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ABSTRACT. We give a simple proof of Ohkawa’s theorem, that there is a set
of Bousfield classes. The proof leads us to consider the partially ordered set
of Ohkawa classes, especially as it compares to the partially ordered set of
Bousfield classes.

INTRODUCTION

Bousfield classes are a very useful tool in stable homotopy theory. Ten years ago,
Ohkawa proved in [5] that there is a set of Bousfield classes, with cardinality at most
22" This result has some interesting consequences—see [3], for example—but it
does not seem to be as well known as it should; we are trying to remedy this.

In this short note, we give a simple proof of Ohkawa’s theorem, and we discuss
some natural questions that arise from the proof. In particular, the proof leads
us to consider “Ohkawa classes”, which provide a weaker equivalence relation than
Bousfield classes do. Unfortunately, Ohkawa classes seem unwieldy, and we have
not found any uses for them aside from proving Ohkawa’s theorem.

We define Ohkawa classes and prove Ohkawa’s theorem (Theorem [[2Z) in Sec-
tion [, to prove the result we show that there is a set O of Ohkawa classes, of
cardinality at most 22N0, and that this set maps onto the collection of Bousfield
classes. This map is in fact a map of partially order sets; in Section 2] we examine
the partial ordering on O. It turns out to be rather different from the ordering on
the set B of Bousfield classes; we are able to conclude from this that the surjection
O — B is not one-to-one. In Section Bl we show that the cardinality of O is
exactly 22N0, but we are unable to deduce anything useful about the cardinality of
B from this.

Throughout, we ask a number of questions; knowing the answers would shed
some light on O and B and the relationship between the two.
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1. OHKAWA’S THEOREM
The following definition is due to Bousfield [1], [2].
Definition 1.1. The Bousfield class (E) of a spectrum FE is defined to be the
collection of E-acyclic spectra:
(E)={X: ENX =0}.
Two spectra E and F are Bousfield equivalent if (E) = (F). Let B be the collection

of Bousfield classes.

Our goal for this paper is to provide a simple proof of the following result, and
to discuss some related results. We write 8y for the cardinality of the integers.

Theorem 1.2 (Ohkawa [5]). B is a set, with cardinality at most 22"

Our proof is a reformulation of Neil Strickland’s reformulation (private commu-
nication) of Ohkawa’s original proof. As we hope will be clear, this result holds in
a fair amount of generality; Lemma [L4] contains the main facts we need.

Definition 1.3. Let F be the homotopy category of finite spectra, and let F be
the set of isomorphism classes of objects of F.

We need two facts about finite spectra.

Lemma 1.4. (a) F has cardinality Ro, and for any two finite spectra A and B,
the set [A, B] of homotopy classes of maps from A to B is at most countable.
(b) Ewvery spectrum X can be written as a colimit of finite spectra.

Proof. This is standard. Note that part (b) uses Brown representability of homology
functors; see [, Theorem 4.2.4] for a general statement. [l

These are the main requirements for the proof of Theorem[T2] so that theorem
will hold essentially whenever these conditions are satisfied. For example, in any
stable homotopy category (as defined in [4]) which satisfies Brown representability
for homology functors, the collection B of Bousfield classes is a set.

Definition 1.5. A left ideal I in the category F is a set of maps between finite
spectra which is closed under left composition: if f: A — B is in I, then so is
gof: A— C for any map g: B — C. If every map in I has the same domain A,
we say that [ is based at A.

Let E be a spectrum. Given a finite spectrum A and a homology class = € E, A,
define the annihilator ideal of x to be

anna(z) = {f €[A,B] : [B]€J, (E.f)(zx)=0}.
This is a left ideal based at A. Define the Ohkawa class of E, written {(E)), to be
(E) = {anna(z) : [A]€T, x € E.A}.
Write O for the collection of all Ohkawa classes.
Lemma 1.6. O is a set, with cardinality at most 22",
(In Theorem BTl we show that O has cardinality exactly 92" 2

Proof. By Lemma [[L4(a), the set of left ideals has cardinality at most 2%°. Since
Ohkawa classes are sets of annihilator ideals, then the collection O of all of them

is a set, with cardinality at most 92" O
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In order to show that the Bousfield classes form a set, we will show that the
function sending (E)) to (E) defines a surjection O — B. In fact, this is not just a
map of sets: both O and B have partial orderings, and we will show that this map
is a map of posets.

The partial ordering on B is defined as follows: we say that (E) > (F) if EAX =
0 = F A X = 0. Equivalently, viewing Bousfield classes as collections of acyclics,
as in Definition [I.1] the ordering is by reverse inclusion. The partial ordering on
O is by inclusion: (E)) > ((F)) if for all annihilator ideals anna(z) € (F), then
anny (x) = anng(y) for some y € E, A.

Lemma 1.7. If (EY) > (FY), then (E) > (F).

Proof. Suppose that (E)) > (F)) and that EAX = 0; we want to show that FAX =
0. Write X as a colimit of finite spectra: X = colim X. Since homology commutes
with direct limits, it suffices to show that for all & and all € F,(X,,), then z — 0 in
F.X. Given such an z, then because (E)) > (F)), we have annx_(x) = annx_ (y)
for some y € E.(Xg). Since EA X =0, then iq3: Xo — X3 is in anny, (y) for all
large (3; hence it is also in anny, (x). Thus x goes to zero in F, X = colim F.X,,
and thus FFA X = 0. |

Corollary 1.8. The map f: O — B defined by f{(E)) = (E) is well-defined, sur-
jective, and order-preserving.

Theorem [L[2] follows immediately. By the way, we point out in Corollary 2.7 that
the map O — B is not one-to-one.

2. THE PARTIAL ORDERING ON O

In this section, we examine the partial ordering on O. There is a minimal element
and a maximal element, and we also find that the partial orderings on O and B
are rather different: many pairs of Ohkawa classes are incomparable, while the
corresponding Bousfield classes are not. We use this observation to deduce that the
map O — B is not one-to-one.

Given a left ideal I in F based at a finite spectrum A, we write dom(I) for A,
the domain of the maps in I. For any finite A, we let (1)4 denote the left ideal
consisting of every map with domain A.

Lemma 2.1. (EVEF) ={INnJ: € {E), Je {(F), dom(I)=dom(J)}. More
generally, for any set of spectra {E4}, the Ohkawa class of \/,, Eo consists of all
finite intersections of elements of the Ohkawa classes of the E:

<<\/ Ey) ={la, NNy, : 1a; € (Ea;)), dom(l,;) = dom(ly,)}.

Proof. This is clear. O

Corollary 2.2. (E)) V (F)) = (E V F)) is well-defined, and is at least as large as
both (E)) and (F)); the analogous statement holds for \/ ,(Ea)).

Proof. To see that (E) V {(F)) > (E)), given an ideal anna(z) € (E)), consider the
class x®0 € E,A® F. A. This class has annihilator ideal equal to ann(z)N(1)4 =
anng(x). O

Question 2.3. Is (E V F)) the least upper bound of (E)) and {(F))?
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The answer is probably “no”; in fact, (E) vV (E)) will be strictly larger than
{(E)) whenever ((E)) is not closed under intersections of ideals.

Lemma 2.4. Write 0 for the trivial spectrum. Then {0)) is the minimal element
in the poset O.

Proof. ((0)) contains only the ideals (1)4 for each finite A, and for any spectrum E,
(1) 4 is the annihilator ideal of 0 € E,.A. Hence (0)) < (E)) for all E. O

This is somewhat heartening, because (0) is the minimal element in B. Things
rapidly turn sour, though.

Lemma 2.5. (S°) # (HQ).

In contrast, in the Bousfield lattice B, (S°) is the unique maximal element;
hence it is at least as large as any Bousfield class, while (HQ) is a minimal nonzero
element.

Proof. Consider the unit n: S° — HQ, viewed as an element in HQ,S°. Then the
annihilator ideal of 7 contains every map from S° to every finite torsion spectrum.
On the other hand, given any nonzero element y € 7,S°, for some prime p and
for every n > 0, y is not p"-divisible, so the composite j, oy is non-trivial, where
Jn: S® — M(p") is the inclusion of the bottom cell. Hence anngo(n) is not an
element of ((S°)). O

A similar argument should show that ((S?p) » 2 (K (n))) for all n > 0, where S?p)
denotes the p-local sphere. (And as with (HQ), each (K (n)) is a minimal nonzero
Bousfield class.) We conclude that the partial ordering on O does not bear much
relation to the partial ordering on B.

Corollary 2.6. (S°) < (S° Vv HQ).
Since SY and S° vV HQ have the same Bousfield class, we have the following.
Corollary 2.7. The surjection f: O — B is not one-to-one.

Corollary 2.8. {(S°) is not the largest element in O.

Note that O does have a largest element: \/ (EY).
(E)eO

Question 2.9. Is this the Ohkawa class of some familiar spectrum?

Remark 2.10. Dan Christensen has suggested several modifications to the definition
of Ohkawa class, in order to make the partial ordering better behaved. If one defines
the modified Ohkawa class of E to be [E] = ((\/;—, E)), then this has the effect
of closing ((F)) under finite intersections, and hence making V the least upper
bound. Another more involved modification changes the partial ordering so that,

for example, the class of the sphere is larger than that of HQ.
3. THE CARDINALITY OF O
In this section, we determine the cardinality of the set O of Ohkawa classes.

Theorem 3.1. There are at least 22°° Ohkawa classes.

Hence by Lemma [[L6] O has cardinality 22" In order to prove the theorem, we
need some notation and some definitions.
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Definition 3.2. Given a spectrum E and a finite spectrum A, we write (E)) 4 for

the annihilator ideals in ((E)) based at A. Let P = {2,3,5, ...} be the set of positive

prime numbers. If I is an ideal based at S°, let P(I) be this set of prime numbers:
PI)={pe?P: S =Sy, e €I}

Given two sets of primes S and T, we say that S and T are commensurable if

(S=T)U(T — 8) is finite. We write S for the commensurability class of S.

Proof of Theorem [l Given an infinite set S = {p1,p2,...} of prime numbers,
define a spectrum X (.5) by

X(S) = colim(Sy 2 80 22, 50 22, .

We want to examine the Ohkawa class of X (S) in terms of sets of primes. First,
we note that

a
'/TOX(S):{EeQ: b:pnl"'pnkv pmesa n1<"'<nk};

while m; X (S) = m;SY if i # 0. For each ideal I based at S° in the Ohkawa class of
X (5), we can then determine the possible commensurability classes of P(I):

{P): T € (X(5))so} = {0, 5,P}.
For instance, given z = % € moX(S) with b = py, ...pn,, then P(anngo(x)) will

contain all primes in S except the n;; hence P(anngo(z)) and S are commensurable.
Now consider a set of subsets of P, indexed by some indexing set J: {So : a € J}.
Then by Lemma 211

{P): Te(\ X(Sa))so}

acJ

consists of 0, P, S, for each a, and the commensurability classes of finite inter-
sections of the S,. Lemma[3.3] below shows that there is a set T of subsets of P,
with cardinality 2%¢, so that no member of T is commensurable with any subset
of any other member. Given any set {S,} of elements of T, one can recover the
commensurability classes of the S, from the set of all commensurability classes of
finite intersections of them—the S, are the maximal elements. Hence the spectra
V; X(Sa), with the S, chosen from T, provide 22" different Ohkawa classes. [J

Lemma 3.3. There is a set T of subsets of the set P of prime numbers, so that T
has cardinality 280, and so that no element of T is commensurable with a subset of
any other element of T.

Proof. First, note that any countably infinite set N has 280 subsets, none of which
is a subset of any other. For example, partition N into countably many sets Ny,
Ns, N3, ..., where each N; has cardinality at least 2. Then the subsets of N of the
form

{i[:i: 1=1,2,..., xléNl}
do the job.
Now, partition P into infinitely many infinite sets S, Sz, S3, .... The set

N = {1,2,3,...} has 2% subsets, none of which is a subset of any other; for each
such subset T, C N, let
Sa=J Sn.

neT,
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Since no T}, is a subset of any other, then this gives 280 subsets S, of P, none of
which is commensurable with a subset of any other. [l

Note that each X (S) constructed in the proof of Theorem B1lis Bousfield equiv-
alent to the sphere, so this result gives little insight into the cardinality of the set
of Bousfield classes. This also gives a dramatic example of the failure of O — B to
be one-to-one. By way of comparison, we have this result, which was pointed out
by Neil Strickland.

Lemma 3.4. There are at least 280 Bousfield classes.

Proof. For each subset S of the set {0,1,2,...}U{oco}, we have a distinct Bousfield

class: (\/ K(n)). O

nes
Question 3.5. What is the cardinality of B?
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