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ABSTRACT. Some groups AF of n-dimensional unoriented cobordism classes
represented by the total space of a fibering with the real projective space
RP(2k) as fiber are determined.

1. INTRODUCTION

Being given a cobordism class «,, € MO,,, the unoriented cobordism group, we
say that o, fibers over N~ with fiber F™ if there is a differentiable fibering of
closed manifolds

F™m oy M — NPT

where M™ belongs to the class «,,.

In the paper [I] the following question was pointed out by R.E. Stong. Given a
closed manifold F', which classes a,, in M O,, are represented by a fibering with the
prescribed fiber F'?7 The set of classes in M O,, which can be so represented forms a
subgroup in MO,, and all such classes in MO, = > MO,, form an ideal in MO.,.

In this paper we consider the real projective space RP(2k) as fiber F' and obtain
some results extending Stong’s work [, Proposition 8.1, Proposition 8.5].

Let A% (n > 2k) denote the set of classes in MO,, which are represented by a
fibering with the fiber RP(2k). Then A* =3 . AF is an ideal in MO, generated
by the manifolds RP(nq,na, - ,nak+1) ([I]). B

Let M™ be a closed n—dimensional manifold and f(t) = f(t1,t2, - ,tnt1) a
homogeneous and symmetric Z,—polynomial in n+1 variables of degree n. If, in this
polynomial, the j—th elementary symmetric function in {¢1,t2,- - ,tny1}, o;(t),
is replaced by the j—th Stiefel-Whitney class of M", the resulting cohomology
class may be evaluated on the fundamental homology class of M™, obtaining a
characteristic number

F@)[M].
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Assuming €21 — N772% to be a vector bundle and 3 to be a formal variable,
we consider the expression

BF(B+yr,- B+ Yokt1,21, " Zn—2k)
LA (8 + )
If, in the expression, we replace the j—th elementary symmetric function in
{y1, -+ , Y2641} by the j—th Stiefel-Whitney class w; (€2k+1),
{1, , Zn—ax} by the j—th Stiefel-Whitney class w;(N™"2¥),

the result is a class in the cohomology of N”~2* which may be evaluated on the
fundamental homology class of N"~2*. This gives a characteristic number

ﬁf(6+y7z) n—2k
NCED A

which can be considered as an element (a polynomial in 3) in the quotient field K

of Z2 [5]
Here the denominator terms 1/(3 + y;) are meant to be formally inverted, with
B € K being invertible, as by

)

Then
2k+1

11 1wy
ST § : 2k+1+j
i=1 B+yi 7=0 g ’

where @ is the dual Stiefel-Whitney class defined by w(§)w(§) = 1.
If, for any vector bundle £2k+1 — N2k,

ﬁf(6+y7z) n—2k
NG+y

as a polynomial in 3 in K has always constant term equal to zero, then f(¢1,%a,- -,
tn+1) is called a good polynomial in n+1 variables. Let P¥ be the set of good
polynomials in n + 1 variables, and

B = {[M"] € MO,| Vf(t) € P, f(t)[M"] =0}, BE=> B
Now we arrive at the main results:

Theorem 1. Let f(t1,t2, -+ ,tnt1) be a homogeneous and symmetric Zo—polyno-
mial in n + 1 variables of degree n and RP(&%+1) — N"=2k the projective space
bundle associated to the vector bundle €211 — N™=2k_ Then

6f(ﬂ+y17 7ﬂ+y2k+1721a"'
2k+1
Hi:1 B+ yi)
is a polynomial in B and has constant term equal to

F@)[RPE*).

Theorem 2. Let k be a positive integer and n > 2k. Then A* C BE.

vzn*Qk) [Nn72k] cK

Theorem 3. If 2k has the dyadic expansion 2™ + 27u=1 4 ... 4 270 ry > 1y g >
< >11 >0, then AX = B = MO,, for n > 2m«t1(2r«+2 — 1)(2k — 1).



COBORDISM CLASSES OF FIBERINGS 901

Theorem 4. Let ny = 2,6,12,18 respectively for k =1,2,3,4. Then
(1) Ak = Bk = MO,, for k=1,n> 2k;
(2) Ak = BE £ MO,, for k# 1,2k <n < ny;
(3) Ak = Bk = MO,, for k # 1,n > ny.

2. PROOFS OF THEOREM 1 AND THEOREM 2

Let us recall the facts about the projective space bundle RP(£2++1) — Nn—2k
associated to the vector bundle ¢2¥+1 — N7"=2k  The manifold RP(£2%+1) has
dimension n. The cohomology H*(RP(£%+1); Z,) is the free H*(N; Z3) module
on 1,¢,c2, - ,c?* where c is the first Stiefel-Whitney class of the standard line
bundle. The ring structure is determined by the relation

AR PRy (€) + AP Twg (€) + -+ + worgr (€) = 0.
The total Stiefel-Whitney class of RP(£2+1) is

2k+1

w(RPEF) = [ Y (140 w;(6) | w(N),

§=0
so the i—th Stiefel-Whitney class of RP(£2F+1) is
2k+1—3
w(rpE ) = ¥ ( T et (),
- . q
r+j+q=i
and if a € H*(N; Z3), we have from [2] that

[0 if ¢ < 2k,
la[RP(€)] = { g2k (€)a[N] if ¢ > 2k.

Proof of Theorem 1. It suffices to prove the theorem for
f@)y =0, ()oiy () 04, (t), i1 +i2+ +im =n,
where oy, (t) is the i;—th elementary symmetric function. We sometimes write
04y Oiy » - - 04, (t) for oy, (t)os, (t) -+ - 04, (). Let v =1/0;
BfB+uy1,--, 0+ Yakt1, 21, Zn—2k) (N2
276+ w)

_ BfBA+ By, B+ Bryarer, Byz, - Byzn—ak) [N7=2H]

12578 + Bryws)

_ ﬂnJrlf(]- +y1, L+ Yyakt1, 721, a72n72k) [Nn72k]
o 2k+1
BHHTEN (1 +wi)
in which the value of the resulting characteristic class is obtained as

B f(L4+yr, -+ 1+ Yopgr, 21, - 7Zn—2k)’yn_2k[Nn_2k]
2k+1
GRTZT (T w)
for the only homogeneous term of the characteristic class having a non-zero value
is that of degree equal to the dimension of N"~2¥,

)
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nt nt1
Now §2k+11 'Yn_Qk = gnL = 60, so that

Bf(ﬁ""?ﬂa e aﬁ+y2k+1azlv c azn—Qk)[Nn—Qk]
2k+1
[Tisi (8 +v:)
_6of(1+y17"' » L+ Yopt1, 21, 7Zn—2k)[Nn,2k]
- 2k+1 :
Hi:l (1+wi)

Thus, the theorem is equivalent to

f(1+y17"'71+92k 1,21y, 2 —Qk) n—
FO[RPE* ) = H2k+1(1-:_ ) - [N"—2H],
i=1 i
Now we have that

f(t)[RP(§2k+l)] = 0i (t)0i2 (t) © Oy, (t)[RP(EQk—H)] = Wiy Wiy ==~ Wy, [RP(EQk—H)]

= _/ > ( e )wr(N)wj(f)cq [RP(E*)]

=1 [r+j+q=1 q

in which the value of the resulting characteristic class is obtained as

I X (77w aen>

I=1r+j+q=19 q

for
_J 0o if ¢ < 2k,
cta[RP(§)] = { By on(©)a[N] if q > 2k

and 7" ij = n = dimRP(§).
From [2] Lemma, p. 317] we have

Uil(1+y17"' ;1+y2k+1721,"' 7Zn—2k) =

> (z“ql‘j)a}(y)ar(z),

r+j+q=1

<
+
=
M
7 N
~. DN
=~
|+
k)'H
Lo
= o,
~_
<.
—~
NS
S—
Q
3
I
S—

so that

JA+y, - 14 Yorg1, 21, 5 Zn—2k) [N"2H]
2k
15 (1 + i)

_ T i, o, (L+yn, - 1+ yapy1, 21,0 ,Zn—zk)[Nn_gk]
L+o1(y) +- -+ o2umt1(y)

H?’H[ s (M )aj<y>a,«<z>]

r+j+q=i q

L+o1(y) +---+omr1(y) [N
-1 X (7,7 )] s
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Therefore
1 | e 2 B
FORPEF) = f(1+y1, 72;?2“1,21, ) 2 2k)[Nn 2]
L2 (T +w)
Proof of Theorem 2. Let a,, € A¥. Then from [} Proposition 8.5] we have a,, =

[RP(£2+1)] for some vector bundle £2F1 — N™=2k If £(¢) € P¥ from Theorem
1 we obtain

F)lon] = fFOIRPE*T)] =0,

S0 au, € BF. The proof is completed.

3. PROOF OF THEOREM 3

It is well known that the unoriented cobordism ring MO, is a Zs-polynomial
algebra with a single generator in each dimension which is not of the form 2" —1 ([3]).
If a cobordism class [M™] can be expressed as a sum of products of lower dimensional
cobordism classes, then [M™] is decomposable, otherwise it is indecomposable. The
indecomposable classes can be used as generators of the polynomial algebra MO..

To identify indecomposability it is useful to recall Stong’s result:

Let RP(n1,na,---,n;) be the projective space bundle of \y @ Ao @ --- ® A\; over
RP(n1) x RP(ng) X -+ x RP(n;), where )\; is the pullback of the canonical line
bundle over the ¢—th factor. Then for [ > 1, RP(n1,ne,- - ,n;) is indecomposable
in MO, if and only if

<n+l—2 >+(n+l—2 >+”'+(n—|—l—2>51 mod 2,
n1 N9 ny

where n =nq +n9 + -+ +ny.

The manifold RP(ny,na,--- ,n;) has dimension n+{—1. Ilf n;41 =njpo =+ =
n; = 0, then RP(nq,ns,- -+ ,n;) will sometimes be written as RP(nq,- -+ ,n;;1).

Following [4], let J! be the set of cobordism classes in M O,, which are represented
by a manifold admitting an involution with fixed point set of dimension n — r and
Jr=3>"Jr. Then JrJgrz c Jotrz g2 c Ar J2r c Ar, JS < JE < J2 ([, [6).
Lemma 1. There exist indecomposable classes z,, € A if one of the conditions
remains true:

(1) n even, n > 2k;

(2) n=27(2¢+1) — 1(p,q > 0), n — 2P > 2k.
Proof. In the first case, z, = [RP((n — 2k)/2, (n — 2k)/2;2k + 1)] is as required.
In the second case, x, = [RP(2P,n — 2P — 2k; 2k + 1)] is as required.

Lemma 2. If 2k has the dyadic expansion 2™ + 2Mu=1 4 .. 4+ 270 p > 1y g >
--- >y >0, then there exist indecomposable classes x,, (n # 2" — 1) such that

(1) z, € AX for n > 2rut2;

(2) 22k € Ak for 2 <n < 2met2,

Proof. (1) If nis even, then n > 27«2 > 2k, If nis odd, n = 2P(2¢+1)—1(p,q > 0).
From n > 2"+%2 we have 2Ptlqg > 2™+2 son — 2P = 2PT1g — 1 > 27« F1 > 2k. By
Lemma 1 we know the result is true.

(2) Take z5 = [RP(2,0,0,0)], z¢ = [RP(3,0,0,0)], zor = [RP(2")]. Then
{25, 76,23} C J2. If 9 < i < 2"F2  not of the form 2" or 2" — 1, we take z; as
in [4, Lemma 3.1]. Then z; € J* C J2. For each x,,, ¢ € J?... J? C J2k C AF,

———

k
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Proof of Theorem 3. Choose indecomposable classes x,,(n # 2" — 1) as in Lemma

2 as generators of MO,. Since A¥ is an ideal, we know xilxiz atm e AR forn =

il +inla il > (2k—1) (1424 4 (2reF2 1)) = 2ru+1(2ra+2 _1)(2%—1).
4. PROOF OF THEOREM 4

w = (i1,92, " ,im) is called a partition of n if Zgnzl i; = n. Let W = (i1, 15,
- ,4..) be a partition of n’. We use ww’ to denote the partition (i1, -+, m, 47, ,0)
of n+n/. If w; is a partition of 7; for every j (1 < j < m), then wiws - - wy, is

called a refinement of w. We sometimes write [w| for 37, 4.

Given a closed manifold M"™, let w = (41,42, -+ ,%m,) be a partition of n and
Sw(t) =Dt t% -+ - %" the usual smallest symmetric polynomial in variables {t1, 2,

<yt (r > n)}. s,(M™) denotes the cohomology class associated to s, (t) and
Sw[M™] denotes the characteristic number associated to s, (M™).
From the formula in [7, p. 192] we have the following:

Lemma 3. Let z,, (n # 2" — 1) be generators of MO,. Then

. 1 J 0 ifw is not a refinement of (i1,iz,- - ,im),
ol iy 0] = { L ifw = (inyiae o ).

Let 0 : MO, — Zs]t1,ta,ts,- -] be the ring homomorphism defined by

oM = 3 sulM] -4,
|lw|=n

where ¢, ... ;) = ti; -+ ti,,, and reduce modulo the ideal generated by the ¢; for
1> 17, to give a ring homomorphism 0’ : MO, — Zs[t1,te, - ,t17].
Lemma 4. Let the total Stiefel-Whitney class w(M) of a closed manifold M™ (n <
17) be expressed as the form []._,(1+ a;) with a; € H*(M™; Zs). Then 0'([M"]) is
the value of the n—dimensional component of H:zl(l +aity + a2ty + -+ alTti7)
on the fundamental class of M™.

Proof. From w(M) =[]._,(1 + a;), we claim

Sw(a17a27"' ;ar) ifTZTL,
sw(M") — Sw(a17a27"' ,ay, 0, ,0) if r < n,
——
n—r

so that the result is true.

Proof of Theorem 4. Case k = 1. [, Proposition 8.1] and Theorem 2 show the
theorem.

Case k = 2. Take z3 = [RP(2)],z4 = [RP(4)],z5 = [RP(2,0,0,0)]. From
Lemma 1 there exist indecomposable classes z,, € A2 for n > 6(n # 2" — 1).
The above z,, form the generators of MO,. {23, 25} C J2, {z4,z,(n > 6)} C A2,
rox5 = [RP(2,1;5)] € A2. Since A? is an ideal and J2J2 C J} C A2, we obtain that
A? contains products, which have dimension n greater than 2k — 1, of generators
of MO, except the following classes

T3, T5, T
By making use of Theorem 1 we have o3(t) € P?,0903(t) € P2 and o3(t) € Pg. A

simple computation shows that o3 (t)[x3] # 0, 0205(t)[x5] # 0, 03 (t)[23] # 0; hence
23, x5, 25 ¢ B2. The theorem is established.



COBORDISM CLASSES OF FIBERINGS 905

Case k = 3. Take w9, x4, 5,26, 28, g, T10, 211, T12 Trespectively as [RP(2)],
(RP(4)], [RP(2,0,0,0)], [RP(6)], [RP(:7), [RPC,L:7)], [RP(1,1,1,157)]
[RP(4,1;7)],[RP(1,1,1,1,1,1,0)]. For n > 13 take z,, as in Lemma 1. Then z,
form the generators of MO,. {z3, x5} C J2, {23,232} C J} C J2 z,(n > 6) € A3.

To complete the proof we consider the following cases.

Dimension n = 6. Since 76 € A3 C B§, we need only show that the classes

3
Lo, T2T4

are distinguished by characteristic numbers associated to f(t) € P$. By Theorem
1 a direct computation shows that fi(t) = 03(t) + o6(t) and f2(t) = o3(t) + o$(t)
are in Pg. Characteristic numbers are given by

J)g XoXg
fi) | 0 1
fa(t) | 1 1

Since this matrix is nonsingular, these classes are distinguished.
Dimension n = 7. xoxs is the only non-zero class. Similarly from Theorem 1 we
have f3(t) = o205(t) € P3. Since f3(t)[xaw5] # 0, the result is established.
Dimension n = 8. Since s, 672 € A3 C B3, we need only show that the classes

4 .2 2
Lo, ToT4, Ty

are distinguished by characteristic numbers associated to f(t) € Ps. In PJ take
fat) = os(t)+o503(t)+o701 (1), f5(t) = 08(t)+0o507(t)+03(t), fo(t) = o (t)+03(t).
We have the nonsingular matrix

x5y | 232y | 23
fat) | 1 1
fs(t) | 1 0 0
o]0 ] 0

so that the classes are distinguished.
Dimension n = 9. Since g € A3 C B3, we need only show that the classes
23T, 4T

are distinguished by characteristic numbers associated to f(t) € Py. In P§ take
f7(t) = 0801 (t) + 0605 (t) + 0504(t), fs(t) = 09(t) + 0603(t) + 0305 (t). We have the
nonsingular matrix

1‘3.135 T4
fr) ] 1 0
fst) | 0 1

so that the classes are distinguished.
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Dimension n = 10. Since A2 is an ideal, A3, contains products of generators
except the classes
x5, 12, 232, w273
By Lemma 3 and Lemma 4 a direct computation shows that
25 + a3 = [RP(2,2;7)] + [RP(1,1,1,1;7)] € A3,

In P}, we take fo(t) = 0901(t) + 0s02(t) + 0604(t) + 0205(t), fio(t) = oeo3(t) +
0302(t) + 0703 (t) + 070201 (t) + 02(t) + 05(t), f11(t) = o10(t) + 0901 (t) + 0703 (L) +
0604(t) + 0603 (t) + 030501 (t). Characteristic numbers are given by

5] .2 .3 2
x5 | T | x5 | X2TH

O 111 0 | o
fio(t) | 0 | O 1 0
o111 o [ 1

Since the rank of the matrix consisting of i;—th, éo—th, ---, i;—th columns in
the above number matrix is equal to j (1 < j < 3) except the case {1,2} C
{i1,42,--- ,4;}, the classes are distinguished.

Dimension n = 11. Similarly A3, contains products of generators except the
classes
$§$5, ToX4T5.
By Lemma 3 and Lemma 4 a direct computation shows that
xgxg, + xoxgws = wsx6 + T2x9 + [RP(2,1,1,1;7)] € A?l.

In P}, we take fia2(t) = 0505 (t)+070301(t)+0303(t)+0902(t)+0503(t)+0o1001 () +
0200 (t) + o704(t). From fio(t)[x325] = fi2(t)[waw425] = 1 we obtain the result.

Dimension n = 12. A3, contains products of generators except the class z3.

Take f13(t) = o3(t) + 012(t) € P,. Since f13(t)[z3] = 1, the theorem is proved.

Dimension n > 12. By Lemma 3 and Lemma 4 we have

Tox = 21074 + Y14 + [RP(4,2,1,1;7)] € A3,
where 914 is a sum of some monomials from the following
T9Ts5, T8Te, xloxga (E%(EQ, (EGCL’E, $§$47
TRTS, TeTATS, TITE, Tole, Toxs, TLa, T,

Since A2 forms an ideal and J2"1J2"2 C J21t22 C ATtz A3 contains all the
products, which have dimension n > 12, of generators of MO,. So A3 = B3 =

MO, for n > 12.
The proof is completed.

Case k = 4. Take wmo,x4,xs5,26, 29,211 respectively as [RP(2)],[RP(4)],
[RP(2,0,0,0)], [RP(3,0,0,0)],[RP(2;8)],[RP(4;8)]. For other n(n # 2" — 1) we
choose z,, as in Lemma 1. Then z,, form the generators of MO,. {23, x5, 26} C J2,
{23, 09,011} CJEC J2, 22 € JS CJhx, € ALifn>8n#9,11 and 2" — 1.

Similarly we consider the following cases.
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Dimension n = 8. Since 3 € A} C B§, we need only show that the classes
4 2 2
m27 .1321‘4, J)4, TeT2

are distinguished by characteristic numbers associated to f(t) € Ps. In P§ take
fi(t) = 03(t), fa(t) = 05(t), f3(t) = o503(t), fa(t) = 0602(t). We have the non-
singular matrix

22 | 23 | 2324 | 2276
Am ol 1] o 1
LB 10| 0 0
fs®) 00| 0 1
L1001 0

so that the classes are distinguished.
Dimension n = 9. In Py we take f5(t) = 0303(t), fo(t) = 040203 (t), f7(t) =
0603(t) + 040203 (t) + 03035 (t). The nonsingular matrix is given by

{E%(L'g, T4y | X9

f5(t) ] 1 0 10
fe(t) | O 1 10
f2(t) ] 0O 0

so that the result is true.
Dimension n = 10. A}, contains products of generators except the classes

5 2 3 2 2
Loy, X2T 4y, LTy, Tole, LaLe, Ty

In P, we take fs(t) = o703(t), fo(t) = d604(t), fio(t) = 02(t), f11(t) = ouoi(t),

f12(t) = 030202 (t), f13(t) = 030301 (t). Characteristic numbers are given by

J)g .1?2.13?1 1‘3.134 1‘3.136 T4Zg J)g
fs®) | 0| 0 1 1 1 |0
foy | 1] 0 1 0 0 |1
Ffo®) | 1] 0 0 1 0 |o
fu@® o 1 1 0 1 |0
fiz®) | 0] 0 1 0 1 |0
fis®) ] o] 1 1 1 0 |o

This matrix is nonsingular, so that the classes are distinguished.
Dimension n = 11. A}, contains products of generators except the classes

3
T5T9, L2T4T5, L5L6, L2LY, T11-
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By Lemma 3 and Lemma 4 a computation shows that
(1) (L’%(Es + ToTyT5 + T5L6 + TaXg = [RP(Q, 1; 9)] S Aélll

In Pfy we take fia(t) = 0704(t), fis(t) = 060401(t), fie(t) = 0503(t), fir(t) =
040501 (t). Characteristic numbers are given by

1‘5.13% ToXgTys | T5xg | T2X9 | T11
Jua(t) | 1 0 0 1 0
fis(t) | 0 1 1 0 0
fie(t) | 1 0 1 0 1
fir(t) | 1 1 0 0 | o0
Since the rank of the matrix consisting of i;—th, éix—th, ---, i;—th columns in
the above number matrix is equal to j (1 < j < 4) except the case {1,2,3,4} C
{i1,42,--- ,4,}, the classes are distinguished.

Dimension n = 12. A}, contains products of generators except the classes
J?g, T2X4T6, J)ﬁ.l?g, .7:21;%7 .l?i, J)%Jﬁi, .1?4.13421, Jﬁg
From Lemma 3 and Lemma 4, we have
(2) T2+ wox? + xa4xy = 119 + [RP(1,1,1,1;9)] € Af,.

In P}, we take fis(t) = o50201(t), fio(t) = 0305(t), fao(t) = 03(t), for(t) =
0303 (t), far(t) = 0403(t), fa3(t) = 03(t), foa(t) = 060402(t). Characteristic num-
bers are given by

{E% L2X4Tg (L’GIE% (L’Q(E% (L’ﬁ {E%"Ili {E4{E3 (L’S
fig(t) | O 0 1 0 0 0 0 0
fio(t) | 0 1 1 0 0] 0 0 |0
fao(t) | 0 0 0 0 [ 1] 0 0 |0
far(t) ] 0 1 1 0o |o] 1 0 |1
Faa(t) | 0 0 0 0o | 1] 1 0 |o
fas(®) | 1 1 0 0 0] 0 1|1
faat) | 1 1 1 1 (o] o 0 |1

Similarly combining this matrix with the equation (2), we know that the classes
are distinguished.
Dimension n = 13. A} contains products of generators except the classes

T2X11,T4X9, (E%(L’g, T2X5T6, $i$5, (E%(L’4(L’5, (L’;lxg,.
A computation shows that
(3) Tox11 + TaTo + Tiwg + x3T475 + Toxs = [RP(4,1;9)] € Al,.
From 9 - (1), we have

2 2 4 4
T5T9 + TaTsTe + ToTals + ToTs € Als.
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In Py we take fo5(t) = 060403(t), fa6(t) = 040303(t), far(t) = ojosoa(t), fas(t) =
050403 (t), fa9(t) = 0305 (t). Characteristic numbers are given by

ToX11 LaXg x%(llg ToX5T6 1'421(1,'5 {E%’IJ4{E5 (L’%(L’g,
fas(t) | 0 1 1 1 0 1 1
fas(t) | 1 0 0 1 1 1 0
far®) | 1 0 0 1 0 0 1
fast) | 1 0 1 1 1 0 0
faot) | 0 0 0 0 1 0 0

Combining this matrix with the equations (3) and x5 - (1), we know that the classes
are distinguished.

Dimension n = 14. A computation shows that z422 = 22212 + [RP(2,2,2;9)] €
A?,. Hence A}, contains products of generators except the classes

2 .2 2 4 2.2 3.2 5 7 3
$5$9,$2$6,$4$6,$2$4$6,$2$6,$2$5,$2$4,$2$4,$2,$2$4.
Furthermore we have

T5Tg9 + xixﬁ + xgumﬁ + x%xi + xgu = x4a:§
(4) + z4210 + x%xm + xgxg +[RP(4,2;9)] € A14,

(5) x%x% + x%xg + x; = T4 + ToT1g + Taz1o + x%xlo
+z42% + [RP(4,1,1,;9)] € Af,
From 9 - (2), we have
Toxd 4 23k + xdxy € Al
In P, we take f3o(t) = 05040302(t), f31(t) = 040301(t), f32(t) = 0203 (t), fas(t)

0503 (t) + 030406(t), faa(t) = 0305(t), fas(t) = 0303(t), fas(t) = ofoz0201(2).
Characteristic numbers are given by

I5T9 .1?21)% xixﬁ .1?%.1?41)5 .1?%1)5 .1?%.13% .1?%.13?1 1‘3.134 J)g .1?21)2
fso(t) | 1 0 1 1 1 0 1 0 [1] 0
fat) | 0 0 0 0 0 0 0 0 o] 1
ft) | 0 1 1 1 0 0 1 1 o o
fs3(t) | 0 0 1 1 1 1 1 1 o] 1
faat) | 0 0 1 0 1 0 1 0 | 1] o0
fist) | 0 0 1 0 0 0 1 o o] o
fas(t) | 0 0 0 1 1 0 1 0o | 1] 1

Combining this matrix with equations (4), (5) and 2 - (2), we know that the classes
are distinguished.
Dimension n = 15. A computation shows that

(6) a9+ xgxg = xox13 + T5x10 + T2xsxs + [RP(2,1,1,1,1,1;9)] € A‘lls,
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(7) 22 + adws = w69 + 309 + Tow13 + 25210 + T2w578 + [RP(2,2,2,1;9)] € Als,
(8) T4x11 + ToTyTy + T4x5TG + T = x5T10 + ToTsT8 + [RP(4,1,1,1;9)] € Als,
(9)  x6T9 + ToTaTy + T3T5TE + ThTaTs = Th + 2h5 + [RP(5,2;9)] € Al
From x5 - (3),2% - (1) and x4 - (1), we know
x%xu + Toxazg + xgxg + x§x4x5 + xgxg) S A‘ll5,
Thrg + r3r5T6 + Taraws + xhws € Als,

2 3 4
ToT4Ty + T4T5Te + TaTiTs + ToxaTs € Alx.
Af; contains products of generators except the classes
2 3 2 3 2 3 5
L4211, T3T11, LeLY, L2X4L9, LoT9, L4T5L6, ToXL5L6, Ty, L2T 45, LoT4Ls, LoTs-

In P145 we take f37(t) = Uegg(t), f38(t) = U50’40’§(t), f39(t) = 0'20'3(75), f40(t) =
06040303(t) + 03030207 (t). Characteristic numbers are given by

L4211 | X3T11 | TeTo | T2T4To | T3T9 | T4T5T6
fa) ] 0 1 1 0 1 0
fas(t) | 1 1 1 0 1 1
Faot) | 1 1 0 0 0 1
fo®) | 0 0 0 1 0 0
3576 | T2 | moxT5 | TRTATS | T5T5
fa7(t) 1 0 0 0 0
fs)] 1 Jo] 1 0 0
fot) | 1 0] o 1 0
fao(t) 1 1 1 0 1

Combining the matrixes with equations (6), (7), (8), (9) and x2-(3), 23-(1), z4-(1),
we get the result.
Dimension n = 16. From z3 - (2),24 - (2), 22 - (5),25 - (1) and x5 - (4), we know

Tar: + aSwy € Alg, wamh € Alg, w372 + 576 € Al
ToXsTg € A‘fﬁ, xgm + xgxixe + x%xwg S A‘fﬁ.

A computation shows that

(10) @322 + x2x6 = w16 + Ta12 + 25 + v328 + 25 + [RP(4,2,2;9)] € Al,
(11) T5T11 + T3T6 = T16 + ToT14 + TaT12 + TeT10 + T2T6Ts + T3T12

—|—x§x10 + x%mxg + —|—x§x6 + xgxixg + x%mxﬁ + x2x4x§
a2 + a5 + zoxsze + [RP(4,2,1,1;9)] € A,
A} contains products of generators except the classes

2 3 3,2 .5 2 2.3 .6
T5L11, 2T L6, Lol4Le, Loly, Lole, LeLy, Loly, Loly.
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In P we take fy1(t) = 060403 (t) + 0203(t), faa(t) = 030io2(t), fis(t) = o303(1).
Characteristic numbers are given by

T5X11 332334211)6 $g$4$6 J)gl‘g J?gxg 3361,‘% J?%J)Z 333.134
fa) | 1 1 0 1 1 1 1 1
fi2t) | 0 1 1 0 0 0 0 0
fs®) | 0 0 0 0 0 0 1 0

Combining this matrix with equations (10), (11) and 23 - (2), 22 - (5), 22 - (4), we
obtain the result.
Dimension n = 17. A computation shows that

rer11 = 217 + 0 - w525 + y17 + [RP(4,1,1,1,1,1;9)] € A},

where y17 can be expressed as a sum of products of generators without zgz11, 17
and 53

A} contains products of generators except the class z5z3. We take fi4(t) =
0302(t) € PL, obtaining fi4(t)[z523] # 0. Therefore the result is true.

Dimension n = 18. From w4 - (4), we get z3z} + xizs € Ajg. Ay contains
products of generators except the classes z3x3, z3x6. We take fu5(t) = o303(t) €
P, obtaining fu5(t)[x323] = fi5(t)[x326] = 1. Therefore the result is true.

Dimension n > 18. Since A% forms an ideal and J2"1 J2™2 C J2ri+2r2 C ATitr2
A% contains all the products, which have dimension n > 18, of generators of MO,.
So A} = B} = MO,, for n > 18.

The proof is completed.
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