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CHARACTERIZATION OF DISCRIMINATOR VARIETIES

DIEGO VAGGIONE

(Communicated by Carl G. Jockusch, Jr.)

ABSTRACT. We prove that a variety V is a discriminator variety if and only if
V has the Fraser-Horn property and every member of V is representable as a
Boolean product whose factors are directly indecomposable or trivial.

A variety has the Fraser-Horn property [3] if every congruence on a product
Ay X As is of the form 61 x 65. Examples of varieties with this property are congru-
ence distributive varieties and congruence modular varieties in which no non-trivial
member has a trivial subalgebra [8]. In this paper we prove the following:

Theorem. For a variety V the following are equivalent:

(a) V is a discriminator variety.

(b) V has the Fraser-Horn property and every member of V is representable as
a Boolean product whose factors are directly indecomposable or trivial.

We remit to [2] for notation and basic facts on Boolean products and discrimina-
tor varieties. The concept of decomposition operation plays a deep role in the proof.
A decomposition operation on an algebra A is a homomorphism d : A x A — A
satisfying:

d(z,z) = z,

d(d(x,y),z) =~ d(x, z) = d(z,d(y, 2)).
Given a pair 6,0 of complementary factor congruences we have associated a de-
composition operation defined by dp s(a,b) = the unique ¢ € A such that (c,a) € 6
and (¢, b) € 6. Reciprocally, given a decomposition operation d, the relations 6; =
{(z,y) : d(z,y) = y} and é4 = {(z,y) : d(z,y) = =} are a pair of complementary
factor congruences. These maps are mutually inverse [4].

For an algebra A let A denote the diagonal congruence on A.

Proof of the Theorem. (a)=-(b) Since V is congruence distributive it has the Fraser-
Horn property [1I]. The Boolean representation is the well known result of Bulman-
Fleming, Keimel and Werner [2].

(b)=-(a) Since V has the Fraser-Horn property, we have that:

(1) For every A € V, the set FC(A) of all factor congruences forms a Boolean
sublattice of the congruence lattice of A.

(2) If ¢ : A — B is an onto homomorphism and d is a decomposition opera-
tion on A, then the equation o(d)(¢(a), p(b)) = ¢(d(a,b)) defines a decomposition
operation ¢(d) on B.
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(1) is proved in [Il, 1.4]. To prove (2) suppose (w.l.o.g.) that A = A; x As and
d((a1,as2), (b1,b2)) = (a1,bs), and use the fact that ker ¢ factorizes

Next let A C II{A; : i € I} be a Boolean product. For i € I, let §; = {(z,y) €
A2 2(i) = y(i)}. Suppose that there is a set J C I such that every A;, with i € J,
is directly indecomposable and (){6; : i € J} = A. We will prove that

(3) {0; :i € I} — {A} ={Um : m is a mazimal ideal of FC(A)} —{A}.
For a set B define n%(a,b,c,d) = ¢, if a = b and n®(a,b,c,d) = d, if a # b. By
[6, 2.3] there is a 4-ary operation h on A such that the algebra (A4, h) generates a
discriminator variety and

(4) (A ) C TI{(A;,n) : i € I} is a Boolean product with simple or trivial
factors.

Let 6,0* be a pair of complementary factor congruences of A. Since 6; = (6; V
0) N (0; v 6*) [3] and each 6;, with ¢ € J, is indecomposable, we have that 6 C 6,
or 0* C 0,, for every i € J. Since ({0; : i € J} = A, we obtain that (\{6; : 6 C 6;}
and ({0; : 0* C 6;} are a pair of complementary factor congruences of A, which
by (1) implies that 8 = ({6; : @ C 6;}. Thus 6 is a congruence on (A, h) (note that
the 6; are congruences of (A, h)) and we have proved that

(5) FC(A) = FC({A,R)).
Since principal congruences in discriminator varieties are factor congruences [10]
(6) of 2.2], (5) implies that

(6) For (z,y) € A? there is a least factor congruence containing the pair (z,y).
Since (A, h) generates a discriminator variety, we have that

(7) The natural map

(A, h) — II{(A, h) /Um :m is a mazimal ideal of FC(A)}

is a Boolean representation with simple or trivial factors.

Thus (3) follows from (4), (7) and the uniqueness of Boolean representations in
discriminator varieties [0, 8.3]. We note that (3) and (b) imply that

(8) For every A € V, A/ Um is directly indecomposable or trivial, for every
maximal ideal of FC(A).

Next we will prove? that

(9) If A is directly indecomposable and B C A, then B is directly indecomposable
or trivial.

Suppose to the contrary that B is decomposable. Let 2y be a point in the Cantor
Discontinuum C. Give A the discrete topology. Let D = {f € A : f is continuous
and f(xg) € B}. Note that D C II{D,, : € C} is a Boolean product where D, = A
if z # zo and Dy, = B. Further note that (),cc_g,01 02 = A (C — {xo} is dense).
Thus (3) and (8) produce a contradiction since D/6,, = B.

Let c¢1,co be new constant symbols and let di,ds,... be new binary function
symbols. Let V. be the variety axiomatized by a set of identities defining V plus
the following identities:

di(z,z) =~ x,

d;(di(z,y), z) = di(x, 2) = d;i(z,d;(y, 2)),

dl(f(f)a f(?j)) ~ f(di(xlvyl)a "'7di(xn7yn))a

di(c1,c2) & ca, f an n-ary function symbol of V, n > 1,1 =1,2,....

Note that (A, a,b,dq,...) € V. iff A €V and each d; is a decomposition operation
on A such that (a,b) € 8,4,. Let F be the free V.-algebra freely generated by z and

!Tndeed condition (2) is equivalent to the Fraser-Horn property.
2The argument we will use was extracted from [I].
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let F,. be the reduct of F' to the language of V. Since F,. € V, by (6) there exists a
factor congruence 6, which is the least factor congruence on F,. containing the pair
(c1,¢2). Let 6 be the complement of 6 in FC(F,.). Note that

(10) da,(j(cl, CQ) = C3.

Since each df is a decomposition operation on F). satisfying (ci,c2) € 0,7, we
have '

(11) Va,b € F, dgs(a,b) =b— df(a,b) = .

For each term #(z) in the language of V., define a term ¢(z)* with variables in
{z,y, z} as follows:

=,

< =Y,

s* =s, for s € {z} U {constant symbols of V},

fltr, e tn)* = f(t5,...,85), f an n-ary function symbol of V,

dz(l‘,l,tg) = t2, 1= 1,2,
We will follow the usual custom of thinking of dgs(z,¢1) € F as a term #(z),
which we prefer to write as t(c1,c2,2) to refer to all the occurrences of ¢; and
¢ in ¢(z). The goal will be to show that dgs(z,c1)* = t(c1,c2,2)* provides a
discriminator term for V), i.e. we will prove that for every directly indecomposable
A € V and every a,b,c € A, we have that t(cq,c2,2)*(a,b,¢) = ¢, if a = b and
t(c1,c2,2)*(a,b,c) = a, otherwise. Note that by (9) we can suppose that A is
generated by {a,b,c}. Let m,m2 : A x A — A be the canonical projections. Let k

be such that each d;, with ¢ > k, does not occur in t(cy, ¢, z). First suppose that
k

a =1b. Since (4, a,b, T, ..., T2, M1, M1, ...) € Ve, there is a morphism

0:F — (A a,b o, ... ,To, M1, T, ...)
z = e

Since dp 5(2,dg.s(z,c1)) = dgs(z,c1), by (11) we have that df (z,dgs(z,c1)) =
dgs(z,c1), 1 1 ,2,.... Further note that
gO(de 5(2 cl)) @(t(cla C2, Z)) = t(cla C2, Z)*(aabv C)'

Thus we have

t(c1, 2, 2)"(a,b, ¢) = (dpt1(z,dg (2, 1)) = mi(c, p(do,s(2, c1))) = c.
Finally suppose that a # b. Let

7:F - <A,a,b,7r2,...,7r2,7r2,7r2,...>
z — C.

Note that by (2) we have a decomposition operation v(dg ). Since (c1,c2) € 6 =
O, 5, We have that (a,b) € 0,4, ;), which implies that 6,4, ;) = A X A, because A
is directly indecomposable. Thus ~y(dg s) = m2 and hence

t(clv C2, Z)*(Cl, b,C) = 7(d9,5(zv cl)) = V(daaé)(r}/('z)a’}/(cl)) = WQ(Ca a) =a. U

(b)=-(a) was proved in [7] with the restriction that the Boolean representations
have no trivial factors. That proof is based on the concept of central element [9]
which cannot be used in general since central elements exist only in varieties in
which no non-trivial algebra has a trivial subalgebra. We conclude the paper with
the following question:
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Is it possible to replace in the above theorem the Fraser-Horn property by the

property that for every A € V, the set F'C(A) forms a Boolean sublattice of the
congruence lattice of A?
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