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TYPES IN REDUCTIVE p-ADIC GROUPS:
THE HECKE ALGEBRA OF A COVER
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(Communicated by Rebecca A. Herb)

ABSTRACT. In this paper, F' is a non-Archimedean local field and G is the
group of F-points of a connected reductive algebraic group defined over F'.
Also, 7 is an irreducible representation of a compact open subgroup J of G,
the pair (J,7) being a type in G. The pair (J,7) is assumed to be a cover of
a type (Jr,7r) in a Levi subgroup L of G. We give conditions, generalizing
those of earlier work, under which the Hecke algebra H(G, ) is the tensor
product of a canonical image of H(L,7r) and a sub-algebra H(K,7), for a
compact open subgroup K of G containing J.

We return to our earlier paper [2] in order to simplify and generalize one of its
more suggestive results.

1.1. Let F be a non-Archimedean local field and G the group of F-rational points
of a connected reductive algebraic group defined over F. We write R(G) for the
category of all smooth representations of G. As in [2], §1, we form the set B(G):
this consists of G-inertial equivalence classes of pairs (L, o), where L is an F-Levi
subgroup of G and o is an irreducible supercuspidal representation of L. As in [2],
1.4, and [I], 2.10, this leads to a canonical decomposition

RG) = [[ R®(©G)

seB(G)
of R(G) as a direct product of certain full sub-categories 2R°(G).

1.2. In [2], we considered the problem of describing the factor categories R*(G)
via certain representations of compact open subgroups of GG, which we call types.
Recall that an irreducible smooth representation (p, U) of a compact open subgroup
K of G is an s-type if those irreducible representations of G which contain p are
precisely those which lie in R*(G). In these circumstances, the category R*(G)
is canonically equivalent to the category of (left) modules over the convolution
algebra H(G, p) of compactly supported p-spherical functions on G. More precisely,
if (m,V) € R(G), the space V, = Homg (U, V) is a module over H(G, p); the
equivalence R*(G) — H(G, p)-Mod is then given by (7, V) — V,. It will therefore
be useful to construct types (K, p) and describe the associated algebras H(G, p).
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1.3. The method of covers, described in [2], §8, gives an axiomatic approach to
this problem. Suppose that s € B(G) is the G-inertial equivalence class of a pair
(L, o). This pair also defines an element t € B(L). For the purposes of this paper,
we assume that the supercuspidal representation ¢ has certain auxiliary properties
as follows:

Assumptions. (i) There are an open compact mod centre subgroup J of L and
an irreducible smooth representation T, of J; 1, such that o = c-Ind 7p,.
(ii) The representation 1, = 71, | J1, is irreducible, where Jy, denotes the unique
mazximal compact subgroup of jL,
(iii) An element x € L intertwines 71, if and only if x € J.

We note that these are precisely the conditions [2], 5.5. They are satisfied, in
particular, if o is “of level zero” [3] or if L is essentially a product of general linear
groups.

The pair (Jg,71) is a t-type in L; the Hecke algebra H(L,7.) is commutative
and canonically identified with the centre of the category R'(L). In particular, it
is the ring of regular functions on a certain complex algebraic torus. (For these
assertions, see [2], §5.)

1.4. In the same situation, we assume given a G-cover (J, 7) of (Jr, 7). There is no
need to recall the definition, only that (J, 7) is an s-type in G [2], 8.3, and that, given
a parabolic subgroup P of G with Levi component L, there is a canonical algebra
homomorphism tp : H(L,7) — H(G,7), as in [2], 7.12. This homomorphism is
injective, so we can identify H(L, 1) with a subalgebra Bp of A = H(G, 7).

1.5. The G-normalizer Ng(L) acts on the set B(L) in a natural way, each point
being fixed by L. We write W, for the (finite) Ng(L)/L-stabilizer of t.

Now let K be some compact subgroup of G which contains J. We can then form
the sub-algebra KK = H(K,7) of A consisting of functions with support contained
in K. Using * to denote convolution in A, our main result is:

Theorem. (i) The map
Bp @c K — A,
f@®or— fx¢
is an injective homomorphism of (Bp, K)-bimodules.

(ii) We have dimc(K) < [Wy].
(iii) If dimc(K) = [Ws|, then the map of (i) is an isomorphism.

1.6. In [2], 11.4, we obtained a similar result involving several hypotheses on the
group K. Prompted by his results in [3], Lawrence Morris queried whether these
restrictions were really necessary. The present paper is a response to his comments.

Many of the arguments required to prove Theorem 1.5 parallel those of [2], so
we do not repeat them. However, the technical preparation is rather different. It
is this which provides the bulk of the paper, and is the source of such novelty as it
possesses.

2. COMPACT INDUCTION AND JACQUET FUNCTORS

2.1. For this section only, we let G be a locally profinite (i.e. locally compact and
totally disconnected) topological group. We write JR(G) for the category of smooth
(complex) representations of G.



HECKE ALGEBRAS OF COVERS 603

Let H be a locally profinite group, and let ¢ : G — H be a continuous homo-
morphism. We thus have the “restriction” functor ¢* : R(H) — R(G). Explicitly,
if (0,V) € R(H), then ¢*(0, V) = (¢*0, V), where ¢*0(g) = 0(¢(g)), g € G.

2.2. We are now given a locally profinite group P together with a closed normal
subgroup N of P. We put M = P/N and write 7 : P — M for the quotient map.
We fix a compact open subgroup K of P, and write ¢ : K — P for the inclusion
map. The functor 7* : R(M) — P(P) is then inflation of representations, while
t*: R(P) — R(K) is the ordinary restriction of representations.

2.3. Each of the functors 7*, * admits a co-adjoint. The co-adjoint of 7* is the
Jacquet functor . : (0,V) — (on,Vn). Here, Vy = V/V(N), where V(N) is the
subspace of V spanned by the set
{v—o(n)v:v eV, ne N}
The action of M is then given by
on(m(p)) :v+V(N) —oa(p)v+V(N), peP

We write rn = ry (V) for the quotient map V' — Vy.

2.4. On the other hand, a co-adjoint ¢, for ¢* is given by the functor c-Ind%. of
compact induction (see, for example, [2], §2). Explicitly, for (p,U) € R(K), the
representation t.(p, U) = (tsp, t:U) is given as follows. The space t.U consists of
all compactly supported functions f : G — U such that f(kg) = p(k)f(g), k € K,
g € G. For g € G, the function t.p(g)f : * — f(zg). In particular, we have a
canonical K-injection

U— .U,

u > fu,
where f,, has support K and f,(1) = u. The co-adjoint isomorphism
~ U € R(K),
Homp (¢-Ind(U), V) — Hompg (U, V), Ve n(P),

is then given by composition with the map u — f,,.

2.5. We now define ¢ : K — M by ¢ = wo . Then clearly ¢* = +* o *, whence
T O Ly is & co-adjoint for ¢*.

On the other hand, the map ¢ factors as ¢ = M o 7, where 7€ : K —
K/(K N N) is the canonical surjection and ¢ : K/(K N N) — M is the canonical
injection. Just as in 2.3, the functor (:»)* admits the co-adjoint (M = c—Ind%M7
where we abbreviate K, = K/K N N. Likewise, (7%)* has co-adjoint

™5 (p,U) — (pron, Uknn).

Thus (M o 7K is also co-adjoint to ¢*. By uniqueness of co-adjoint functors, we
have an isomorphism of functors

(2.5.1) T 0ty = 1M oK,

In particular, we have a canonical M-isomorphism

(2.5.2) SU) : c-IndR (U)y —— c-Ind¥, (Uxnn),
for each (p,U) € R(K).



604 COLIN J. BUSHNELL AND PHILIP C. KUTZKO

Proposition. (i) The isomorphism ®(U) of (2.5.2) is the unique M-map such
that the following diagram commutes:

U —— cIndl(U)n

| Joe

Uknn —— C'Indj\K/IM(UKﬂN)y
where the top row is the composite of canonical maps

w— fy,

U

c-Ind(U) 2= c-Ind(U) §.

(i1) Let C be the space of functions in c-Ind(U) with support contained in K, and
Cy the space of functions in c-Ind(Uxnn) with support contained in Kpy.
Then ®(U) induces an isomorphism rn(C) = Cpy.

Proof. Part (i) follows easily from the discussion in 2.4. In part (ii), the space C is
the image of the canonical map U — ¢-Ind(U), and similarly for Cp;. The assertion
now follows from (i). O

3. IDEALS OF HECKE ALGEBRAS AND COMPACT SUBGROUPS

In this section, we prove the central technical result of the paper. This generalizes
a lemma from [2], §11.

3.1. We revert to the notation and assumptions of §1. As before, we set A =
H(G,T), and we abbreviate Hy = H(L, 7). We write U for the representation
space of 7 and 7.

Given a smooth representation (m, V) of G, we recall that the space V; of 7-
invariants in V', defined by V; = Homg (U, V), is a left .A-module, in a natural way

(121, §2).

3.2. We are given a compact open subgroup K of G containing J, and a finite-
dimensional smooth representation (p, W) of K. We set

(w, X) = c-Ind% (p, W).

We let C denote the space of functions in X with support contained in K. Thus C
is a K-subspace of X, and we view C, = Homg (U, X) as a subspace of X.
Finally, we fix a parabolic subgroup P of G with Levi component L. As in [2],
7.12, this gives us an injective algebra homomorphism tp : Hy — A. We write
Bp =tp(HL), and we view X, as an Bp-module. When convenient, we view it as
‘Hr-module via the isomorphism tp : Hy = Bp.
We now prove:

Proposition. Let 7 be a mazimal ideal of the algebra Bp. Then
X, NC,={0}.
3.3. The proof of Proposition 3.2 starts with a lemma:

Lemma. (i) For g € G, let X[g] denote the set of functions in X with support
contained in KgP. Then X[g] is a P-subspace of X and we have

x= P x

geK\G/P
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(i) Let f € Xl[g], and define a function f¥ : P — U by fF(p) = f(gp), p € P.
Then f — f¥ induces a P-isomorphism
Xg] = c-Indg,lKgnP(pg).
Proof. Straightforward. O

We remark that, in (ii), p? denotes as usual the representation z — p(gzg~') of
the group K9 = g 'Kg.

3.4. We now prove Proposition 3.2. We write ry : X — X for the canonical
quotient map. Composition with ry then induces a map ¢ : X; — (Xn).,, which
is an isomorphism of Hy-modules ([2], Theorem 7.9). Also, ¢(C;) C rn(C),,. It is
therefore enough to show that

I(XN)TL n TN(C)TL = {O}a

for any maximal ideal Z of H.
Consider the space X[1] = X[l¢], in the notation of Lemma 3.3. We have
C C X[1], so rn(C) C X[1]n. On the other hand, Lemma 3.3 implies

(XN)r, = @ (X[g]N)re,
geK\G/P
so we have to show that
I(X[]‘]N)TL n TN(C)TL = {O}a
for any maximal ideal Z of Hy,.
The P-isomorphism X[1] — ¢-Ind% - p(p) given by Lemma 3.3 carries C isomor-

phically to the space Cp of functions in c-Ind% - 5(p) with support in K N P. On
the other hand, Proposition 2.5 gives us an L-isomorphism

X1y = c-Indl, (Uknn),
where K, = KN P/K N N. Taken together, these maps give us an isomorphism
(X[1n)r, = eIndg, (Ukan)r,

of Hr-modules which takes rn(C),, to (CL).,, where Cy, is the space of functions
in e-Indf, (Uxnn) with support in K. The result now follows from [2], 5.10.

3.5. We now give a consequence of Proposition 3.2.

Corollary. Let K denote the sub-algebra of functions in A with support contained
in K. The canonical map K — A/(Z = H) is then injective for any mazimal ideal
A Of Bp.

Proof. We apply the proposition to the representation (p,U) = c-Ind% (7). Thus
(w, X) = c-Ind§ (7). We thus have an A-isomorphism A = X, under which K gets
mapped to C., whence the result. [l

4. THE MAIN THEOREM
We now prove Theorem 1.5.

4.1. We continue with the notation of §§1, 3. In this section, we are given a compact
open subgroup K of G containing J.

We write K = H(K, 1) for the algebra of functions in A with support contained
in K.
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4.2. Since the parabolic subgroup P will be fixed throughout, we abbreviate B =
Bp.

Let Z be a maximal ideal of 5. We observe that the space A/Z x A has complex
dimension |[Wy|: the argument in the proof of [2] 11.5(ii) is independent of K and
so applies here. By Corollary 3.5, we get dim¢ K < |[W,]|, which is part (ii) of the
theorem.

We next prove part (i) of the theorem, that the obvious map B®c K — Bx K is
injective. Let £ denote the kernel of this map, and put k£ = dim¢ K. Fix a maximal
ideal 7 of B, and consider the exact sequence

0 — Hompg (B*K,B/Z) — Homg (B® K,B/Z) — Homp (L,B/I).

Since B is the ring of regular functions on a complex algebraic variety, we have
B/Z = C. The complex space Homg (B® K,B/Z) thus has dimension k. On
the other hand, write X for the image of K in A/Z * A; this is a C = B/Z-
space of dimension k (by Corollary 3.5), and is a B-quotient of B x K. We de-
duce that Homp (B % K, B/Z) has dimension at least k. It follows that the map
Homgp (B * K,B/Z) — Homp (B ® K, B/Z) is bijective. Now we can argue as at the
end of [2] §11 to conclude £ = {0}, as desired. This proves part (i) of the theorem.
We now assume that k& = |W,|. We then have

A=K+IT+A=B+«K+I+A

for every maximal ideal Z of B.
From this point, we can just follow the proof of [2] Theorem 11.4, once we have
established:

Lemma. A is finitely generated as left B-module.

Proof. We apply the machinery of the §§2, 3 with (p,U) = c-Ind% (1), (w, &) =
c-Ind% (p) 22 c-Ind§ (7). Thus A = X, as A-module and, by [2], Theorem 7.9,

A= X = (Xn)r,

as B-module. However, by Lemma 3.3 and Proposition 2.5, we have

(XN)TL = @ C_IndJ\K/Iz (UE)TIJ
2z K\G/P

where K? = (K*), = (271 K2N P)/(2"1KzN N) and (in the notation of of 2.5)
—1
(03, Uf) = mi 200 (p*,U).

The set K\G/P is finite. Each summand (:—Ind%z (U})-, is finitely generated as
B-module by [2], 5.11. (We may use this result, since its proof does not require
Jr, C K}). The lemma now follows. O

Remark. The preceding lemma does not rely on any particular property of the
compact subgroup K; indeed, we could have taken K = J and p = 7.

This completes the proof of the theorem.
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