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ON INTEGERS OF THE FORM k2n + 1

YONG-GAO CHEN

(Communicated by David E. Rohrlich)

Abstract. In this paper we show that the set of positive odd integers k such
that k2n + 1 has at least three distinct prime factors for all positive integers
n has positive lower asymptotic density.

1. Introduction

Integers of the form k2n + 1 have received special attention. One main reason is
that the potential factors of Fermat numbers have the form k2n+1. One may refer
to Guy [10], A3, B21, and [1], [2], [4], [5], [8], [11], [12], [15]–[18]. In 1960 Sierpiński
[17] used the congruence covering system to prove that there are infinitely many
positive odd integers k such that k2n+1 is composite for all positive integers n. On
the other hand, P. Erdős and A. W. Odlyzko [9] showed that the lower asymptotic
density of odd integers k such that k2n + 1 is prime for some positive integer n is
positive.

In [6] we introduced the notation of (2, 1)−primitive m−covering systems. By
constructing a (2, 1)−primitive 2−covering system and using a result on linear
forms in logarithms, we show that the set of positive odd integers, which have no
representation of the form 2n± pαqβ , where p, q are distinct primes and n, α, β are
nonnegative integers (hence n ≥ 1 ), has positive lower asymptotic density. That
is, the lower asymptotic density of positive odd integers k such that k − 2n has at
least three distinct prime factors for all positive integers n is positive.

In this paper, by using the same (2, 1)−primitive 2−covering system in [6] and
a result on linear forms in p−adic logarithms, we show that the set of positive odd
integers k such that k2n + 1 has at least three distinct prime factors for all positive
integers n has positive lower asymptotic density.

In [6] and Sections 1-3 of this paper, all constants are effective computable
(Baker’s method). In Section 4 we point out that Mahler’s result, which is an
analogous extension of Roth’s result, also works well for [6] and the present paper,
but related constants are noneffective computable (Roth’s method).

We only consider integers of the form k − 2n or k2n + 1. For cases k + 2n and
k2n−1 we have the exact same conclusions by using the same method. Our method
also works well for integers of the form ka + bn or kan + b with some reasonable
restrictions on a, b and k.
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2. Notations and the main results

All primes in [6] and this paper are positive primes. We call {ai(ni)}ti=1 a
covering system if every integer y satisfies y ≡ ai(modni) for at least one value of
i. For the construction of covering systems one may refer to S. L. G. Choi [7]. For
further related information one may see Guy [10], A19, B21 and F13. The following
notations have been used in [6].

Definition 1. A positive integer d is said to be an (a, b)−primitive divisor of order
n if d|an − bn and d6 | am − bm for all 1 ≤ m < n.

Definition 2. {ai(ni)}ti=1 is said to be an m−covering system if every integer
belongs to at least m of a1(n1), a2(n2), · · · , at(nt).

Definition 3. {ai(ni)}ti=1 is said to be a (2, 1)−primitive m−covering system if
{ai(ni)}ti=1 is an m−covering system and there exist distinct primes p1, p2,· · · , pt
such that for each i, pi is a (2, 1)−primitive divisor of order ni (1 ≤ i ≤ t).

For m ≥ 3 we do not know whether there exist (2, 1)−primitive m−covering
systems. I believe so. For convenience, let

Yr ={k : k > 0, 2 6 | k, k − 2n has at least r distinct

prime factors for all positive integers n},

Gr ={k : k > 0, 2 6 | k, k2n + 1 has at least r distinct

prime factors for all positive integers n}.

For a subset A of the natural numbers, let

A(x) = {a ∈ A : a ≤ x},

d(A) = lim inf
x→∞

|A(x)|
x

.

That is, d(A) is the lower asymptotic density of A.
In this paper the following conclusions are proved. The main theorem in [6] is

included as a part of Theorem 1(ii).

Theorem 1. Suppose that there exists a (2, 1)−primitive r−covering system. Then
(i) d(Gr+1) > 0 and Gr contains an infinite arithmetic progression;
(ii) d(Yr+1) > 0 and Yr contains an infinite arithmetic progression.

Corollary. (i) d(G3) > 0 and G2 contains an infinite arithmetic progression;
(ii) d(Y3) > 0 and Y2 contains an infinite arithmetic progression.

Theorem 2. The following statements are equivalent to each other:
(i) there exists a (2, 1)−primitive r−covering system;
(ii) there exist an odd integer k and a finite set {p1, · · · , pt} of distinct primes

such that k2n + 1 is divisible by at least r of p1, · · · , pt for all positive integers n;
(iii) there exist an odd integer k and a finite set {p1, · · · , pt} of distinct primes

such that k − 2n is divisible by at least r of p1, · · · , pt for all positive integers n.
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3. Proofs

To prove Theorem 1, we need a result on linear forms in p−adic logarithms.
Here we use a special case of the corollary of Theorem 1 in Yu [19] (p. 245).

Lemma 1 (Yu [19]). Let a1, · · · , ar, b1, · · · , br be nonzero integers with |ai|+ 2 ≤
A, 3|bi| ≤ B (1 ≤ i ≤ r). Suppose that

ab11 · · · abrr − 1 6= 0.

Then

ord2

(
ab11 · · · abrr − 1

)
≤ c log(4B),

where

c = 11145 · 24r(r + 1)2r+4 1
(log 2)r+2

(logA)r log(212 · 3r(r + 1) logA).

Lemma 2. Let p1, · · · , pt be distinct odd primes and x ≥ 3. Then the number of
positive odd integers M ≤ x such that there exist a positive integer n and distinct
primes q1, · · · , qr ∈ {p1, · · · , pt} with

M2n + 1 = qβ1
1 · · · qβrr , βi ≥ 1, i = 1, · · · , r,

is less than c1(log log x)(log x)r, where c1 depends only on r and p1, · · · , pt.

Proof. Given q1, · · · , qr ∈ {p1, · · · , pt}. Let A = max pi + 2. Suppose that M is a
positive odd integer with M ≤ x and

M2n + 1 = qβ1
1 · · · qβrr , n ≥ 1, βi ≥ 1, i = 1, · · · , r.(1)

By (1) and Lemma 1 we have

n = ord2

(
qβ1
1 · · · qβrr − 1

)
≤ c log(12 maxβi),(2)

where c depends only on r and A. By (1) and (2) we have

2maxβi ≤ qβ1
1 · · · qβrr = M2n + 1 ≤M2n+1

≤ x21+c log(12 max βi).

Hence

maxβi < c2 log x.(3)

By (2) and (3) we have

n ≤ c3 log log x.

Thus, for q1, · · · , qr ∈ {p1, · · · , pt}, the number of positive odd integers M ≤ x
such that there exist a positive integer n and positive integers β1, · · · , βr with

M2n + 1 = qβ1
1 · · · qβrr

is less than

c3(c2)r(log log x)(log x)r.

Lemma 2 follows by taking c1 = c3(c2)rCrt .
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Proof of Theorem 1(i). This proof is similar to the proof of the main theorem in
[6]. Suppose that {ai (mod ni)}ti=1 is a (2, 1)−primitive r−covering system and
p1, · · · , pt are corresponding primes in Definition 3. Take an integer M satisfying

M2ai + 1 ≡ 0 (mod pi), i = 1, · · · , t,(4)

M + 1 ≡ 0 (mod 2).

For any positive integer n there exist i1, · · · , ir with 1 ≤ i1 < i2 < · · · < ir ≤ t and

n ≡ aij (mod nij ), j = 1, 2, · · · , r.
Then by (4) and

2nij ≡ 1 (mod pij ), j = 1, · · · , r
we have

M2n + 1 ≡M2aij + 1 ≡ 0 (mod pij ), j = 1, · · · , r.
Thus

M2n + 1 = p
αi1
i1
· · · pαirir

b, αij > 0 (j = 1, 2, · · · , r), b ∈ Z.

This means that M ∈ Gr. Hence, if

M2n + 1 = qβ1
1 · · · qβrr , βi ≥ 0, i = 1, · · · , r,

where q1, · · · , qr are distinct primes, then qi ∈ {p1, · · · , pt} and βi ≥ 1 (i =
1, 2, · · · , r). By Lemma 2 the number of such M ≤ x is less than

c1(log log x)(log x)r.

It is well known that the number of positive odd integers M ≤ x with (4) is more
than

x

2p1 · · · pt
− 1, x ≥ X3.

Therefore, there exist at least x
2p1···pt−1−2c1(log log x)(log x)r positive odd numbers

M ≤ x such that M2n + 1 has at least r + 1 distinct prime factors for all positive
integers n. It is clear that all integers with (4) constitute an infinite arithmetic
progression. This completes the proof of Theorem 1(i). The proof of Theorem
1(ii) is exactly as the proof of the main theorem in [6], except add M ∈ Yr. This
completes the proof of Theorem 1.

The corollary follows from Theorem 1 and the fact that there exists a (2, 1)−
primitive 2−covering system (see the proof of the corollary in [6]).

Proof of Theorem 2. By the proof of Theorem 1 we know that (i) implies (ii) and
(iii). We now prove that (ii) implies (i). For each i, let ni and ai be the least
positive integers such that

2ni ≡ 1 (mod pi), k2ai + 1 ≡ 0 (mod pi).(5)

Then, for each i, pi is a (2, 1)−primitive divisor of order ni. For any positive integer
n, by the assumption, there exist j1, · · · , jr such that

pji |k2n + 1, i = 1, 2, · · · , r.(6)

By (5) and (6) we have

pji 6 |k, pji |k(2n − 2aji ).
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Hence

2n−aji ≡ 1 (mod pji), i = 1, · · · , r.(7)

By the definition of nji and (7) we have n ≡ aji (mod nji) (1 ≤ i ≤ r). Thus
{ai (mod ni)}ti=1 covers each positive integer at least r times, and hence is an
r−covering system. Therefore, (ii) implies (i). Similarly, (iii) implies (i). This
completes the proof of Theorem 2.

4. Noneffective versions

In [6] and the above arguments, all constants are effective computable. In this
section we use Mahler’s result, which is an analogous extension of Roth’s result,
to prove Lemma 2 in [6] and Lemma 2 (in a weak form which is sufficient for our
purpose).

Lemma 3 (Mahler [13], Ridout [14]). Let θ be any nonzero algebraic number, let
p1, · · · , pt, q1, · · · , ql be distinct primes and let α, β, γ, c′ be real numbers with

0 ≤ α ≤ 1, 0 ≤ β ≤ 1, γ > α+ β, c′ > 0.

Let a, b, a′, b′ be positive integers with

a = a′pα1
1 · · · pαtt , αi ≥ 0, i = 1, · · · , t,

b = b′qβ1
1 · · · q

βl
l , βj ≥ 0, j = 1, · · · , l,

1 ≤ a′ ≤ c′aα, 1 ≤ b′ ≤ c′bβ.
Then ∣∣∣∣θ − b

a

∣∣∣∣ > c′′

aγ
if θ − b

a
6= 0,

where c′′ > 0 depends only on θ, p1, · · · , pt, q1, · · · , ql, α, β, γ and c′.

(I) Proof of Lemma 2 in [6]. Let q1, · · · , qr be distinct primes with

|2n − qα1
1 · · · qαrr | ≤ x, n ≥ 1, αi ≥ 0, i = 1, · · · , r.

By Lemma 3 we have

x ≥ 2n
∣∣∣∣1− qα1

1 · · · qαrr
2n

∣∣∣∣ ≥ 2n
c′′

20.5n
(θ = 1, α = β = 0, γ =

1
2

).

So

n ≤ c(3) log x.(8)

Hence

2maxαi ≤ qα1
1 · · · qαrr ≤ |qα1

1 · · · qαrr − 2n|+ 2n

≤ x+ 2c
(3) log x.

Thus

maxαi ≤ c(4) log x.(9)

All c(i) depend only on q1, · · · , qr. Lemma 2 in [6] follows from (8) and (9).
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(II) Proof of Lemma 2 (a weak form). Let q1, · · · , qr be distinct primes and 1 ≤
M ≤ x with

M2n + 1 = qβ1
1 · · · qβrr , n ≥ 1, βi ≥ 0, i = 1, · · · , r.(10)

If n < log x, then

2maxβi ≤ qβ1
1 · · · qβrr ≤M2n+1 ≤ x21+log x.

Hence

maxβi ≤ c(5) log x.

In this case, the number of M ≤ x satisfying (10) is less than c(6)(log x)r+1. Now
assume that n ≥ log x. Then

M log 2 ≤ xlog 2 = 2log x ≤ 2n.

That is,

M ≤ (2nM)(1+log 2)−1
.

Thus, by Lemma 3 with θ = 1, a′ = 1, b′ = M , α = 0, β = (1 + log 2)−1 and
γ = 2/3, we have

1 = qβ1
1 · · · qβrr

(
1− 2nM

qβ1
1 · · · q

βr
r

)

≥ qβ1
1 · · · qβrr

c(7)

(qβ1
1 · · · q

βr
r )2/3

.(11)

By (10) and (11) we have M ≤ c(8). All c(i) depend only on q1, · · · , qr. This
completes the proof.
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