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ABSTRACT. We establish a necessary and sufficient condition so that positive
radial solutions to

—div(A(|Vu|)Vu) = f(u), in Bgr(0)\ {0}, R >0,

having an isolated singularity at = 0, behave like a corresponding funda-
mental solution. Here, A : R\ {0} — R and f : [0,00) — [0, 00) are continuous
functions satisfying some mild growth restrictions.

1. INTRODUCTION

Let ¢ : R — R be an increasing odd homeomorphism from R onto itself and let
A : R\ {0} — R be defined by A(s) = @ In this paper we study the behavior
of positive radial solutions in a neighborhood of zero for the strongly nonlinear
problem

(D) —div(A(|Vu(z))Vu(z)) = f(u(z)), =,

where Q* := Br(0) \ {0} C RN, N > 1. Here f € C(R",RT), with RT = [0, +00).
Radial solutions to (D) satisfy

(P) —(r" o)) =V f(w), e (0,R),

where r = |z|, z € Q*, and ’ denotes <.
By a solution to (P) we mean a function u € C1(0, R) and such that ¢(u’) €
C1(0, R) which satisfies the equation in (P).

Problem (D) includes the class of equations containing the m-Laplacian operator,
(D) —div(|Vu|™?Vu) = f(u), 1<m<N.

In case that f(u) = |u|°~u, the behavior of positive solutions to (D) near zero
is well known; see [2], [4].
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N(m—1)

In particular, if 1 < m < N and m — 1 < 4, by setting §* := ———, the

Serrin number, and h(r) :=r~ ]x:?, the fundamental solution for the m-Laplacian
operator, we have that the following criterium for the behavior of positive radial
solutions to (D) relative to h can be obtained from [2]:

(1) if § < §*, then any positive radial singular solution to (D) satisfies lir% Zg:; =
r—

¢, for some positive constant c,
(#4) If 6 > &*, then any radial nonnegative solution u to (D) satisfies lir% Zg:; =
rTr—
0.
In case (i), we say the singular solution is of fundamental type. Clearly from (7)

and (i%), a positive radial singular solution u of (D) (with f a power) satisfies:

u(r)

(1.1) 71}1% hr) #0 if and only if 0 < 6%,
and note that this is equivalent to
(1.2) }13(1) % #0 if and only if /Ostlf(h(s))ds < 00,

with f(u) = |u|’~'u. In this direction, and for the case m = 2, we refer to Remark
2 in [3].

In [I] the study of the behavior and existence of singular solutions for problem
(P) was initiated. Following [I], solutions to

(N e(r)) =0, >0,

are called fundamental solutions to (P). By direct integration they have the form

R
(1.3) he(r) = ho(r, R) ;:/ o~ H(Ct N at,

with C' > 0. Since we are interested in singular solutions we assume as in [1] that
(1.4) lim he(r) = +o0.
r—0t

u(r)

Also from [1] if a solution u to (P) satisfies lim inf
r—0 hc(r)

> 0, we will say that u is

of fundamental type. Let us set

5 —1=liminf log(é(®)) 15— tim sup log(f(2))
Under the assumptions (I4) and
N(p-1)

(15) 1<[3<N, ]3—1<3<?,
with f ultimately increasing, we proved in [I] (see Theorem 3.2) that any positive
singular solution to (P) is of fundamental type. Further, (I.5)) implies that

(1.6) /stlf(hc(s))ds < oo for any C > 0,
0
but not conversely.

All these facts together motivated the following question: Does a result like
(C2) hold for problem (P) within the generality of [1]? In this paper, by imposing
suitable conditions on ¢ and f, we give a positive answer to this question (see
Theorem ] below). As a consequence of this result, in the last section of this
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paper we will give an example for which all the conditions of Theorem 3.2 in [I] are
satisfied except the last inequality in (IH) which we replace by an equality. Clearly
then we cannot use Theorem 3.2 to classify singular solutions. Nevertheless we will
see that Theorem [Z1] can be used to obtain this classification.

Now we introduce some notation. Throughout the paper we will set

wn e [ei @ = [o s Fe = [ o,

and

(1.8) p? := lim sup x—(x) Op := liminf 2/ (@) —1.

z—too P(x)’ z—+o00 F(x)

Furthermore we will assume
(H) 1< p? < oo, 0<dp < oo.

In the next section we state and prove our main result. The proof of it is based
on the use of appropriate supersolutions.

2. MAIN RESULT

In this section we will prove our following main result which gives a characteri-
zation of positive singular solutions to (P) of fundamental type.

Theorem 2.1. Let ¢ be an odd increasing homeomorphism from R onto itself sat-
isfying (L4), and let f € C(R™Y) be an ultimately increasing function. Assume that
¢ and [ satisfy (H) and the superlinearity type of condition

(2.1) p® <dp+1.

Let u be a positive singular solution to (P). Then the following statements are
equivalent:

(i) There exists C > 0 such that lim i(I)lf h“c(zz) > 0 (i.e. u is of fundamental type).
T —

(it) There exists C > 0 such that [ sV~ f(hc(s))ds < +oo.

Remark 2.2. Tt follows from Theorem 4.1 in [I] that if f € C(RT) is ultimately

increasing, liminf xq?((f)) > 1, and (ii) above holds, then positive solutions to (P)
Tr—00

satisfying (i) in Theorem [Z] indeed exist.

The proof of Theorem [2.1] is based on the use of supersolutions and on Lemma,
2.4 below. Let us define first what we mean by a supersolution to (P).

Definition 2.3. We say that a positive function w : (0,r9) — (0, 400) is a super-
solution to (P) if it satisfies

(2.2) —(rV o) =N f(w(r)), 7€ (0,70),
and
(2.3) ;ii%rN*(z)(w’) <0.

We note that in this definition w need not be defined at 0.
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For an example of a supersolution let us consider the case where ¢(s) = s and
f(s) = 8%, N > 2, in ([Z3). Then, for 325 < § < 25, we have that w(r) =
Cr2=9(N=2) is a supersolution to the corresponding problem (P). Indeed, in this

case

—(rN 7w = C(6(N —2) —2)(N — (N — 2))rN L2~ N)0 > pN=1y0

for r € (0,79(C)) and also lin%) rN-ly' = 0.
r—

Our next lemma is a key tool in proving our main result.

Lemma 2.4. Let ¢ be an odd increasing homeomorphism of R onto R and let
f € C(RT,R") be ultimately increasing. Suppose that ¢ and f satisfy (H) and
200 and assume that there exists a supersolution w to (P). Then any nonnegative
solution u to (P) satisfying

(2.4) lim TN_1¢(ul(r)) —0 and u(r)

=0
r—0+ r—0+ w(r)

is a regular solution to (P).

Proof. Let u, w satisfy the hypotheses of the lemma, and assume by contradiction
that u is not bounded. Then the second assertion in (2.4) implies that w is not
bounded. We will next fix some constants that will be used throughout the proof.
Let 1 > 0 be such that

SF 2:5F—,Lt>pq>+/£—].izﬁq>—1>0.
By the definition of 7 and p®, there exists 1 (1) = 21 > 0 such that

ef@) L ao)
Fa) ™ ()

®
for all x > 21, and thus, using the identity z¢(z) = ®(z) + ®*(¢p(x)), we find that
for x > ¢(x1)

(2.5) dp+1< <p®

¢! (x) p* P

() pr 1 P

Hence, if o = max{z1,¢(x1)}, then the functions z=°*~1F(z) and x*ﬁffb*(x)
are increasing for © > xg. Also, since ¢ is increasing, we obtain that ®*(2z) >
fjx ¢~ L(t)dt > x¢~(x) for all x > 0. Similarly, by the ultimate monotonicity of
f, we have that F(2z) > xf(z) for all z sufficiently large. Hence, combining with
[23), we obtain that

P =
1 x\Ps—1 1 T\ OF
. < — < —
(2.6) oM@ <A(D)T 0w f@ <B()) T,
for all z, y such that y > 2z and = > xg, where A := 291 and B := —1—. For

Sp-i-l .
later use, we also set

(2.7) q:i=(p* —1)op, C:=20""ABP"1

and we note that from (21), ¢ > 1. From the first inequality in (2.6) we observe
that

(28) 6@ < A(5)" 6 )+ 0 )



BEHAVIOR OF POSITIVE RADIAL SOLUTIONS 385

for all z, y > 0 such that 2z < y. We will assume that xg is such that f is increasing
for £ > z¢. By using that ¢ > 1, the unboundedness of u and w near zero, and the
second assertion in (Z4l), we can now choose 1 € (0,1/4), b € (0,1/4) and . > 0
such that

(2.9) Cr—t < ¢g-1,
(2.10) red(zo) +ulry) < (b— qC_bql)w(r*), o < u(ry),
(2.11) u(r) < ew(r), re(0,r),

and set ¢ := bw(r,). Then, since €1 and b are less than 1/4, and using that w is
nonincreasing, we get that for all s € (0,r,),

(2.12) 2e1w(s) + 2 < @ + # <w(s), se(0,r),

and thus, from the second inequality in (Z.6) with z = eqw(s) + ¢ and y = w(s), it
holds that

c \°r
(2.13) f(elw(s)—i—c)gB(sl—kWS)) Flw(s))

for all s € (0,7.). By integrating the equation in (P) over (0,7), r < r,, using
the first assertion in (Z4)), (ZI3)), and the fact that f is increasing for x > zg, we
obtain that

@) ) < [ S

0

< /OT sV f(eqw(s) + c)ds

B /0 "N (e+ wgs))gF Flw(s))ds.

c c
Then, again using that w is nonincreasing, we have that —— < —— for all
w(s) — w(r)

0 < s <r <, Thus, since w is a supersolution to (P), we find that

(2.15)

IN

Pl ()) < B(e+ W)é / N ()
< Bt o) e ).
Hence, we have that
(216) o) <07 (Ba o+ o0s) ol D).

for all r € (0,7,). Now, using that B < 1 and , we may apply (2.8) with
5
T = B(51 + L) F¢(|w'(r)|) and y = ¢(Jw'(r)]) to obtain from (2I6) that

w(r)
_ q
/ < ABpip—l( c ) / -1
()] < 1+ 7)ol )]+ 67 o)
where ¢ is as defined in (7). Moreover, from the convexity of the function ¢,
q > 1, and the definition of C in ([2), we also get

[/ (r)] < Cef|w! (r)] + Cc? (w(r) " |w' (r)] + ¢ (z0)-
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Integrating this inequality over (r,r,) and using that |w’(s)| = —w'(s), we obtain
Tx
u(r) —u(ry) < Celw(r) — C’cq/ (w(r)) T’ (s)ds + re¢ ™ (z0),
T

and thus taking into account that g > 1, we have
Cct

——w

(¢ — Dw(r,)

Now, from the definition of ¢ = bw(r,) and the above bound for u, we get from

(Z9) and (Z10)
u(r) < Cefw(r) +

u(r) < Cefw(r) + (r4) + 12 (20) + u(ry).

q b4

- lw(r*) + bw(r.) — =

Hence, we conclude that
u(r) <eqw(r)+e¢, forall re(0,ry),
where e5 = Ce]. Repeating this process n times, we find that
(2.17) u(r) <epw(r) +e¢, forall re(0,r,),
where the sequence {e,} is recursively defined by e,41 = Cel, ie., €11 = C"e‘f".
Then, since

Entl _ 0" a-1)
En !

— 0 asn — oo,

it follows that the sequence {e,} tends to 0 as n tends to infinity, leading in this
way to the contradiction that u is bounded. O

Remark 2.5. We note that the result is the same if instead of assuming that f is
ultimately increasing, we assume that f satisfies the additional condition

. v f(x)

lim sup

Indeed, in this case it can be shown that given p > 0 there exist xg and a positive
constant d such that

(2.18) f(s) <df(t) forallt>s >z,

< +00.

and hence the same argument is valid by a suitable modification of the constants
involved.

We are now in position to prove Theorem 211

Proof. Let the assumptions of Theorem hold and let u be a positive singular
solution to (P).

(1) = (i). As in the proof of Theorem 2.1 in [If, limi(r)1f h“é(zr)) > 0 for some
r—

C' > 0 implies that there exist C' > 0 and r, > 0 such that u(r) > ho(r) for all
r € (0,74). Since in this case the limit lin%) rN=1¢(u/(r)) < 0, then by integrating
r—

the equation in (P) over (r,r,) and using that f is ultimately increasing we obtain

—r (! (r,)) > /r* sV f(he(s))ds,

and hence (i) = (ii).
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(ii)) = (i). Now we assume that [, sV ! f(ha(s))ds < oo for some positive
constant C' and continue our argument by contradiction. Thus we assume that u is
a positive singular solution to (P) such that ligélf huc((rz) =0 for all C' > 0. Then,
by Theorem 2.1 in [T, it follows that

u(r)

P20 ho(r)

(2.19) =0 forall C >0.

Hence, by taking ¢ = C in (2.19), and using that w is singular we obtain that
xo < 2u(r) < ha(r) for all r small. Thus by the second inequality in (2.6)), it holds
that

fu(r)) u(r) \or
2.20 —— <K
(220) ey < er)
for all r sufficiently small. Moreover, since liII(l) rN=1¢(u/(r)) = 0, by dividing both

sides of the equation in (P) by rV~!f(hs(r)), using L'Hopital’s rule, (ZI9), and

(200, we obtain

. =N/ (r) L flu(r)
i, J7 sN=1f(ha(s))ds i, flha(r) "
and thus
. |/ (r)]
2.21 lim =0.
22 P G (LN [N f (g (s)ds )
Now set

wr) = [ (1 [0 o).

0
Then w is nonnegative and strictly decreasing in (0,7¢) and thus lirn+ w(r) =L
r—0

exists and it is either finite or +oco. If it is finite, then by (221 u is bounded and
thus regular. If L = 400, we can again apply L'Hopital’s rule in (2:21) to find that

im u(r) =
(2.22) TL0+ w(r) 0.

Next let us show that w is a supersolution to (P). Indeed, a direct computation
shows that

—(r" (' () = VT (R (),

and since by our assumption (i¢) we have

T
/ NUf(he(s))ds < C
0

for r small, from the definition of w we conclude that hx(r) > w(r) for r small
enough. Hence, we obtain that w satisfies (2:2)) for ro small enough. Also, since w is
a positive decreasing function, we have that (Z3)) holds and thus w is a supersolution
to (P). Thus, by [Z22), we conclude from Lemma 2] that u is regular, which is a
contradiction. O
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3. AN EXAMPLE

Let us consider problem (P), where the homeomorphism ¢ is implicitly given by
¢ (z) = 271 (log(z + xo))_i’(é\;jg, x>0,
where 1 < p < N and zg > exp(2(N — p)/N). For the function f we take

N(p-1)

flx)=a"7>, 2>0.
With the notation of the introduction, it can be verified that
N(p-1)
N-—-p

pP=p=p and dp=0=

Hence, Theorem 3.2 in [1] cannot be applied.
However, by observing that
lim hl(S) — _ p— 1 _
e Y T 2(N—p)
sP=1]log(s)|” ¥@=D (N —p)(N —1)%e-—D

we find that

[0 ¥ s < 0 [ 5 1ogts)| s < o
0 0

for some positive constant C' and thus our Theorem [Z1] applies. We conclude from
it that for ¢ and f as above, any positive singular solution to

—(rM o) =N f(w), T e (0,R),

is of fundamental type.
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