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ABSTRACT. For a new axiomatization, with fewer and weaker assumptions, of
binary rank-dependent expected utility of gambles the solution of the func-
tional equation
/o) = ¢ (=)o) (2p €]0,1])

is needed under some monotonicity and surjectivity conditions. We furnish
the general such solution and also the solutions under weaker suppositions. In
the course of the solution we also determine all sign preserving solutions of the
related general equation

h(w)lg(u+v) —g(v)] = f(v)g(u +v)  (u€Ry, veER).

1. INTRODUCTION

Marley and Luce [4] considered the following problem concerning preferences
among binary gambles. Let C denote the set of consequences, and let £ be an
algebra of subsets of F, the universal set of a chance experiment. Let (z,C;y)
denote a binary, uncertain alternative, also called a binary gamble, in which z € C
is the consequence to the decision maker if event C' € &g occurs and y is the
consequence if C' = E\C occurs. They also considered compound gambles of the
form (&, D;n), where £ = (z,C;y), n = (2/,C";y’) and the events D, C, and C’
arise from independent realizations of the underlying chance experiment. Let e € C
denote a distinguished element called the status quo. Let 7~ be a preference order
over the set G of all such first- and second-order binary gambles and consequences
from C, where x 7 e for all x € C. Thus, all the consequences under consideration,
and so gambles, are perceived as gains. Let G* denote the subset of gambles with

y=e.
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They assume sufficient structure on the restriction of = to G* so that over G*
there is a “separable”, order-preserving representation ww with surjective
u : G*—I, where I is dense in a real interval [0,d[, u(e) = 0, and surjective
w : Eg—J, where J is a dense subset of [0,1] that includes 0 and 1. The condi-
tions needed are well known (see e.g. [4]) and we do not go into them here. They
were able, using elementary axioms, to extend these maps (and the preservation
of order) onto [0, d[ and [0, 1], respectively. With that in hand, they attacked the
problem of finding conditions so that this representation uw can be extended to G
as

(1) U(§ Cin) = UOW(E) +Um)[L-W(C)], &z,

where, for some k > 0, U = u* and W = w".

They impose two additional, necessary conditions. The first, called gains parti-
tion, asserts the following. There exists a bijection M of £ onto itself that inverts
the order ¢ (induced on Eg by ) such that, for first-order gambles &, &', n, ' with
&z n, ¢ =1 and for events C,C’ € € if

(2) (£.Cse) ~ (&',C%e)  and  (n,M(C);e) ~ (i, M(C");e),
then
(& Csm) ~ (&, Cs0p).
The second, called event commutativity, is
3) ((z,C5y), Dyy) ~ ((x, D3 y), C5y).

Their proof that separability plus (2) and (B]) are sufficient to yield ([[)) entails
the following major steps: Hypothesis (2) is recast as a statement on a numerical
function R such that, for first-order gambles & = n,

() U(E C:) = RIVEW(C), U)W (M(C)].
Define
p=WO,  i=psi,
w) =W [T716)] = W), 0= "2 01 — .ol

H(z,p) = gv—lwp)] (z € [0,1], p €]0, 1))

Using @) and (@), Marley and Luce show in [4] also that H (there G) satisfies
the usual permutability functional equation (see [I, pp. 270-273]) and so for some
strictly increasing ¢ :]0,1[— Ry (R4 is the set of positive reals) and strictly
decreasing 9 :]0,1[— 1, 00[, H(z,p) = ¢ p(2)¥(p)]. In view of this, we exclude
z =0,z =1, and p = 1 in what follows. This does no harm, since equation (]E)
below is satisfied also for z =0,z =1or p=1if v(1) = 0, ¢(0) = 0, p(1) = o0,
and (1) = 1, which conforms with our final result (see Section 5). Marley and
Luce ([4]) prove also that v :]0,1[— R4 is onto (surjective), strictly decreasing,
and that

lim [py(p)] = lim 7(p) = 1, lim ¢(z) = co.

p—0 p—0

z—1



SOLUTION OF A FUNCTIONAL EQUATION 485

Thus, they were interested in solutions with the above properties of the following
functional equation in three unknown functions:

(5) 27‘1[27(17)] = o ()] (zp €0, 1]).

Finding that solution is the purpose of the present paper. Marley and Luce show
from our solution that their desired result follows.

2. REDUCTION TO A “LINEAR” EQUATION

We prefer to write equation (B in the form

(5) (/P 0)) = e(200m)  (zpelo1)

because it shows that all values of ¢(2)1(p) are also values of the function ¢ (that
is, ¢(2)%(p) is in the codomain of ¢). Since we had supposed and will continue to
suppose that ¢ is strictly monotonic, we can indeed take its inverse and write (E)
as (B).

On the other hand, we will not presuppose either the direction of monotonicity
(increasing or decreasing) of ¢ and 1 or the exact codomains of ¢ and ¢ (we will
only suppose that they map ]0, 1[ into R ). These will turn out to be consequences
of (&) and of the other conditions.

Proposition 1. Let the functions ¢, :]10,1[— Ry be strictly monotonic, let vy :
10,1[— Ry be surjective and strictly decreasing and let be satisfied. Then and
only then the functions F,G : R — R and ® : Ry — R defined by

(6) ®(u) = Inp(e™)  (ueRy),

(7) Fw) = my(y (™) (@eR)

and

8) Gw)=v—Iny"(e™") (veER)

satisfy

9) O(u) + F(v) = <I>(G(u +v)— G(v)) (u € Ry, v € R);

furthermore ®, F are strictly monotonic and G is strictly increasing.

Proof. The strict monotonicity of ® and F' is obvious. Substituting (6), (@) and (&)
into (B7) with 2z =e™%, p=v"1(e™?), we get

(10) ! (PP = e (Glurn=GOD ¢ o, 1,

Therefore G is indeed strictly increasing and, applying ¢ and then In to both sides

of (0, we get (@. O
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3. DIFFERENTIABILITY AND A DIFFERENTIAL-FUNCTIONAL EQUATION

Proposition 2. Let F : R — R, & : Ry — R be strictly monotonic, G : R —
R strictly increasing solutions of @l). Then ®, G and F are differentiable and
G is either everywhere strictly convexr on R or everywhere strictly concave on R.
Furthermore

(1) Y £ 0 (ueRy),
(12) G'w) > 0 (v eR),
(13) Fio) # 0 (veR),
and

(14) ' (u) [G'(u+v) — G'(v)] = F'(v)G (u+v) (u e Ry, vER).
We prove this proposition through several steps:
Step 1. The function G is either strictly convex or strictly concave everywhere.

Proof. Indeed, if ® and F are both strictly increasing, then (@) implies, for all
u € Ry, veR, that

o(Glu+ (u+v) - Glu+v)) = @u)+Flu+v)
> ®(u) + F(v) = @(Glu+v) - G)),
that is,
(15) G(2u+v) + G(v) > 2G(u+v) (ue R4, veR).

Thus G is strictly Jensen convex. The same is true if & and F' are both strictly
decreasing, while the inequality in (IH) reverses if one of ®, F' strictly increases,
the other strictly decreases: then G is strictly Jensen concave.

Since G is monotonic, thus locally bounded, G is everywhere strictly convex or
concave, respectively. (See Roberts-Varberg [6l, p. 219] and Kuczma [3] p. 145].) O

Thus (see also [6] pp. 4-7] and [3|, p. 156])

(i) G has left and right derivatives at every point,

(ii) G is differentiable at all but at most countably many points,
and, since G is both strictly increasing and convex (concave),

(iii) G, (v) >0 for all v € R.
Step 2. The function ® is everywhere differentiable on its domain.
Proof. For fixed u € R the function
(16) v— G(u+v) —G(v)

is positive (because G is strictly increasing) continuous and strictly monotonic. The

last two are consequences of the strict convexity or concavity of G. For continuity,

see 6] pp. 4-7]. As to the strict monotonicity of (I8]), let G be, say, strictly concave.

Then the difference quotients with constant span strictly decrease:
Gv+u)—GW) G +u)—GW)

u - u
i.e., (I6) indeed strictly decreases. Therefore the codomain of the function v
G(u+v) — G(v) (v € R) is an interval of positive length.

(v<v €R, ueRy),
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Since ® is monotonic, by Lebesgue’s theorem ([5l pp. 5-9], [2, p. 264]) it is
differentiable at almost every point of this interval. On the other hand (cf. (ii)), G
is differentiable everywhere with the possible exception of countably many points.
So for every u € Ry there exists a v € R such that G is differentiable at u + v
and ® is differentiable at G(u + v) — G(v). Thus, by (@) and by the chain rule of
differentiation, ® is indeed differentiable at every u € R.. O

Step 3. The function G is everywhere differentiable with positive derivative; ®' is
nowhere zero.

Proof. Differentiate (@) with respect to u from the right or left to obtain (remember,
by Step 2, ® is already differentiable everywhere)

a7 ) = @'(G(u—f—v) —G(v))Gﬁr(u+v) (ue Ry, veR),

o'(u) = ¢'(G(u+v)—a(v))a'_(u+v) (u e Ry, v eR),

respectively. This will give the desired G’, = G’_; we have only to exclude that
@’ could be somewhere 0. Suppose, on the contrary, that there exists a ug > 0
with ®'(ug) = 0. Then, by (iii) and (@) ®" would be zero on the proper interval
{G(up + v) — G(v) | v € R}, so @ could not be strictly monotonic, contradicting
the supposition. Thus (II]) holds (®’ is nowhere zero) and G, = G’_, i.e., G is
differentiable everywhere on R. Furthermore, from (iii) we have G’ > 0 everywhere,
that is, (I2)) holds. O

Step 4. The function F is everywhere differentiable with nonzero derivative and

() holds.
Proof. By Step 3, (I7) becomes

(18) o' (u) = @' (G(u o) — G(v))G’(u +v)  (ueRy, veR).

On the other hand, ({) and the differentiability of ® and G imply also that of F'.
So, differentiating (@) with respect to v we get

19) F'(v) = (G(u o) — G(v)) (G'(u+v) - G'(@) (ueR,, veR).

Multiplying (I§) by G’ (u+v) —G’(v) and substracting (I9) multiplied by G’ (u+v),
we have proved (). Finally, suppose for contradiction that there exists a vo € R
with F'(vg) = 0. Then, by ) and @), G'(u + vo) = G'(vo) would hold for all
u € Ry, i.e., G’ would be constant on [vg, +oo[; thus, by [[4) and ([2), we would
have F' = 0 on [vg, +0o[: contradiction, since F' is strictly monotonic. This proves
([3) and concludes the proof of Proposition 2. O

4. A GENERAL FUNCTIONAL EQUATION AND ITS SOLUTION
As a generalization of (I4), we consider now the functional equation
(20) h(w)lg(u+v) —g()] = f(v)glu+v)  (ueRy, veER).

In view of (), (I2), (I3), we look for solutions without zeros and thus not changing
sign. We use the notation R_ :=] — 00, 0[.
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Theorem 3. Let the functions f and g be defined on R, h on Ry, each taking
values (independently) only in Ry or only in R_. Then the general solution of
20) is given by

ae)\v

(21) flv) = ST (v €R),
22) o) = o (e,
and

(23) hu) ===y (WeRy),

where u is an arbitrary nonnegative constant while a, b, X\ are arbitrary nonzero
constants.

Proof. Writing (20) in the form
(24) g(u+v)[h(u) = f(v)] = h(w)g(v)  (ueRy, veR),

we see that h(ug) = f(vo) would imply h(ug) = 0 or g(ve) = 0 but, by supposition,
g and h have no zeros. So

B £ f(6)  (wER, veR)
and (24) can be written as

W) p

(25) g(u+v)_ h(u)—f(v) ( ER‘H ER)
In particular, for v = 0,

(26) o(u) = g(0)h(u) 9(0) (uER,)

h(u) = f(0) 1= f(0)/h(u)
and so (285) becomes, by dividing both sides by g(0)h(u)h(v) and taking reciprocals,
(27)

(o) 22 = FO)

= - - R Ry).
P = (1) = f)(h) = F0)) (€ Rev € Ry
We look now for a functional equation for h alone. We use the symmetry of the

left-hand side of (27)) for this purpose. The symmetry of the left-hand side then
gives

that is, (since f(0) # 0)
)~ 10" T ) - "I 0 wery very)
(constant because one side contains only v, the other only w). This gives
(28) F0) = O ek
Putting this into (27) we get
__ O _ hw)(h() - f(0)) - FO)(A(v) —a) _,  f(O) _ £(0) h(v) —a
h(u + v) h(u)h(v) h(v) h(u)h(v)
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This is our functional equation for h. We simplify it by introducing

(29) ) = ﬁ (uER,).
Using f(0) # 0, we obtain the functional equation (see e.g. Aczél [I}, pp. 59-61])
(30) Lu~+v) =L(u) + £(v) — al(u)l(v) (ue Ry, veERY).
By the supposition about h, also
(31) l(u) e Ry forallu e Ry or f(u)eR_ forallueRy.
We show now that a = 0 is impossible, that is,
(32) a#0.

Indeed, if a = 0, then [B0) would reduce to the Cauchy equation with ¢(u) = Ku
(k # 0 is a constant) as the only solution satisfying (3I). This would give, by (29)

and (Z),
1 9(0)
33 h(u) = — eR ="
(33) (w)=— (ueRy),  glv)=7- FO)ro
Although we established the second equation only for v € R, it would follow for
all v € R, so: For an arbitrary v € R take a u € R4 such that w+v € Ry. Then

from (24]) and (B3)
31 90 (1 - 1) = L g — (L) (142) ) ato)

RU RU

(’U S R+)

Letting u — 400, we would get —g(0) f(v) = —f(0)g(v), that is,
f(0)

35 flv) = —=%g(v v € R).

(35) (v) 4(0) ()« )
Putting this into (34) would give

g)(A = f(0)k(u+v) + f(0)su) = g(0)  (u€Ry, veER),
that is, the second equation of ([B3)) for all v € R:
9(0)

36 = J\/

(36) o) = =
But then, since f(0), g(0), &, are different from zero, g would change sign at
v =1/(kf(0)), contrary to the supposition of Theorem 3. Thus (32) holds.

In the remaining case, a # 0, we define

(v € R).

(37) m(u) =1 —al(u) (u e Ry).
Then 30) becomes
(38) m(u + v) = m(u)m(v) (u Ry, vER,).

By [29) and (B1), m(u) = 0 for all u € R} would imply h(v) = a and thus, by (25),
f(v) =0 (v € Ry) — but f is nowhere 0. So m cannot be identically 0. By (BI)),
the values of ¢, just as those of h, are either all positive or all negative. If af(u) > 0,
then m(u) < 1 for all u € Ry; if al(u) < 0, then m(u) > 1 for all v € Ry. Thus
in both cases m is bounded from one side by a positive constant. But then the
solution of equation (38)) can only be (cf. e.g. Aczél [1l, pp. 38-39])

(39) m(u) = e (ueRy)
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for some nonzero constant A\. By ([29), (B7) and (39) we have (23)

a

h(u) = T o

(U S R+)

Furthermore, from (28)) and (26), with the notation (remember, f(0) # 0 and a # 0)
- fO),_ agl0)

fo) f(0)°
we have now the solutions (2I) and @2) for v € R4, that is,

ae b

= arew 0=

Again we show that the same holds for all v € R. Here too we take an arbitrary
v € R and a u € Ry such that u +v € R;. Using (20), 23) and {Q), we get

u)g(v a a eMutv)
W) w=n)- M) e o cBrETE ) wem

(40) J () (vER,).

Letting u — 400, we obtain (remember, A # 0) if A <0,

a
(42) f0)=a-Fg0)  (weR),
and, if A > 0,
_a b—pgv) a . eMg(v)

f(’l)) ) UL+OO 1 —eru b uEI‘IFIOO e~ —1’

that is,
a
(43) flv) = 56”9(”) (v e R).
If we put either {#2)) or [3)) into (Tl), we get in both cases
b
g(v) = P for all v € R,

and, putting this too into (@), we get also

ae)\v

f(”):m

So we have obtained (22) and (Z2I)) in full generality.

Finally we note that f and g are defined for all v € R, so the denominator
(p+e*?) in () and (22Z) should not be zero for any v € R, which is possible only if
> 0. We had already a # 0, A # 0. Furthermore g(0) # 0, so b = ag(0)/f(0) # 0.
Thus the constants are as stated in Theorem 3.

Substitution shows that 2I), (22)) and (23] satisfy ([20) with arbitrary p > 0,
a#0,b#0and A # 0. This concludes the proof of Theorem 3. O

for all v € R.

Remark. Actually, as pointed out also by the referee, the function g in B6), h
in (33), and the function f given by (BH) satisfy @0) for v € Ry, v € R with
v,ut+v # 1/(f(0)k); that is, these functions form a system of singular (conditional)
solutions of equation (20). They do not satisfy, however, the conditions of Theorem
3 about f and g not changing signs; therefore they were eliminated in the proof.
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5. SOLUTION OF THE F-G-® EQUATION
We return now to equation (I4)) in Proposition 2, which is of the form (20) with
f)=F'), g)=Gw) (weR),  h(u)=2o(u) (ueRy)
and, by ({I), (I2) and (I3)), all conditions of Theorem 3 are satisfied. So
(44)

F'(v) = _ac™ G'(v) = v e R), ®(u)=-——" (ueRy)
_u—i—e)‘”’ _M_’_e)\'u ’ _]__e)\u +/s
where >0, A # 0, a # 0, b # 0 are constants. Moreover, by (I2)
(45) b>0.

Integration in (H4) yields (—% In v and ; Ind are the constants of integration)

(46) O(u) = —% In (a]e ™ — 1) (u e Ry),

(47) Flv) = %ln (Gp+e)  (veR)
(no absolute value signs are needed in (7)) since p + e** > 0). If we had p = 0,
then (@4) would give
G'(v) =be ™,  Gv) = —ge_)‘“ +C.
Substitution into (@) with v = 0 would yield
In (a |e*)‘“ — 1|) —Ind=1In (a ‘eb(e_mfl) — 1D ,

that is, with z = e ** — 1 (< 0 if A > 0 and > 0 if \ < 0),
|x|=6‘eb”—1|

for all z > 0 (if A < 0) or for all x < 0 (if A > 0), which is nonsensical. Thus we
have p > 0 and, from {4),

(48) G(v) = —% In (B(1 4 pe= ")) (v € R).

b
(Here Y In 3 is the integration constant and again no absolute value sign is needed

because 1+ pe~*Y>0; of course a > 0, 3> 0, § > 0.)
We substitute now {6l), @17) and {8) into @) and get, after multiplication by

A
—— and taking exponentials
a

“Au A A b/
(49) % . ‘e—A(G(uw)—G(v)) _ 1‘ . (M) it
pt e

eAv+M

Here let e’ — 0 (i.e. v — 400 if A < 0, while v — —oo0 if A < 0):
|e*>\u — 1‘ _ ’(e_xu)b/u _ 1’ )
op
1
This is possible only if 6 = — and b = p in which case [9)) is indeed satisfied. Thus

we have proved the following result.
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Theorem 4. Let F : R — R, ® : Ry — R be strictly monotonic, G : R — R
strictly increasing. They satisfy (@) if, and only if, there exist nonzero constants a,
A and positive constants a, B, u such that

a 1,
(50) F(v) = Tl (1 + ;e)‘ ) (v € R),
(51) G) = —ym(B+pe™)  @eR)
and
(52) @(u):—§1n (ale™ =1])  (ueRy).

6. SOLUTION OF THE MARLEY-LUCE PROBLEM

We now turn our attention to the original problem, that is, to equation (&)). In

view of Proposition 1, and of (52)), (1), (&0),
(53) o(z) = 02 = (]2 — 1)) = A]z7F — 1| (z €]0,1]),

1 AN /A
(54) ’Y_l(y) — ge—G(—lny) _ <ﬁ +yﬁ)\/ﬁy >

=By + B (ye Ry),
1 a/\
(55) ¥ (v '(y) ="M = (1 + ;y‘k>
1\
=(1+-y (ye Ry)
7
(where k = =\ £ 0, ¢ = —% # 0, A = a° > 0). Since 7 is supposed to be

decreasing and  surjective, (limy—, 7 ' (y) = 0 and) lim, oy '(y) = 1. Thus,
1

in (&4), k > 0 and 8 = —, so from (&3), (54) and BI), with B = p'/* >0,
u

(56) p(z) = A" =1 (z€]0,1]),
(57) v(p) = (up™* — )% = (p~h — )
=B -DYE  (pelo,1]),
(58) v(p) = <1 + %v(p)k> - (1 + %B’“(p’k - 1)> B

=p*  (2€]0,1]).

Conversely, (B) is satisfied by (56), (57) and (58), whatever the constants ¢ # 0,
k>0,A>0,B>0. Also, ¢,v :]0,1[— R, are strictly monotonic and ~ :]0, 1] —
R is strictly decreasing and surjective.

Thus we have the following answer to the Marley-Luce problem.

Theorem 5. The functions ¢,v :)0,1[— Ry are strictly monotonic, v :]0,1[—
R, strictly decreasing, surjective and they satisfy if, and only if, there exist
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constants A >0, B> 0, k>0 and ¢ # 0 such that for all z,p €]0,1]

@(Z) = A(Zik - 1)05
vp) = Be* -1V
and
¥(p) = p*.

Corollaries. 1. Iflim,_.o[py(p)] =1, then B = 1.

2. Iflim,_; p(2z) = +o0 is supposed, then ¢ < 0. Thus, ¢ is strictly increasing
and v is strictly decreasing; furthermore the codomains of ¢ and ¥ are ]0,400] and
11, 4+00[, respectively.

This conforms with the application (cf. the Introduction and the beginning of
Section 2).
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