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ABSTRACT. In this paper we show that the set of positive odd integers k such
that k2™ 4 1 has at least three distinct prime factors for all positive integers
n has positive lower asymptotic density.

1. INTRODUCTION

Integers of the form k2™ + 1 have received special attention. One main reason is
that the potential factors of Fermat numbers have the form k2" + 1. One may refer
to Guy [10], A3, B21, and [1], [2], [4], [5], [8], [11], [12], [I5]-[18]. In 1960 Sierpirski
[17] used the congruence covering system to prove that there are infinitely many
positive odd integers k such that k2™ 41 is composite for all positive integers n. On
the other hand, P. Erdés and A. W. Odlyzko [9] showed that the lower asymptotic
density of odd integers k such that k2™ 4 1 is prime for some positive integer n is
positive.

In [6] we introduced the notation of (2,1)—primitive m—covering systems. By
constructing a (2,1)—primitive 2—covering system and using a result on linear
forms in logarithms, we show that the set of positive odd integers, which have no
representation of the form 2" + p®¢?, where p, ¢ are distinct primes and n, o, 3 are
nonnegative integers (hence n > 1), has positive lower asymptotic density. That
is, the lower asymptotic density of positive odd integers k such that &k — 2™ has at
least three distinct prime factors for all positive integers n is positive.

In this paper, by using the same (2, 1)—primitive 2—covering system in [6] and
a result on linear forms in p—adic logarithms, we show that the set of positive odd
integers k such that k2™ + 1 has at least three distinct prime factors for all positive
integers n has positive lower asymptotic density.

In [6] and Sections 1-3 of this paper, all constants are effective computable
(Baker’s method). In Section 4 we point out that Mahler’s result, which is an
analogous extension of Roth’s result, also works well for [6] and the present paper,
but related constants are noneffective computable (Roth’s method).

We only consider integers of the form k — 2™ or k2™ + 1. For cases k + 2" and
k2™ —1 we have the exact same conclusions by using the same method. Our method
also works well for integers of the form ka + b™ or ka™ + b with some reasonable
restrictions on a, b and k.
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2. NOTATIONS AND THE MAIN RESULTS

All primes in [6] and this paper are positive primes. We call {a;(n;)}!_; a
covering system if every integer y satisfies y = a;(mod n;) for at least one value of
i. For the construction of covering systems one may refer to S. L. G. Choi [7]. For
further related information one may see Guy [10], A19, B21 and F13. The following
notations have been used in [6].

Definition 1. A positive integer d is said to be an (a, b)—primitive divisor of order
n if dla™ — " and df o™ — b™ for all 1 < m < n.

Definition 2. {a;(n;)}!_; is said to be an m—covering system if every integer
belongs to at least m of ai(n1), az(nz2), -« -, ar(ny).

Definition 3. {a;(n;)}!_; is said to be a (2,1)—primitive m—covering system if
{ai(n;)}i_, is an m—covering system and there exist distinct primes p1,pa, -+, pt
such that for each i, p; is a (2,1)—primitive divisor of order n; (1 <i <#¢).

For m > 3 we do not know whether there exist (2,1)—primitive m—covering
systems. I believe so. For convenience, let

Y, ={k : k> 0,2k, k — 2" has at least r distinct

prime factors for all positive integers n},

G, ={k : k> 0,2)k, k2" + 1 has at least r distinct

prime factors for all positive integers n}.

For a subset A of the natural numbers, let

Alx) ={a€ A : a<z}

A
d(A) = liminf M
r—00 X
That is, d(A) is the lower asymptotic density of A.
In this paper the following conclusions are proved. The main theorem in [6] is
included as a part of Theorem 1(ii).

Theorem 1. Suppose that there exists a (2, 1)—primitive r— covering system. Then
(i) d(Gr4+1) > 0 and G, contains an infinite arithmetic progression;
(ii) d(Yr41) > 0 and Y, contains an infinite arithmetic progression.

Corollary. (i) d(G3) > 0 and G3 contains an infinite arithmetic progression;
(ii) d(Y3) > 0 and Y contains an infinite arithmetic progression.

Theorem 2. The following statements are equivalent to each other:

(i) there exists a (2,1)—primitive r— covering system;

(i) there exist an odd integer k and a finite set {p1,--- ,pi} of distinct primes
such that k2™ + 1 is divisible by at least r of p1,--- ,p: for all positive integers n;

(iii) there exist an odd integer k and a finite set {p1,--- ,p:} of distinct primes
such that k — 2™ is divisible by at least v of p1,--- ,ps for all positive integers n.
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3. PROOFS

To prove Theorem 1, we need a result on linear forms in p—adic logarithms.
Here we use a special case of the corollary of Theorem 1 in Yu [I9] (p. 245).

Lemma 1 (Yu [19]). Let ay,--- ,ay, b1, , b, be nonzero integers with |a;| + 2 <
A, 3|b;] < B (1 <i<r). Suppose that

abt b —1#0.

Then
ords (a?l eal — 1) < clog(4B),
where
o r 2r+4 r 12
c=11145-24"(r + 1) W(logfl) log(2™ - 3r(r + 1) log A).
Lemma 2. Let py,--- ,p be distinct odd primes and x > 3. Then the number of

positive odd integers M < x such that there exist a positive integer n and distinct
primes qi,- - ,qr € {ph o apt} with

M2n+1=CIf1QET7 ﬁizla i:17"'ara
is less than c1(loglog x)(log )", where ¢y depends only on r and p1,-- -, pt.

Proof. Given q1,---,q, € {p1, - ,pt}. Let A = maxp; + 2. Suppose that M is a
positive odd integer with M < z and

(1) M2"+1=q{" ¢, n>1 B;>1, i=1--,r
By (1) and Lemma 1 we have
(2) n = ords (qf1 R 1) < clog(12 max 3;),
where ¢ depends only on r and A. By (1) and (2) we have
gmaxfi < gt gfr = M2" 1 < M2t
< goltelog(12max ;)

Hence
(3) max (3; < cglogz.
By (2) and (3) we have

n < czloglog x.

Thus, for ¢1,---,q- € {p1,--+ ,pt}, the number of positive odd integers M < z
such that there exist a positive integer n and positive integers 31, - - , 3, with

M2" 4+ 1 :qll ---qfr
is less than
¢3(c2)" (1og log ) (log 7)"

Lemma 2 follows by taking ¢; = c3(c2)"Cy.
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Proof of Theorem 1(i). This proof is similar to the proof of the main theorem in
[6]. Suppose that {a; (mod n;)};_; is a (2,1)—primitive r—covering system and
p1, -+ ,p¢ are corresponding primes in Definition 3. Take an integer M satisfying

(4) M2% +1=0 (modp;), i=1,---,t,

M+1=0 (mod 2).

For any positive integer n there exist i1, -+ ,2, with 1 <14 <ig <--- <4, <tand

n=a; (modn;), j=1,2,---,r
Then by (4) and

2" =1 (modp;), j=1,---,r
we have

M2" +1=M2% +1=0 (modp;), j=1,---,r
Thus
M2" +1=p; " pib, oy, >0(j=1,2,---,1), bEZ.
This means that M € G,.. Hence, if
M2"+1=q) gl Bi>0, i=1,-,r

where ¢1,---,q, are distinct primes, then ¢; € {p1,---,p:} and §; > 1 (i =
1,2,---,r). By Lemma 2 the number of such M < z is less than
c1(loglogz)(log z)".

It is well known that the number of positive odd integers M < z with (4) is more
than
x

2p1-pe
Therefore, there exist at least 5-—-—1-2c; (loglog )(log )" positive odd numbers
M < z such that M2™ 4 1 has at least » 4+ 1 distinct prime factors for all positive
integers n. It is clear that all integers with (4) constitute an infinite arithmetic
progression. This completes the proof of Theorem 1(i). The proof of Theorem
1(ii) is exactly as the proof of the main theorem in [6], except add M € Y,.. This
completes the proof of Theorem 1.

—]., LEZX3

The corollary follows from Theorem 1 and the fact that there exists a (2,1)—
primitive 2—covering system (see the proof of the corollary in [0]).

Proof of Theorem 2. By the proof of Theorem 1 we know that (i) implies (i) and
(iii). We now prove that (ii) implies (i). For each i, let n, and a; be the least
positive integers such that

(5) 2" =1 (modp;), k2% +4+1=0 (mod p;).

Then, for each 4, p; is a (2, 1)—primitive divisor of order n;. For any positive integer
n, by the assumption, there exist ji,-- -, j, such that

(6) pj k2" +1, i=1,2,---,r

By (5) and (6) we have

pi [k, pji k(27 —2%%).
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Hence
(7) 2"% =1 (mod pj;,), i=1,---,r

By the definition of nj, and (7) we have n = a;, (mod nj,) (1 < ¢ < r). Thus
{a; (mod n;)}._, covers each positive integer at least 7 times, and hence is an
r—covering system. Therefore, (ii) implies (i). Similarly, (iii) implies (i). This
completes the proof of Theorem 2.

4. NONEFFECTIVE VERSIONS

In [6] and the above arguments, all constants are effective computable. In this
section we use Mabhler’s result, which is an analogous extension of Roth’s result,
to prove Lemma 2 in [6] and Lemma 2 (in a weak form which is sufficient for our
purpose).

Lemma 3 (Mahler [13], Ridout [T4]). Let 6 be any nonzero algebraic number, let

D1, Pty G1, -+ ,q be distinct primes and let o, 3,7, c be real numbers with
0<a<l 0LZ<pB<Ll, y>a+8, >0

Let a,b,a’, b be positive integers with

!, o1

a=ap] "'p?/tv 041;20; Z':]-v"';tv

b:b/qfl"'qlﬁla szoa j:17"'ala

Then
‘9—9‘ >C—H if 9—97&0,
a a” a
where ¢’ > 0 depends only on 6,p1,-- ,pt, q1,°* ,q, @, 3,7 and .
(I) Proof of Lemma 2 in [6]. Let g1, - ,q, be distinct primes with
2" — gt gt <z, n>1, @20, i=1,---,r
By Lemma 3 we have
z > 2n 1—% 22"25,;” (9:1,04:5:0,7:%).
So
(8) n < c® log .
Hence
maxan gt g < gt e =27 27
<z+ 2c<3> log
Thus
(9) max o; < ¢ log .

All ¢ depend only on g1, ,q,. Lemma 2 in [6] follows from (8) and (9). O
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(IT) Proof of Lemma 2 (a weak form). Let ¢, -+, g, be distinct primes and 1 <
M < x with

(10) M2 41 =g/ gfr, m>1, 8,20, i=1,---,r
If n < logx, then
gmax f3; < q,181 qf < M2t < poltloga
Hence
max 3; < c® log .

In this case, the number of M < x satisfying (10) is less than ¢(®) (logz)"*!. Now
assume that n > logz. Then

M10g2 < xlogZ _ 210gm < on.
That is,
M < (an)(l—HogQ)*l.

Thus, by Lemma 3 with § = 1, ' =1, = M, a =0, 3 = (1 +log2)~! and
v =2/3, we have

. s 27\
l=q" ¢ 1_q,181' et
T

G

(1) > gl g .
r @fln.q§q2ﬁ

By (10) and (11) we have M < ¢®. All ¢(? depend only on ¢y,---,q.. This
completes the proof.
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