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ABSTRACT. The degenerate elliptic equation AApu 4+ ud~1(1 — u”™) = 0 with
zero Dirichlet boundary condition, where \ is a positive parameter, 2 < p < ¢
and r > 0, is studied in three aspects: existence of maximal solution, A-
dependence of maximal solution and multiplicity of solutions.

1. INTRODUCTION AND RESULTS

Let  be a connected, bounded open subset of RY, N > 2, with C*“-boundary
0N for some « € (0,1). We consider the following degenerate elliptic equation:

Ayu+ f(u) =0 in Q,
(Phraqu>0, #0 in €,
u=0 on 0f),

where )\ is a positive parameter and A, is the p-Laplace operator defined by
Ayu = div(|Vul|P 2 Vu)
with p > 2 and f is given by
flw) = w11 - ")
with ¢ > 2 and » > 0. We often write ‘(P),’ instead of ‘(P)xq’. A function

u=uy € Wy'"(Q) N L>®(Q) is called a solution of (P)y if u >0 a.e. in Q, u does
not vanish in a set of positive measure, and

(1.1) —)\/ |VulP~2Vu - Vipdz +/ f(u)pdz =0
Q Q

for all ¢ € W, P(Q). A solution u of (P)y is called a mazimal solution of (P)y if
u > v a.e. in Q for all solutions v of (P),. Obviously, a maximal solution is decided
uniquely. If a function v € WHP(Q) N L>°(Q) satisfies u > 0 (resp. u < 0) on 9
and

—/\/ |VuP~2Vu - V(pda:—l—/ fw)edr <0 (resp. > 0)
Q Q
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for all ¢ € Wol’p(Q) satisfying ¢ > 0 a.e. in Q, then it is called an upper (resp. a
lower) solution of (P)x.

With respect to (P)y, there are a few works on the equidiffusive case p = ¢
as follows. Let Ay be the first eigenvalue of —A, under zero Dirichlet boundary
condition. In the one-dimensional case N = 1, Guedda and Véron [10] have shown
by phase-plane analysis that if A < 1/, then (P), has a unique solution u,, and
that a set called the flat core of wuy,

(1.2) Ox = Ox(uy) :=={z € Qur(x) =1},

is non-empty for sufficiently small A. Since the length of O, can be indicated
explicitly, we can see that as A — 0, O, spreads out toward the whole of 2 with
the growth as

(1.3) lim A~1/7 dist(Ox, 99) = C(£.p),

where C(f,p) = (%)1/11 fol(F(l) — F(s))"YPds and F(s) = fOS f(®)dt. In the
higher-dimensional case N > 2, phase-plane analysis is no longer useful and one
has to use other methods. Constructing a suitable lower solution by using the
eigenfunction for A;, Kamin and Véron [12] have proved that the unique solution of
(P) has a flat core for sufficiently small A and extended the results of [10]. However,
they have given only an estimate dist(Qy,dQ) < CAYP as A\ — 0, where C is a
constant independent of A, without explicit information about C and any estimate
of dist(Ox, 09) from below. In virtue of an exact estimate for Oy, Garcia-Melidn
and Sabina de Lis [9] have utilized the solutions for N = 1, whose dependence on A
is understood well, to make upper and lower solutions and concluded that also
holds true in the case N > 2. The subdiffusive case p > ¢ can also be investigated in
the same way as the equidiffusive case. One can observe that there exists a unique
solution uy for every A > 0 and that as the equidiffusive case, Oy (uy) is nonempty
for sufficiently small A > 0 and it grows as in (I-3)). See the author and Yamada
[19] for N =1 and [9] with its Remarks 2.2 b for N > 2. For uniqueness, see also
Diaz and Saa [f].

On the other hand, the structure of solution set in the superdiffusive case p < q is
essentially different from those in the other cases. For N = 1, using time-map, the
author and Yamada [I9] have shown that (P), produces a spontaneous bifurcation
for A. That is, there exists A > 0 such that if A > A, then (P), has no solution;
if A = A, then (P), has a unique solution; if A\ < A, then (P), has exactly two
distinct solutions uy and u, satisfying wy, > u, in Q. It also follows from our
analysis that as A — 0, Ox(@,) spreads out toward the whole of € with (I3) and
uy, — 0 uniformly in Q. For N > 2, Guo [II] has studied the case that there
exists 3 > 0 such that f(0) = f(8) = 0, (8 —2)f(z) > 0in (0,8) U (8, +0),
limg_. f(s)/sP~* = 0 and (f(s)/s?~1)” < 0in (0,3) (the condition ‘f”(x) < 0’ in
[T, Theorem 3.3] is a misprint and should be replaced by ‘(f(z)/2P~!)” < 0°), and
have found two distinct solutions. This is the case p < ¢ < p + 1 in our problem
and no information about the shape of solutions is given. In the present paper, we
will discuss (P)y in the case 2 < p < ¢, N > 2, and study (P), in three aspects:
(a) existence of solution, especially maximal solution; (b) A-dependence of maximal
solution; and (c) multiplicity of solutions. As for (a), we can prove the following
theorem by the method of upper and lower solutions:
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Theorem 1.1. Let 2 < p < q and r > 0. Then there exists a positive number
X > 0 such that
(i) if A > X, then (P)x has no solution;
(ii) if A < X, then (P)x has a mazimal solution Ty;
(111) A <A < X, then Ux, < Uy

(iv) the mapping X\ v~ Ty is left-continuous on (0, )] in cLp (Q) for any B €
(0, 8), where (B is the constant appearing in Proposition[2].

Remark 1.1. Theorem [[] (i) has been obtained by Véron [2I] Theorem 3] for the
p-Laplace operator on a compact Riemannian manifold without boundary.

We will state our result on (b). The proof essentially consists of constructing
suitable upper and lower solutions by the idea of Garcia-Melidn and Sabina de Lis
[8, 9] and the one-dimensional result in [T9].

Theorem 1.2. Let2 < p < q andr > 0. There exists a positive number A* € (0, A]
such that
(i) if A < A%, then O\ = Ox(uy) is non-empty;
(ii) if M < A2 < A, then Oy, C Oy,;
(iii) for sufficiently small € > 0, there exists A < X\* such that Q\ Q. C Oy, where
Qe := {x € Q;dist(x,00) < }.
Furthermore, Oy satisfies (L3) as A — 0.

Remark 1.2. From the last assertion of Theorem [[L2, we can see that the growth
order of maximal solution of (P)y when A — 0 is same as that of case p > ¢.

To mention (c), we define the functional ® on W, () corresponding with (P)y:
A —
(1.4) b(u) = 2[Vulp - [ Flu)da,
Q

where F(u) = [ f(s)ds and f(s) := f(s) in [0,1], := 0 in R\ [0,1]. By the
Mountain Pass Theorem (cf. [T 17]) for ®, we can find a distinct solution from @y
for small A (< )), and consequently deduce the multiplicity of solutions. At this
time, it plays an important role that ®(@,) becomes negative if A is sufficiently
small. In other words, the larger Oy (uy) spreads out, the more ®(uy) decreases.

Theorem 1.3. Let 2 < p < q andr > 0. There exists a positive number A € (0, A]
such that if X < A, then (P)x has another solution uy < Uy, Z .

Remark 1.3. We expect that a solution distinct from % exists for all A € (0, \).
Theorem [L3, whose proof directly utilizes the growth of flat hat, gives a partial
result for this problem. It will be discussed in the forthcoming paper [18]. (See
also Remark [2:21) In connection with multiplicity for the p-Laplace operator, we
can refer to Ambrosetti, Garcia Azorero and Peral [2], Drébek and Pohozaev [7].

2. PROOFS OF RESULTS
The following proposition is fundamental in this paper.

Proposition 2.1. Let u be a solution of (P)x. Then u € Cé’ﬁ(ﬁ) N C?%(Q.) for
some 3 € (0,1) and sufficiently small € > 0, and 0 < u(x) <1 for all x € Q.
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Proof of Proposition 2. Let u be any solution of (P)y. Putting ¢ = (u — 1)t :=
max{u — 1,0} € W, *(Q) in (L), we have

u—1)T|Pdx = u)(u — 1)dz .
3 [ 9=t /{u>1}f( )u—1)dz <0

Hence (u — 1)T = 0 a.e. in Q; so u(z) < 1 a.e. in Q. This boundedness and a
regularity result of Lieberman [I3, Theorem 1] deduce that u € Cy** (%) for some

B € (0,1). Thus, it follows from Vazquez’s maximum principle [20, Theorem 5]
that 0 < u (< 1) in © and

Oou
(2.1) %(:c) <0 on 09,

where n denotes an outer normal at 9. By (ZI) and the fact that |[Vu| € C%#(Q),
there exists €9 > 0 such that |Vu| > ¢ > 0 in Q,, for some ¢ > 0. Therefore, since
the equation of (P)y in ., becomes a strictly elliptic one, we can conclude from
classical theory that u € C%2(€),) for all € € (0, o). O

Lemma 2.1. For sufficiently small A > 0, there exists a maximal solution uy such
that Oy, is non-empty and

(2.2) lim sup A~Y/P dist(Oy, Q) < C(f, p).
A—0

Proof. Take R > 0 and ¢ € Q satisfying Br(x¢) C 2, where Br(xz¢) is the ball with
radius R and center at xg. To obtain a lower solution of (P)j o, we will construct
a lower solution vg 4, of (P)x By(zo)- It suffices to find a radially symmetric one,
ie., v(p) = UR g, (z) satisfying
(2.3) AP Mool =20p)p + pM 1 (0) 20 i (0, R),
. vP(O) = U(R) = 07
where p = |x — x¢|. By a change of variable £ = g(p) such that
R0 _pl—0 i

= = 1-6 ! 7é 17

§=90) {logg ifo=1,

where 6 := (N —1)/(p — 1), 3)) can be rewritten as follows:

{A(de“wg)g +g P f(w) =0 in (0,T),

@4 w(0) = we(T) = 0,

where w(¢) = v(g71(¢)) and T = 400 if § > 1, = % if § < 1. In order to find
a function w satisfying (2.4]), we take any b € (0,7') and consider the following
auxiliary boundary value problem:

(2.5) M|gelP=2de)e + 971 () f(¢) =0 in (0,b),
#(0) = ¢(b) = 0.
A change of scale & = by gives

(2.6) AJtb P24 )y + {bg 1 (B)°}Pf () =0 in (0,1),
' $(0) =(1) =0,
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where 1 (n) = ¢(bn). Take A sufficiently small as

—1 9\ P
A< {M} ,
2C(f.p)
Then, we already know from [19, Theorem 3.3] that (2.6 has a solution ¢ such
that (z) =1in [Cx /b, 1 — Cx/b], 0 < ¢(z) < 1 otherwise, where

_ C(f7p) 1/p
(2.7) Crp = 79,1@9)\ (£0/2).
Thus, (23) also has a solution ¢ such that ¢(x) = 1 in [Crp, b — Crp) and 0 <
¢(x) < 1 otherwise. Using ¢, we construct a function w satisfying (Z4) as follows:
w=¢in [0,Crp), =1 in [Crp,T). Indeed, since g~! is monotone decreasing,

AlwelP~2we)e + g7 (P fw) = {g7 (&) — g7 (b))} f(¢) =0 in [0,Crp)

and the boundary conditions are obviously satisfied. Therefore v(p) = w(g(p))
satisfies (Z3)); hence the function

1 if 0 < |z —z0| < g ' (Crp),
vR,IO(x) = . —1
d(g(lr —x0]))  if g7 (Cap) <|z—20| <R

is a lower solution of (P)x By (z,). Now, we define Ug 4, () = VR z,(z) in Br(zo),
= 01in Q\Bgr(xo). Then, one can observe that @ is a lower solution of (P)y . Taking
the function u = 1 as an upper solution, we obtain a maximal solution @y of (P)y
such that 0g 4, (r) < ur(z) < 1 for all z € Q by Diaz’s book [4, Theorem 4.14]
(see also Deuel and Hess [3], and Puel [T5, Theorem 4.2]). In particular, it follows
from (Z8) that uy(x) = 1 in By-1(¢, ,)(70). By the arbitrariness of zo satisfying
Br(zo) € Q and the uniqueness of maximal solution, it holds that wx(xz) = 1 in
Q\ Qp/, where R = R'(\,b) = R — g~ }(Cx). Thus dist(O,,09Q) < R'. Tt follows
from (Z7) and 'Hospital’s theorem that R'(),b) = RYCy j + o(A/?) as A — 0; so
we obtain

(2.8)

0
C(f,p)-
A—0 gil(b) } (f )
Passing to the limit as b — 0, we conclude (2.2]). O

Proof of Theorem Define
A = sup{\ > 0; (P), has a solution}.

lim sup A~ /P dist (O, 9Q) < iir% ATYPRI(N b)) = {

Since Lemma BTl implies A > 0, we will show A < 400 to see (i). Suppose that
there exists a sequence {\;,,}°_; such that A,, — oo as m — oo and (P),,, has
a solution u,, = wuy,,. Putting A = A\, and u = ¢ = wu,, in (J]), we have
AV = [ tm f(um)de. Since sf(s) < sP for s € [0,1] if p < g, it follows
that A || Vug||h < [|uml5. Combining this inequality and the Poincaré inequality,
we obtain C\y, [|[umlh < [|um||h, where C' is a positive constant. Since |[u,|/h > 0,
the inequality is a contradiction for sufficiently large m. Next, we will prove (ii)
and (iii). Consider the case A < X. From the definition of ), for A < X there
exists 1 € (A, A] such that (P), has a solution u,. By an easy calculation, u,, is a
lower solution of (P)y. Since u =1 is an upper solution of (P)y, it follows from [4]
Theorem 4.14] that (P), admits a maximal solution @y satisfying @y > u,. (Note
that the same arguments give the proof of (iii).) The case A = X is treated as follows.

Let { A\ }5°_; be a positive increasing sequence satisfying 0 < A, < Xand A\ — A
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as m — oo, and let %, be the maximal solution of (P)y, . From [I3, Theorem 1],
we know that {@,,} is uniformly bounded in C*#(Q) for some 3 € (0,1). Thus,
Ascoli-Arzeld’s theorem assures that there exist uy and a subsequence of {@y, }, still
denoted by {T,,}, such that @,, — ux in V7 (Q) for each 3’ € (0, ). Tt is easy to
see that uy > 0 in Q and that uy satisfies (LT). To observe that uy # 0, we assume
ux = 0. Since {T@,, } converges to 0 uniformly in Q as m — oo, it follows from p < ¢
that for sufficiently large m

_ _ 1 o C,._
Clftnlly < 195t} = 5= [ T @)z < Gl

which contradicts to |[@,|h > 0. Therefore, uy is a solution of (P)5. We have to
show the maximality of uy. Suppose that uy is not maximal. Then, (P)x has a
maximal solution vy > wuy, (# uy) and there exists zp € Q such that ux(xo) <
vx(xo). By (iii), since Ty, decreases toward uy as m — oo, it holds that uy(zo) <
Um (x0) < vx(mo) for sufficiently large m. On the other hand, it follows from (iii)
and the fact \,, < X that vx(z0) < TUm(zo). These inequalities contradict each
other; so wy is maximal, which can be written as ;. Finally, one can observe (iv)

in the similar way as the proof for maximality of uy. O

Proof of Theorem The existence of A\* satisfying (i) is directly induced from
Lemma BTl and (ii) follows from (iii) of Theorem [[1l. From the proof of Lemma
2.1, (iii) is obvious for sufficiently small € > 0 such that Q\ Q. # 0. It remains to
show (3)), i.e., growth-order of Oy as A — 0 near 0.

Take any xg € 9. Let a > 0 (resp. R > 0) be sufficiently small (resp. large)
such that the annulus A := {x € RN;a < |z — yo| < R}, where yo := 2o + an and
n denotes the outer normal at x, satisfies 2 C A. Define @) by @) := @y in €,
=0in A\ Q. Then @, is a lower solution of (P)x 4; so a maximal solution Ty 4 of
(P)a,a exists, in particular

(2.9) ﬂ,\(l‘) < 5)\,,4(.23) in .
From the maximality, T 4 is radially symmetric on A; hence v(p) = Ty 4(z) satisfies

{MpN—vaw-%p)p +pN (W) =0 in (a,R),

(2.10) v(a) = v(R) =0,

where p = |z —1yo|. As in the proof of Lemma[ZT] we introduce a change of variable

=0 _g1—0 if 0 7& 1
—h(p)=d 198 1 :
¢ (o) {log £ if=1,

where 6 := (N — 1)/(p — 1); then ([ZI0) can be rewritten as
AJwe|P~Pwe)e +h=H(€)P f(w) =0 in (0,T),
w(0) = w(T) =0,

where w(€) = v(h=1(£)) and T = h(R). It is easy to see that w is a lower solution
of

(2.11) A|elP~2de)e + h (O f(¢) =0 in (0,b),
#(0) =0, ¢(b) =1,
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for any b € (0, 7). Thus, (ZII)) has a maximal solution ¢ such that
(2.12) w(€) < ¢(€) in (0,0).

In fact, we know from [[9) Theorem 3.3] that 0 < ¢(&) < 1in (0, Dxyp), ¢(€) = 1
otherwise, where Dy ;, = C(f,p)AY/?/h=1(b)? (< b/2). Hence, it follows from (Z9)
and (ZIZ) that uy(z) < ¢(h(lxr —yo|)) < 1if x € Q and a < |z — yo| < h™1(Dyp).
This means that dist(zg,Oy) > h~1(Dx,) — a for each zg € 9. Making a > 0
(resp. R > 0) sufficiently small (resp. large), one can get an uniform estimate
dist(Oy,09) > h=Y(Dxyp) — a. Since h='(Dyy) —a = a’ Dy + o(A/P) as A — 0,
it is possible to obtain that

6
.. “1/p 1 > a
lllin_%(l)lf/\ dist(Ox, 082) > {—hl(b) } C(f,p).

Passing to the limit b — 0, we have

(2.13) lim i(r)lf/\_l/p dist(Oy, 99Q) > C(f, p);

so combining ([ZI3) and ([Z2) of Lemma 2], we conclude (L3). O
Remark 2.1. From (2I3) and more delicate analyses of (2.2), we can see

lim A7 sup dist(z, Oy) = C(f,p),
A—=0 TEIN

which implies that O, uniformly spreads out toward the whole of 2 as the order of
/P,

Proof of Theorem [[ZA In virtue of Proposition 2] it is well known that u is a
solution of (P)y if and only if u is a critical point of the C'-functional ®, defined by
(C4) (cf. Rabinowitz’s book [I7, Proposition B.10]). We will check all conditions
of the Mountain Pass Theorem (cf. [, [I7]). Take any ¢* € (p,p*), where p* :=
Np/(N —p)if p< N, :=+4oc0if p > N, and fix it. Since p < ¢, for any ¢ > 0 there
exists Cs > 0 such that |f(s)| < 6sP~! + Cs5s9 1. First, it is easy to see that ®
satisfies the Palais-Smale condition. Indeed, let {u,} be any sequence in W,"*(£2)
such that {®(u,)} is bounded and ®'(u,) — 0 as n — co. Then, it follows from the
boundedness of F that {||Vuy|,} is bounded; namely {u,} is bounded in W, ().
Thus, a result of Dinca, Jebelean and Mawhin [6, Lemma 2.1] yields the assertion.
In addition, the Sobolev inequality assures that there exist constants v, p > 0 such
that ®(u) > v if | Vu||, = p, because

P(u)

Vv

A 1) C *
SlIvully = ~llully - q—fnunz*

< ()\ — 016 GG

B p ‘A
where C; and Cy are positive constants, provided that § € (0, A/C1) and |Vul|, = p
is sufficiently small. Next, clearly ®(0) = 0 and we will show that the maximal
solution Wy of (P)y satisfies ® () < 0 for sufficiently small A > 0. Since A[|Va,[|h =
fQ uy f(uy)dx, ®(uy) can be expressed as

. 1 1 . 1 1 _ r
D) = (5 - 5) sl — (— - —) sl

p q+r

IVl ) IVal2 > 7 > 0,
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with use of F(uy) = F(uy), due to Proposition 2l Noting that |[u,||T = |Ox] +
Jono, @] for any 7> 1, we have

1 1 1 1 1 1
B () = L N mir b (2= =)o
() /gwxl{(p Q>|UA| (p Q'FT>|UA| ! qg gqg+r 1O

1 1
<am\oil- (5 - ) 10l

1 1
=C|Q| - <C+ - - —) |Oxl.
q gq+r
Take € > 0 so sufficiently small that
1
+r
e

q q+r

1
0] < =2

We see from (iii) of Theorem that there exists A € (0, ] such that if A < A,
then |Ox] > |2\ Q¢|. Thus, if A € (0, A), then

@@g<cm_<c+é— 1>m\m|

1 1 1 1
—(cri- )l (5- ) m
qQ q+r q q+r

< 0.

Therefore, all conditions for the Mountain Pass Theorem hold; so we obtain a
solution uy of (P)yx, which is distinct from @y and satisfies ®(uy) > 0. O

Remark 2.2. In connection with multiplicity of solutions, we have known a number
of results on the linear diffusion case. Rabinowitz [16] has studied the case p =2 < ¢
(for example, equations like AMAu + u?(1 — u) = 0) by combining critical point
theory and the Leray-Schauder degree theory, and proved there exists A > 0 such
that if A > A, then (P)x has no solution and if A < A, then (P), has at least two
distinct solutions (see also Ambrosetti and Rabinowitz [I], and Rabinowitz [I7]).
Particularly, when Q is a ball, Ouyang and Shi [I4] have obtained a precise global
bifurcation diagram and concluded that there exist exactly two solutions for small
A by using a bifurcation theorem of Crandall and Rabinowitz.
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