σe1,...,el)

τ and that the associated graph is isomorphic to Γ.
Also, let

FΓ(z1, . . . , zk;w1, . . . , wl) =
∑

nΓ;d1,...,dk;e1,...,elz
d1
1 . · · · .zdkk .w−e11 . · · · .w−ell .

From the two lemmas above, it suffices to prove the following to prove Theorem
1.5.

Proposition 2.7. Let Γ be a graph whose isomorphism class belongs to Gb,k,l.
Then, if max{|zi|} < min{|wi|}, we have

FΓ(z1, . . . , zk;w1, . . . , wl) =
IΓ

#Aut(Γ)
,

where, as in Theorem 1.5,

IΓ :=
b∏
i=1

(∮
|xi|=ri

dxi

2π
√
−1xi

)∏
e∈E

vin(e)vfin(e)
(vin(e)− vfin(e))2

,

with max{|zi|} < r1 < · · · < rb < min{|wi|}.
We prove the proposition by induction on b.

Claim 2.8. Proposition 2.7 holds for b = 0.

Proof. In this case, we have k = l and Γ connects zi to wσ(i) for some σ ∈ Sk. By
symmetry, we may assume σ = id. Then, τ ∈ Sd satisfies σd1,...,dk = (σe1,...,ek)

τ

and the associated graph is isomorphic to Γ if and only if di = ei and

(d̃i−1 + 1 . . . d̃i) = (ẽi−1 + 1 . . . ẽi)τ

for i = 1, . . . , k. When di = ei, the number of such τ is
∏
di. Now

∞∑
d1,...,dk=1

∏
di
∏

(zdii w
−di
i ) =

∏ ziwi
(zi − wi)2

proves the claim.
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Claim 2.9. If Proposition 2.7 holds for b = n, it holds for b = n+ 1.

Proof. Let Γ = (E, vin, vfin) be an element of Gn+1,k,l.
Case (1): #{e ∈ E|vin(e) = xn+1} = 1.
By symmetry, we may assume vfin(e) = wl. There are two edges e′, e′′ such that

vfin(e′) = vfin(e′′) = xn+1. Let Γ′ ∈ Gn,k,l+1 be the graph obtained by removing
xn+1 and connecting e′ to wl and e′′ to wl+1.

Write ẽi =
∑i

j=1 ej. If (g1, . . . , gn+1, τ) belongs to Γ and gn+1. · · · .g1σd1,...,dk =
(σe1,...,el)

τ , then there exist τ ′ ∈ Sd with τ ′(i) = τ(i) for 0 ≤ i ≤ ẽl−1 and positive
integers e′l, e

′
l+1 with e′l+e

′
l+1 = el such that gn. · · · .g1σd1,...,dk = (σe1,...,el−1,e′l,e

′
l+1

)τ
′

and that (g1, . . . , gn, τ
′) belongs to Γ′, as is easily seen from the definition.

Let e1, . . . , el−1, e
′
l, e
′
l+1 be positive integers with

∑l−1
i=1 ei + e′l + e′l+1 = d. Then,

let Xe′l,e
′
l+1

be the set of (g1, . . . , gn, t1, . . . , tẽl−1) such that there exists τ ′ ∈ Sd with
the property that τ ′(i) = ti(0 ≤ i ≤ ẽl−1), gn. · · · .g1.σd1,...,dk = (σe1,...,el−1,e′l,e

′
l+1

)τ
′

and that the graph associated to (g1, . . . , gn, τ
′) is isomorphic to Γ′.

If vin(e′) 6= vin(e′′) or e′l 6= e′l+1, τ
′ maps (ẽ′l−1 + 1 . . . ẽ′l) to the cyclic

component of gn. · · · .g1.σd1,...,dk connected to vin(e′), and (ẽ′l + 1 . . . ẽ′l+1) to
the one connected to vin(e′′). If e′l 6= e′l+1, τ

′ maps (ẽ′l−1 + 1 . . . ẽ′l) and (ẽ′l +
1 . . . ẽ′l+1) to cyclic components of lengths e′l and e′l+1, respectively. Thus there
are e′l.e

′
l+1 choices for τ ′ in these cases and we have nΓ′;d1,...,dk;e1,...,el−1,e′l,e

′
l+1

=
#Xe′l,e

′
l+1
.e′l.e

′
l+1. If vin(e′) = vin(e′′) and e′l = e′l+1 hold, then it is 2#Xe′l,e

′
l+1
.e′2l .

On the other hand, for each (g1, . . . , gn, t1, . . . , tẽl−1) ∈ Xe′l,e
′
l+1

, there are e′le
′
l+1

transpositions gn+1 for which there exists τ with τ(i) = ti for 0 ≤ i ≤ ẽl−1 such
that (g1, . . . , gn+1, τ) belongs to Γ. The number of such τ is el := e′l + e′l+1, and we
have

nΓ;d1,...,dk;e1,...,el =
∑

#Xe′l,e
′
l+1
.el.e

′
l.e
′
l+1.

Here the sum is taken over different Xe′l,e
′
l+1

’s with e′l + e′l+1 = el.
Noting thatXe′l,e

′
l+1

andXe′l+1,e
′
l
are the same for e′l 6= e′l+1 if and only if vin(e′) =

vin(e′′), we see

nΓ;d1,...,dk;e1,...,el =
∑

e′l+e
′
l+1=el

elnΓ′;d1,...,dk;e1,...,el−1,e′l,e
′
l+1

if vin(e′) 6= vin(e′′) and

nΓ;d1,...,dk;e1,...,el =
1
2

∑
e′l+e

′
l+1=el

elnΓ′;d1,...,dk;e1,...,el−1,e′l,e
′
l+1

if vin(e′) = vin(e′′).
Finally, since

IΓ =
∮

dx

2π
√
−1x

xwl
(x − wl)2

IΓ′(z1, . . . , zk;w1, . . . , wl−1, x, x)

holds, ∮
dx

2π
√
−1x

xwl
(x− wl)2

x−e
′
lx−e

′
l+1 = elw

−el
l

proves the assertion.
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Case (2): #{e ∈ E|vin(e) = xn+1} = 2.
By symmetry, we may assume that wl−1 and wl appear as vfin(e). Let e′ be

the edge such that vfin(e′) = xn+1. Let Γ′ ∈ Gn,k,l−1 be the graph obtained by
removing xn+1 and connecting e′ to wl−1.

As in Case (1), if (g1, . . . , gn+1, τ) belongs to Γ and gn+1. · · · .g1σd1,...,dk =
(σe1,...,el)

τ , then there exists τ ′ ∈ Sd such that gn. · · · .g1σd1,...,dk = (σe1,...,el−2,e′l
)τ
′
,

where e′l = el−1 + el, and that (g1, . . . , gn, τ
′) belongs to Γ′.

For positive integers e1, . . . , el−2, e
′
l−1 with

∑l−2
i=1 ei+ e′l−1 = d, let X bet the set

of (g1, . . . , gn, t1, . . . , tẽl−2) such that there exists τ ′ ∈ Sd with the property that
τ ′(i) = ti(0 ≤ i ≤ ẽl−2), gn. · · · .g1.σd1,...,dk = (σe1,...,el−2,e′l−1

)τ
′
and that the graph

associated to (g1, . . . , gn, τ
′) is isomorphic to Γ′.

Then there are e′l−1 such τ ′, and nΓ′;d1,...,dk;e1,...,el−2,e′l−1
is #X.e′l−1.

On the other hand, for el−1 and el with el−1 + el = e′l−1, the number of pairs
(gn+1, τ) with τ(i) = ti(0 ≤ i ≤ ẽl−2) such that (g1, . . . , gn+1, τ) belongs to Γ is
e′l−1 times el−1el: let (a1 . . . ae′l−1

) be the cyclic permutation corresponding to
e′. Choose 1 ≤ r ≤ e′l−1 and let s be the residue of r + el modulo e′l−1. We
take gn+1 to be (ar as), and then gn+1.(a1 . . . ae′l−1

) has cyclic components of
lengths el−1 and el, containing ar and as respectively. We can choose τ so that the
two components equal (ẽl−2 +1 . . . ẽl−1)τ and (ẽl−1 +1 . . . ẽl)τ , respectively.

Thus we have

nΓ;d1,...,dk;e1,...,el = #X.e′l−1.el−1.el = el−1elnΓ′;d1,...,dk;e1,...,e′l−1
.

Since

IΓ =
∮

dx

2π
√
−1x

xwl−1

(x − wl−1)2

xwl
(x− wl)2

IΓ′(z1, . . . , zk;w1, . . . , wl−2, x)

holds in this case,∮
dx

2π
√
−1x

xwl−1

(x− wl−1)2

xwl
(x− wl)2

x−e
′
l−1 =

∑
el−1+el=e′l−1

el−1elw
−el−1
l−1 w−ell

proves the assertion.
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