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ABSTRACT. Let G = Zp, p a prime (resp. S1), act freely on a finitistic space
X with mod p (resp. rational) cohomology ring isomorphic to that of S™ x S™.
In this paper we determine the possible cohomology algebra of the orbit space
X/G.

1. INTRODUCTION

Let G = Z,, p a prime (resp. S', the circle group), act on a space X with mod p
(resp. rational) cohomology ring isomorphic to that of S™ x S™:; we abbreviate
this as X ~p, S™ x 8™ (resp. X ~¢g S™ x S8™). There are two spaces associated
with the transformation group (G, X); viz. the fixed point set X and the orbit
space X/G. The homological nature of X has been studied in detail by Adem
[1], Bredon [3], Hsiang [4], Su [6] and Tomter [7]. However, to our knowledge,
no one has investigated the homological structure of the space X/G. We find
here the possibilities for the cohomology algebra H*(X/G) when the action is free.
Throughout this paper, we use Cech cohomology with coefficients in the field E,ofp
elements or (Q of rational numbers, unless otherwise indicated. The mod p Bockstein
cohomology operation associated with the coefficient sequence 0 — Z,, — Z,2 —
Z, — 0 will be denoted by (3. We prove the following:

Theorem 1. Let G = Z,, p an odd prime, act freely on a finitistic space X ~,
S™mx 8™, 0 <m <n, and assume that H*(X; Z) is of finite type. Then H*(X/G; Z,)
is isomorphic to Z,[x,y,z]/¢(z,y,z) as a graded commutative algebra, where
o(z,y,2) is one of the following graded ideals:

(i) (z2,y™*TV/2 22) m odd, degz = 1,y = B(x),deg z = n;

(ii) (x2,y(mAntD)/2 g n=mi1)/2, _ g (nt1)/2 22 _py™) m even, n odd, degz =
1,y = pB(z),degz = m,a,b € Z, and a = 0 necessarily when n < 2m;

(i) (22,y*tV/2 22 —by™), n odd, degz = 1,y = B(x),degz =m,b € Z,,b# 0
only when m is even and 2m < n.

Theorem 2. Let G = Z5 act freely on a finitistic space X ~o S™xS™, 0 <m < n.
Then H*(X/G, Z3) is isomorphic to Zsly, z]/¥(y,z) as a graded algebra, where
Y(y, z) is one of the following graded ideals:
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(i) (y™*2,2%), degy = 1,degz = n;

(ii) (ymtntl yn—mtl 2 22 —ay™z — by?™), degy = 1,degz = m,a,b € Zy and
a = 0 necessarily when n < 2m;

(iii) (y"t1, 22 — ay™z — by*™), degy = 1,degz = m,a,b € Zy and b = 0 neces-
sarily when m =n orn < 2m.
Theorem 3. Let G = S! act freely on a finitistic space X ~g S™ x 8™, 0 < m <
n. Then H*(X/G;Q) is isomorphic to Qly, z]/¥(y,z) as a graded algebra, where
Y(y, z) is one of the following graded ideals:

(1) (ym /2 22) m odd, degy = 2,deg z = n.

(ii) (ymAntD/2 my(n=m+1)/2 _ qo(n+1)/2 22 _ pym) m even, n odd, degy =
2,degz =m and a = 0 necessarily when n < 2m.

(iil) (y™+D/2 22 — by™), n odd, degy = 2, degz = m,b # 0 only when m is
even and 2m < n.

The main gadget employed in our proofs is the Leray-Serre spectral sequence
of the fibration, X - X5 — Bg, which has Eg’l = H¥(Bg; HY(X)) as its Fa-
term and converges to H**!(X¢), in the sense of Bredon [2], where the coefficients
H*(X) are twisted by the action of m1(B¢g) and X = (E¢ x X)/G is the Borel
construction of X associated to a universal G-bundle Eg¢ — Bg. It can easily be
seen that X is paracompact, when X is so.

2. SOME KNOWN RESULTS

Suppose G = Z,, p a prime, acts on a finitistic space X ~, S™ x S™. The
following facts can be easily deduced.

Proposition 1. If G acts trivially on H*(X) and the spectral sequence of the map
7 : Xg — Bg degenerates, then Y, tk H*(XY) = 4 [2, VII, 1.6].

Proposition 2. If m and n are even and p > 2, then X # & [2, 111, 7.10].

Proposition 3. If H*(X;Z) is of finite type, p > 2 and G acts nontrivially on
H*(X), then p=3 and XE # ® [6].
Proposition 4. If p = 2 and G acts nontrivially on H*(X), then X¢ # & and
m =n [2, VII, 7.5].

We recall that for G = Z,,

H*(B Z)_ Zp[t]v degt:]—ap:27
GETTANG) @ Zlt], degs = 1,1 = B(s),p > 2,

and for G = S,
H*(Bg;Q) = Qlt],  degt=2.

3. PROOFS

Proof of Theorem [1 Since there are no fixed points, it follows from Propositions ]
Bl and Blthat m and n cannot both be even and that Z, acts trivially on H*(X).
Hence the Leray-Serre spectral sequence of the map 7 : X — Bg does not collapse
at the Ey-term and E¥' = H*¥(Bg) @ HY(X). Let r > 2 be the smallest integer
such that d, # 0. By the multiplicative properties of the spectral sequence, we have
dr(1®wv1) # 0 or d.(1®wv2) # 0. Suppose, first, that d,(1®wv1) # 0. Thenr = m+1
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and m must be odd. So we can write d;,+1(1 ® v1) = t(m+1)/2 @ 1. Now, we either
have dyp1(1 ®v2) =0 or n=m and dpy1(1 @ ve) = at™ @1, 0 # a € Z,. For
n # m, obviously, d+1(1 ® v2) = 0 and dp41(1 @ v3) = t(m+1)/2 & 4y, Thus the
differentials

. k,m k4+m+41,0
A1t B0 — B , and
. k,m+n k+m+1,n
dm+1 : Eerl - Eerl
are isomorphisms and we have F, = F,,;+2. Consequently, the only nonzero vector

spaces in the Ey-term are EX" = Z, = E&0 0 < k < m. Thus,

Zp, 0<k<mandn<k<m-+mn;

0, otherwise.

H*(Xg) = {

Ifn=mand dp1(1Qve) = at™D/2 @1, a € Z,, then dpy1 (1@ 0v3) = tMH)/2 g
(v — avy). So the differential

. k,m k+m+1,0
dm+1 : Eerl - Eerl

is surjective with ker(d,,+1) generated by (x ® (vo — av1), (i is the generator of
H*(Bg) and the differential

. k,2m k4+m+1,m
dm+1 : Eerl - Eerl

is injective with ém(d,+1) generated by Cxym+t1 ® (v2 — avy). Consequently, Eo =
E,, 12 and the only nonzero entries in the E,-term are E&m =27, = E&O, for
0 <k < m. We obtain

0
HMXe) =X Z,® Z,, k=m;
<

The multiplication by t € H?(Bg):

tu(): BS — EEF
regarded as a spectral sequence endomorphism, is an isomorphism for 0 < k < m—2,
m>1land !l =0orn If m#mn (resp. m = n) the element 1 ® va (respectively
1®(ve —avy)) of Eg ™ is a permanent cocycle and gives a nonzero element w € E%".
There are elements z € H'(Xg) and y € H*(Xg) with 2 = 7*(s) and y = 7*(¢).
It is easily checked that the total complex

Tot B%" = Zy[x,y,w]/(2?, y™ /2 w?)

as a graded commutative algebra. We choose an element z € H"(X¢) such that
1*(2) = v (resp. v2 — avy) if m # n (vesp. m =n). Then zz # 0 # yz and 22 = 0.
The multiplication

yU () H*(Xg) — H""?(Xq)
is an isomorphism in degrees k such that 0 < k<m—-2andn <k <m+n-—2. So
H*(Xq) = Zyla,y, 2]/ (2%, y "D/, 22).
For m =1, we have

H*(X6) = Zyla, 21/ (%, 22).
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Since G acts freely on X, H*(X¢) is isomorphic to H*(X/G) as a ring and we are
in case (i).

Suppose, now, that d,(1 ® v1) = 0 and d,(1 ® v2) # 0. We then have either
r=n—-m+land d,(1®vy) = A®uviorr=n+1and d.(1®wv2) = A® 1,
0# A€ H*(Bg). In the former case if n were even, then we would have

0=d-(1® vg) =AQ vy + (—1)”(1+T)A ® vov; = 2A ® vg # 0.

Hence n is odd. We then observe that m must be even. Assume the contrary
and consider the spectral sequence of the map m with coefficients in Z, the ring
of integers. Since H*(X;Z) is finitely generated, it has no p-torsion elements;
consequently, we have Efl = H*(Bg; H((X;Z)) = 0, for all k odd. Thus E,’fl =0,
for all £k odd and r > 2. The coefficients homomorphism ¢ : Z — Z, gives the
commutative diagram:

dn—m+1

770,n n—m+1lm

En—m—i—l En—m—i—l

E()’n dnf'm.+1En7m+1,m
n—m-+1 n—m-+1

The composition d,,_,41 © ¢* is the trivial homomorphism, for n — m + 1 is odd.
Since ¢* in the left is surjective, the bottom d,,_,+1 is trivial. But this is not the
case; hence our assertion. Thus we must have m even and n odd so that we can
write dp—m41(1 ®@ v2) = t(n=m+1)/2 o 41 Tt follows that the differential

L pkon *,m
dp—m+1 En—m+1 - En—m+1

is an isomorphism and dy—pm11(E;"™, 1) = 0 = dpepmy1 (ELF). So we have
Ebn = (0 = gEtnomtlm pkmin _ phmin g g0 — ERO for all k > 0 and

r=n—m+ 2. It is easily seen that the differential
K, k 1,0
dm+1 : EmTl - EmJ;TJr

is trivial for 0 < k < n —m, since E:;:_”l = EQ“”. Because there are no fixed points,
the differential

. 0,m4n n+m+1,0
dptm1 En—i—m—i—l - En—i—m—i—l

must be nontrivial so that we can assume dy, 1, 11(1 @ v3) = t*+"+D/2® 1. Then,
the differential

. E,mAn *,0
dntm1 En+m+1 - En—i—m—i—l

is an isomorphism. Consequently, E., = F,int2 and the only nonzero vector
spaces in the F..-term are Efom = Z, for 0 < k < n—m and EC’;;O = Z, for
0 <k <m+n. It follows that

Zp, 0<k<mandn<k<m-+n;
Hk(Xg): Zy® Zy, m<k<m
0, m+n <k.

We note that 1 ® v; € Eg’m is a permanent cocycle and determines an element
w € EL™. We have

Tot E:(,)* o~ Zp[x, v, w]/(x2, w2, y(m+n+1)/2, y(nferl)/Qw)
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as graded commutative algebras, where x and y satisfy 7*(s) = z and 7*(t) = y.
The multiplication

yu () H'(Xe) — H"?(Xq)

is an isomorphism in degrees k for 0 < k < n—2andn < k <m+n—2. We
choose an element z € H™(X/G) such that +*(2) = v;. Then y"z and y(m+27)/2
are linearly independent over Z, for r < (n —m — 1)/2. It is possible to change
z suitably so that y(»~"+t1/2; = 0 and 22 = by™, b € Zp, when n < 2m and
ymm /2y = qy(FtD/2 and 22 = by™, a,b € Z,, when 2m < n. Therefore,

H*(Xg) =~ Zp[x7y, Z]/(l‘27y(m+n+1)/2, y(n7m+1)/22 _ ay('n‘Fl)/Q7 22 _ bym)

and we are in case (ii).

Finally, consider the possibility r =n+1, d,(1®v1) =0 and d,(1®v2) = A®1,
0# A€ H*(Bg). Then n must be odd and we can set d,,11(1 ®@vp) = t"+t1)/2 @ 1.
So dpt1(1 ®@wvs) = +¢("+1)/2 @ ;5 consequently the differentials

dn+1 : Erlzfl - ESI?JFLO’

dpir : ERT — BT
are isomorphisms. We obtain Fo, = E, ;2 and the only nonzero vector spaces in
the F.-term are Efém =2Z,= E&O for 0 < k <n. Thus

Zp, 0<k<mandn<k<m-+n;
H¥Xg)={ Z,® Z,, m<k<n;
0, m+n <k.

We note that 1 ® v; € Eg "™ is, again, a permanent cocycle and gives an element
w € EY™. Choosing * € H'(X¢g) and y € H?(Xg) such that 7*(s) = z and
7*(t) = y, we obtain

Tot BY" = Zy[a,y,wl/(2®, 4" V/%, w?)

as graded commutative algebras. Now, we choose z € H™(X¢) such that (*(z) =
v1. Then z represents w and the multiplication

yu () H'(Xe) — H"(Xe)

is an isomorphism for 0 < k <n —2and n < k < m 4+ n — 2, so that y2z # 0 for
r < (n—1)/2. If mis even and n < 2m, then 22 = by™22,b € Z,. We replace z by
z— (b/2)y™/? and have 22 = 0. If m is even and 2m < n, then 22 = by™/2z + cy™,
b,c € Z,. Replacing z by z — (b/2)y™/? we obtain the relation 22 = b'y™. Thus

H*(X¢) = Zo[z,y, 2]/ (2%, y"TD/2, 22 — by™)

as a graded commutative algebra and we obtain case (iii). This completes the proof
of the theorem. O

Proof of Theorem [2 The proof is analogous to that of Theorem [I} we describe
it rather briefly. The spectral sequence of the map = is nontrivial. Let r > 2
be the least integer such that d, # 0. Then, we must have d.(1 ® v;) # 0 or
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d.(1®wv3) # 0. Suppose that r = m+1,dy,11(1®v1) = t™"1 @1 and m # n. Then
dmi1(1 ®@v2) = 0,dpmi1(1 ® v3) = ™ @ vy so that Eo, = Ey,p2 and we obtain

Zy, 0<k<mandn<k<m-+n;

0, otherwise.

H*(X¢g) = {

The element 1 ® ve € Eg ™ being a permanent cocycle, yields an element w € E%"™.
So, the total complex Tot E** is the graded algebra Zs[y, w]/(y*, w?), where y =
7*(t), t € H(Bg). Choose z € H"(X¢) such that +*(z) = ve. Then 2z determines
w and satisfies 22 = 0. Since the multiplication

yu () H'(Xe) — H" (Xq)

is an isomorphism for 0 < k <m and n <k <m-+n, we have y"2 £ 0,1 <r < m.
Therefore

H*(XG) = Z2[yaz]/(ym+1722)'

As the action of G is free, H*(X¢) = H*(X/G) and we have the case (i). If
m=mn, dps1(1@v) =" @1 and dypy1 (1 @ v) = ™ @1, ¢ € Zy, then
dmt1(1 ®@ v3) = "™ ® (vg + cv1). We obtain Eo, = E,,12 and

Zs, 0<k<2m and k # m;
H¥Xa) =R Zo® Zo, k=m;
0, 2m < k.

In this case, the element 1® (ve+cvy) € Eg '™ is a permanent cocycle and determines
an element w € E9™. Let y € H'(Xg) and z € H™(X¢) be such that 7*(t) = y
and ¢*(z) = vg + cvy. Then 2 represent w in E%™ and satisfies 22 = ay™z for some
a € Z3. The element yz represents 0 # tw € EL™ and the multiplication

yU () H"(Xg) — H"(Xe)
is an isomorphism for m < k < 2m so that y"z # 0, 1 < r < m. Thus
H*(Xg) = Zoly, 2]/ (y™ ™, 2% — ay™z)

and we are in case (iii) with b = 0.

Next, when d,(1®v1) = 0, r = n—m+ 1 and d,(1 ® v3) = t" ® vy, then
d.(1®v) = Q. So, we have E/1™" = Ey™ " EM0 = E5° for k > 0, and EF} is
trivial for k > n —m and Eg’m for kK < n —m. It is easily seen that the differential

. k,m k+m+1,0
dm+1 : Eerl - Eerl

is also trivial for 0 < k < n — m. Then the differential

. k,m k+m+n-+1,0
Anymtr s Byl — Eplin

must be an isomorphism for all k, because the action of G on X is free. Thus, the
only nonzero vector spaces in the E.-term are E&m =Zyfor 0<k<n-mand
Ek0 = Z,, for 0 < k < m +n. Consequently

Zs, 0<k<mandn<k<m-+n;
H¥Xg) =R Zs® Zo, m<k<m
0, m+n < k.



COHOMOLOGY RINGS OF ORBIT SPACES 927

The element 1 ® v; € Eg "™ is a permanent cocycle and gives an element w € E%™.
We obtain

Tot B3* 2 Zo[y, w]/(y™ " w?, y" " w)
as graded algebras. The multiplication by 7*(¢) = y,
yU () H'(Xg) — H"™ (Xe),

is an isomorphism for 0 < k < n —1 and n < k < m + n. Since the composition
J* is trivial in positive degrees, it is possible to choose z € H™(X¢) such that
¥ (2) = vi,y" "™tz = 0 and 2% = ay™z + by*™, where a = 0 when 2m > n. Thus
we have

H*(Xg) 2 Zoly, 2]/ (y™ Ty ™2, 22 — ay™z — by®™)

as graded algebras and we are in case (ii).
Finally, consider the case d,.(1 ® v1) =0, r = n+ 1 and dp11(1 ® vg) = "+,
Then d,,11(1 ®v3) = t"T! @ v;. So the differentials

. k,n k+n+1,0
dny1: By, — By , and

. k,m+n k4+n+1,m
dn+1 . EnJrl - En+1

are isomorphisms. We have F,, = E, ;2 and the only nonzero vector spaces in the
FE-term are Eclfém =7y = E&O, for 0 < k < n. Therefore

Zs, 0<k<mandn<k<m+n;
HMXa) =X Zo® Zo, m<k<m
0, m+n <k.

Taking y € H*(Xg) and 2 € H™(X¢) with 7%(¢) = y and +*(2) = vy, it can be
easily seen that

H*(Xg) & Zaly, 2]/ (y" 1, 2% — ay™z — by®™),
as graded algebras, where b = 0, if n < 2m. This completes the proof. |

Proof of Theorem [3 Though arguments given herein are different, the technique of
the proof remains the same. Since there are no fixed points, the spectral sequence
of the map 7 : X¢ — B¢ does not collapse at the Es-term and Eg’l = H*(Bg) ®
H'(X), for the action on H*(X) is trivial. Let 7 > 2 be the integer such that d,. # 0.
By the multiplicative properties of the spectral sequence, we have d,.(1 ® v1) # 0
or dr(1 ®v2) # 0.

First, suppose that d,(1®wv1) # 0. Then r = m+1 where m is odd. We can write
d(1®@v)=atmD201,04a€Q. fn=2m, dn1(1Dvy) = bt"t)/2 @y,
then

0=dmns1(1®v3) =20t T/2 @ vyvy £ 0,

a contradiction. Therefore, either dp,1+1(1 ® v2) = 0 or m = n, dp1(1 @ v2) =
bt @1, a # b € Q. In the first case, dp,11(1 ® vivy) = at™ /2 @ vy; so the
differentials

. k,m k+m+1,0
i1 B0y — BT, and

. pk.m+n k+m+1,n
A1 s By = Byl
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are isomorphisms and we have Eo, = E,,4+2. Thus, the only nonzero vector spaces
in the Eo-term are EX" = Q = EX0 Kk even, 0 < k < m — 1. We have

Q, 0<k<m-—1, keven; n<k<n+m-—1, k—n even;

0, otherwise.

H*(X¢g) = {

In this case, dyi1(1®va) = bt T/2 @1, b # 0,dpmy1(1 @ vivg) = M2 g
(ave — buy). So the differential

. km k+m+1,0
A1 By — By

is surjective, with ker(d,,+1) generated by & ® (avy — bvy), & is the generator of
H*(Bg) and the differential

. k,2m k4+m+1,m
dm+1 : Eerl - Eerl

is injective with im(d,,+1) generated by &k ym+1 ® (ava —buy). Consequently, Es =
E,,+2 and the nonzero F,-terms are Efcgm =Q= E&O, 0<k<m-—1and k even.
We have

Hk(Xg): Q, 0<k<m-1, keven; m <k <2m — 1,k odd;
0, 2m<k.
If m = 1, then H*(X¢g) = Q|z]/(2?). So, we can assume that m > 1. Then
multiplication by t € H?(Bg),
tu(): BN — BEFHL
regarded as a spectral sequence endomorphism, is an isomorphism, for 0 < k < m—2
and [ = 0,n. If m # n (resp. m = n) the element 1 ® vy (resp. 1 ® (ave — bvy))
of Eg’" is a permanent cocycle and gives a nonzero element w € E%". Let y =
7*(t) € H*(Xg). Then the total complex
Tot ER* = Qly, wl/(y™ /%, w?)
as a graded commutative algebra. We choose an element z € H"(X¢) such that
t*(2) = va (resp. ave — buy) if m # n (resp. m =n). Then yz # 0 and 22 = 0. The
multiplication
yU () H'(Xg) — H"?(Xe)
is an isomorphism in degrees k such that 0 < k<m—-2andn <k <m+n-—3. So

H*(Xg) = Qly, 2]/ (y ™" +D/%,2%),

as mentioned in case (i).

Next, suppose that d,(1®wv;) =0 and d,.(1®wvz) # 0, wherer =n—m+1. If n
is even, then m must be odd. Consequently, 0 = d,,_p11(1®v2) = 2at! @vivs # 0,
where d,.(1 ® v2) = at? ® v1, 2¢ = n — m + 1. Therefore n is odd and m is even. It
follows that d,(1 ® viva) = 0 and the differential

d.: EP" — EP™

is an isomorphism. Thus

k,n _n _ pktn—m+1m *,m4n __ px,m4n *,0 _ x,0
En—m+2 =0= En—m+2 ’ En—m+2 - E2 ’ En—m+2 - E2 .

Since m is even,

. km k+m+1,0
A1 By — By
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is trivial, for 0 < k < n — m. Since there are no fixed points, the differential

. 0,m4n n+m+1,0
dptm+1 ¢ En—i—m—i—l - En—i—m—i—l

must be nontrivial so that we can assume d,, 1 11(1 ® vive) = atFmHD/2 g 1,
a # 0. Then the differential

. *,m—+n *,0
Antmy1 2 Bl = B

is an isomorphism. So Fo = Ej,4+m+2 and the nonzero vector spaces in the Fo-
term are EX™ = Q,0 <k <n-—mand EX" =Q, 0 <k <m+n; k even. We
have

Q, 0<k<m-1,n4+1<k<n+m-—1, k even;
HYXe)={QaQ, m<k<n-—1, k even;
0, otherwise.

The element 1 ® v; € EY™ is a permanent cocycle and determines an element
w € E%™. We see that

Tot B 22 Q[y, w]/(w?, y" /2 qpy(n=mt1)/2)
as graded commutative algebras, where y = 7*(t), as above. The multiplication
yU () H"(Xg) — H"?(Xq)
is an isomorphism in degrees k, for 0 < k <n—2andn+1 < k < n+m—3. We find
an element z € H™(X¢) such that t*(2) = v1. Then y"z and y(™+2")/2 are linearly
independent over @, for r < (n —m — 1)/2. We can change z suitably so that
2y(=mAD/2 = 0 and 22 = by™, b € Q, when n < 2m and zy("—mHD/2 = g (n+1)/2
and 22 = by™, a,b € Q, when 2m < n. Therefore,
o* (XG) o~ QL’% Z]/(y(n+m+1)/2, Zy(n—m+1)/2 _ ay(n+1)/27 2’2 _ bym)

as mentioned in case (ii).

Finally, let us suppose that d,.(1®v;) = 0, r = n+1 and d,.(1®v) = at"*tV/2x1,
0 # a € . Then, n must be odd. We have d,,+1(1 ® viv2) = +at("tD/2 @ gy
consequently the differentials

. k,n k+n+1
dpy1: By — E;T77, and

. pk,m+n k+n+1,m
A1 By — By

are isomorphisms. We obtain E,, = E,, ;2 and the only nonzero vector spaces in
the Eo-term are EX™ = Q = €0 0 < k <n, k even. Thus for m even

Q, 0<k<m-1,n4+1<k<n+m-—1, k even;
HYXg)=4Q@®Q, m<k<n,keven;
0, otherwise,

and for m odd,

Q, 0<k<m=1,keven; m<k<m+n-—1, k odd;
0, otherwise.

H*(Xg) —{

The element 1 ®v; € Eg "™ is a permanent cocycle and yields an element w € E%™.
We have

Tot EX* = Q[y, w]/(y™ /2, w?)
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as graded commutative algebras, where y = 7*(t) € H?(Xg). Choose z € H™(X¢)
such that ¢*(z) = v1. Then z represents w and the multiplication

yu () H'(Xe) — H"(Xe)

is an isomorphism, for 0 <k <n—2 and n < k < m +n — 2. Accordingly, 3°z # 0
for i < (n —1)/2. When m is even, z can be chosen so that 2% = by™2z, b e Q, is
zero for n < 2m. So

H*(Xe) = Qly, 2]/ (y" T2, 2% — by™),

as in case (iii).
Since G acts freely on X, H*(X¢) = H*(X/G) and this completes the proof. O

Examples. An example of case (i) in Theorem [0 is obtained by considering the
diagonal action of G on S™ x S™ where G acts freely on S™ and trivially on S™.
In fact, this possibility can be put more succinctly as X/G ~, L™ x S™. A similar
consideration gives examples of case (3), except when 2m < n and m is even. By
the same method one obtains an example of case (i) in Theorem 2] which can be
described as X/G ~3 RP™ x S™. The space CP(™~1/2 x S™ has the cohomology
of type (i) in Theorem [3 and is obtained by taking the diagonal action of S! on
S™ x 8™ where S! acts freely on S™ and trivially on S™. Similarly, case (iii) can
also be illustrated.
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