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ABSTRACT. Every nilpotent lattice-ordered group is weakly Abelian; i.e., sat-
isfies the identity z=1(y vV 1)z V (y V 1)2 = (y V 1)2. In 1984, V. M. Kopytov
asked if every weakly Abelian lattice-ordered group belongs to the variety
generated by all nilpotent lattice-ordered groups [The Black Swamp Prob-
lem Book, Question 40]. In the past 15 years, all attempts have centred on
finding counterexamples. We show that two constructions of weakly Abelian
lattice-ordered groups fail to be counterexamples. They include all preiously
considered potential counterexamples and also many weakly Abelian ordered
free groups on finitely many generators. If every weakly Abelian ordered free
group on finitely many generators belongs to the variety generated by all nilpo-
tent lattice-ordered groups, then every weakly Abelian lattice-ordered group
belongs to this variety. This paper therefore redresses the balance and suggests
that Kopytov’s problem is even more intriguing.

1. BASIC DEFINITIONS AND FACTS

A group equipped with a partial order < is called a p.o.group if axb < ayb
whenever x < y. If, further, the partial order is a lattice (any pair of elements x &
y have a least upper bound (denoted by zVy) and a greatest lower bound (denoted
by x Ay)), then the p.o. group is called a lattice-ordered group. If the partial order
is total (i.e., for any pair of elements = & y, either x < y or y < z), then the p.o.

group is said to be an ordered group. We will write G é H for the direct product
of the ordered groups G and H ordered by: (g1,h1) > (g2, h2) if g1 > g2 or both
g1 =1 =go & h1 > hy where g; € G & h; € H (j = 1,2); it is an ordered

group. If G is an ordered group and H is a lattice-ordered group, then G é H is
a lattice-ordered group under the same ordering ((g1,h1) > (g2, ha) if g1 > g2 or
both g1 =1 = g2 & hy > ho).

Lattice-ordered groups are torsion-free [Il, Corollary 2.1.3] but there are torsion-
free groups which cannot be made into lattice-ordered groups (see, e.g., the proof in
[T, Theorem 2.A]). Indeed, the class of groups that can be made into lattice-ordered
groups cannot be defined in the first order language of group theory [6] (or see [1I
Theorem 2.A]).
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Let G be a lattice-ordered group and G = {g € G : g > 1}. As is well known
(see, e.g., [T, Chapter 2]) every element of G can be written in the form ab~! for
some a,b € G*; moreover, {|g| : g € G} =GT ={gV 1:g € G} where we write |g|
for gV g~1. Therefore G* completely determines the order on G.

As is also standard, we will use the shorthand Z for the group of integers under
addition with the standard ordering, N for the set of non-negative integers, and
f < gfor: f* < gforall n €Z (and write that f is very much less than g). In
any ordered group, fifo < g whenever f1 < g & f2 < g (see, e.g., [1, Chapter 4]).

If G is a partially ordered group and C C G, we will call C convex if g € C
whenever there are ¢1, co € C such that ¢; < g < ¢o. If X C G, then the intersection
of all convex subsets of G that contain X is convex and is called the convex closure
of X in Gsitis {g € G: (Fr1,22 € X)(z1 < g < x2)}. If X is a normal subgroup,
S0 is its convex closure (as is easily verified).

A subgroup of a lattice-ordered group that is also a sublattice will be called an
{-subgroup. A group homomorphism between lattice-ordered groups that preserves
the lattice operations is called an ¢-homomorphism, an injective such is called an
{-embedding, and a bijective one whose inverse is also an /-homomorphism is called
an f-isomorphism. The kernels of /-homomorphisms are prcisely the normal convex
{-subgroups (see, e.g., [T, Section 3.2]); they are called ¢-ideals. Note that a group
embedding ¢ of an ordered group G in an ordered group H is an f-embedding if
Gt¢ CHT.

2. WEAKLY ABELIAN LATTICE-ORDERED GROUPS

A lattice-ordered group G is called weakly Abelian if g~ '|f|lg < |f|? for all
fyg € G ] (or see [1, Section 6.4]). Every weakly Abelian lattice-ordered group is
residually ordered; i.e., a subdirect product of (weakly Abelian) ordered groups [I].

Any locally nilpotent lattice-ordered group is weakly Abelian ([5], or see [
Theorem 6.D]); so the variety of lattice-ordered groups generated by all nilpotent
lattice-ordered groups is contained in the variety of all weakly Abelian lattice-
ordered groups. In 1984, V. M. Kopytov asked if the converse were true [The Black
Swamp Problem Book, Question 40]. Since weakly Abelian lattice-ordered groups
are residually ordered, the question is equivalent to:

Does every weakly Abelian ordered group belong to the variety (of lattice-
ordered groups) generated by all nilpotent lattice-ordered groups?

All attempts have centred on finding counterexamples (see, e.g., [2]). In contrast,
we show that all the examples considered to date are approzimately nilpotent; i.e.,
belong to the variety (of lattice-ordered groups) generated by all nilpotent lattice-
ordered groups.

Throughout we will use the following well-known result [4] (or see, e.g., [T
Lemma 6.4.1]):

Lemma 2.1. A lattice-ordered group G is weakly Abelian if and only if [f,g] <
|fI A lgl for all f,g € G.

As is standard (see, e.g., [3, Chapter 11]), we write [f,g] for f~1g~!fg and
[f,g,h] as a shorthand for [[f, g], ], etc. for G a group and f,g,h € G. If H and
K are subgroups of G, we write [H, K| for the subgroup generated by {[h,k] : h €
H, k € K} and define the lower central series v,,(G) of G inductively:

10(G) = G, ym11(G) = [ym(G), Gl
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(for all m € N). Each 7,,(G) is an invariant subgroup of G (and hence a normal
subgroup of G). Moreover, GG is nilpotent class ¢ if and only if v.41(G) = {1}; i.e.,
if [g1,..- ,gct1] =1 for all g1,... ,gc+1 € G. Thus G/v.4+1(G) is nilpotent of class
¢ for all groups G.

If G is a group and ()-_, ¥m(G) = {1}, then the map g — g € [[+_, G/vm(G)
given by g, = vm(G)g for all m € N is an embedding of G into a direct product
of nilpotent groups. Since (\~_,vm(F) = {1} if F is any free group (see, e.g., [B
Theorem 11.2.4)), all free groups belong to the variety (of groups) generated by all
nilpotent groups; hence this variety is the variety of all groups.

For each m € N, we will write C,,(G) for the convex closure of 7,,(G). Since
Cin(GQ) 2 vm(G) we get that G/Cy,(G) is nilpotent class m.

3. EXTENSIONS OF CENTRALLY ORDERED GROUPS

If G is an ordered group and (), °_, Cin(G) = {1}, then we will call G centrally
ordered. As above, any centrally ordered group is approximately nilpotent (and so
weakly Abelian). There is a standard way to order the free group F. For each
m € N, Y (F)/ym+1(F) is a free Abelian group. We can choose a basis of basic
commutators in F' of weight m whose cosets by 7,,4+1(F) are free generators of
the Abelian group vm (F)/vm+1(F). Let ¢m. 1,¢m,2,... be these generators. Each
element of F' can be written uniquely in the form w; - - - w, where each w; # 1 has
the form 05,11 - cjs((l) with t,;) # 0, and if I is finitely generated, then so is each
Ym(F)/Ym+1(F); indeed, s(i) is given by the Witt Formula and these ¢; ; can be
chosen to be basic commutators (see, e.g., 8] Chapter 11]). If we impose the order
generated by

Co,1 > Co2 > > Cl1 >Clo2> - >Ca1 > Ca2 >,

then Cp,(F) = ym(F) for each m € Z. This makes F' a centrally ordered group,
whence it is approximately nilpotent.

The easiest place to look for a weakly Abelian ordered group that is not approx-
imately nilpotent is to put a cyclic ordered group below a centrally ordered group
(whence (r-_y Cin(G) # {1}). The first example considered was F' ® Z where F is
the weakly Abelian centrally ordered free group above on 2 generators. This was
far too naive as we now show. Indeed, we now prove that central extensions of
certain approximately nilpotent groups are still approximately nilpotent.

Theorem A. Let G be a centrally ordered group and H be any approximately nilpo-

tent lattice-ordered group. Then G éH is an approzimately nilpotent lattice-ordered
group.

Proof. Let L =G ® H, meNand L, = G/Cp,,(G) ® H. Then there are nilpotent
lattice-ordered groups H(n) (n € N) with each H(n) nilpotent of class n, an ¢-
subgroup D of [[{H(n) : n € N} and an ¢-ideal K of D such that H is ¢-isomorphic

to D/K. Then each G/C,,(QG) ® H (n) is nilpotent of class max{m,n} and we may
regard D* = G/C,,(G) ® D as an L-subgroup of [[{G/C,,,(G) ® H(n) : n € N} by
(Cn(G)g,d)(n) = (Cp(G)g,d(n)) (n € N). Thus D* is approximately nilpotent.
Moreover, K* = {1} ® K is an ¢-ideal of D* and D*/K* is {-isomorphic to L,,.
Hence L, is approximately nilpotent. If C,.(G) = {1} for some r € N, then L = L,
is approximately nilpotent. So assume that C,(G) # {1} for all m € N.
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Consider the group homomorphism ¢,,, of L onto L,, that is given by (g, k)¢, =
(Cm(G)g, h). Then ¢, has kernel Cy,(G). (Caution: ¢, is not order preserving.)
Hence the group homomorphism ¢ of L into [[{L., : m € N} induced by {¢n, :
m € N} is an embedding. Furthermore, if g € G\{1}, then there is ¢(g) € N such
that g & Cy(G) for all £ > ¢(g) (since (,+_, Cin(G) = {1}). Hence the map ¢v from
L into [[{Lm : m € N}/> {L,, : m € N} is an embedding, where v is the natural
¢-homomorphism from [[{L.,, : m € N} onto [[{Ly : m € N}/> {L,, : m € N}
Since the obstructions to order-preserving of (g, h),1 are at only an initial set of
values of m (dependent on the particular g € G — viz: {m € N:m < {(g)}), the
map ¢v is an ¢~-homomorphism. Since each L,, is approximately nilpotent, so is
[I{Lm : m € N}. Therefore so is [[{Lm : m € N}/ > {L,, : m € N}. Thus Lov is
approximately nilpotent and, consequently, so is L (since ¢v is an f~embedding). O

Corollary 3.1. Let F be a centrally ordered free group and H be any approximately
nilpotent lattice-ordered group. Then F ® H is approximately nilpotent.

4. FULLY TIERED FREE GROUPS

For any free group F on a finite set of generators and m € N, there are
U1y -+ s G, s(m) € Ym (F) such that am 1Ym1(F), ... 5 Gy s(m) Ymy1 (F) freely gen-
erate the free Abelian group v, (F)/vm+1(F). If F is an ordered free group, we will
always always choose these generators so that a;m,1 > amz2 > ... > apy s(m) > 1.

As is standard, if G is an ordered group and f,g € G, then we will write f ~ g
if there are m,n € Z such that f < g™ & g < f*. If f ~ g, then f & g are said
to be Archimedean equivalent. Observe that ~ is an equivalence relation and that
g~ g~ ! forall g € G. Moreover, g ~ 1 if and only if ¢ = 1; and if f,¢g € G with
f,g9 > 1, then exactly one of f < g, f ~ ¢, or ¢ < f holds. So, in the case of
ordered free groups, for each m,i € N (with ¢ < s(m) if the free group is finitely
generated) Qi ~ G i+1 OF Qi 5> G it1-

Another considered potential counterexample (to the conjecture that every
weakly Abelian ordered group is approximately nilpotent) is the free group F' on
generators aq, as, ag as before but now put the free subgroup G generated by a1 &
az above az. Soif ¢;1,... ,¢; ;) denote the basic commutators of weight i involving
only a1,az and d; 1, ... ,d; ¢ ;) denote the basic commutators of weight ¢ in which
a3 (or its inverse) occurs, then we can order F' via:

ay > az>cyp > .. > €1,s(1) >c21 > ... > C2,5(2)

> az>dig > oS> d ) S

Then G is centrally ordered, and ag € (,._, Cyn (F), but F is not a central extension
by G. However, this weakly Abelian ordered group is also approximately nilpotent
as we will show in the next theorem.

The key ingredient in the above example is that for each m € N there is a
basis b1,...,0p(m) for Ym(F)/Ymi1(F) with b1 > by > ... > by(y; ie., for
each m € N, the m!" level can be tiered. More precisely, an ordered free group
F is said to be tiered if, for each m € N, there are am,1,... ,am s(m) € Ym(F)
such that @, 1Ym41(F), ... s G s(m)Ym+1(F) freely generate v, (F)/vmy1(F) and
Um,1 > Am2 > ... 3> Gy s(m)- Note that if F'is a tiered ordered free group,

then (for each m,i € N with i < s(m)) a" .- am am,; if ki # 0; but

m,i " Ym,s(m)

there are no assumptions about how the generators from the m'" level compare
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with those of any other level. However, if the tiered order is weakly Abelian, then
ap,1 > a1,1 > az1 > ..., but no assumption is made between a3 and as if,
e.g., a2,1 = [a1,a2,a1]. So the ordered free group on 3 generators in the previous
paragraph is tiered. Indeed, it is fully tiered; that is, for each m,n,i,j € N with
i <s(m), 7 <s(n), am; ~an;ifandonlyif m=n & i=j.

Theorem B. FEvery finitely generated free group equipped with a fully tiered weakly
Abelian order is approximately nilpotent.

The free weakly Abelian lattice-ordered group on a finite set of generators X
is a subdirect product of the free group on X equipped with all possible weakly
Abelian (total) orders. Moreover, the free weakly Abelian lattice-ordered group on
any infinite set of generators is an ultraproduct of the free weakly Abelian lattice-
ordered groups on finitely many generators |1l Theorem 1.A]. Hence to prove that
every weakly Abelian lattice-ordered group is approximately nilpotent, it suffices
to show that any finitely generated free group with a weakly Abelian (total) order
is approximately nilpotent. Theorem B can be viewed as the first step in that
direction.

The main idea in the proof of Theorem B is the use of an appropriate right
transversal of each v, (G) in G to obtain an ordering of G/v,(G) that approxi-
mates the original ordering on GG. For technical reasons we require the “fully tiered”
hypothesis (but I have no idea how intrinsic it is for anything other than the par-
ticular method where it is critical). We will need some notation and lemmata to
achieve the proof of the theorem.

5. THE PROOF OF THEOREM B

Let G be a finitely generated free group equipped with a weakly Abelian or-

der and for each m € N, let am1 > ... > ay 5m) > 1 yield generators of
Ym(G)/¥m+1(G) as above. Clearly each g € G\{1} can be uniquely written in
the form wy - - - w,(4), where each w; = a;jl'l e af:(%) for some kj1,... ,kj ;) €Z

and wy(q) # 1. Let w,(g) = 1 for all n > r(g). We will write ¢,,(g) for wy - - - wp,.
Note that t,,(g) = g if m > r(g) and t,,(g) = 1 if and only if g € vpt1(G);
furthermore, Ypm+1(G)g = Ym+1(G)tm(g) for each g € G and m € N.

Throughout the rest of the proof, we will use this notation and will also reserve
the symbols v; for aﬁf’f . -aﬁg‘z(;)) for some £;1,... ,¢; ;) € Z (j € N).

If G is a tiered ordered free group and j € N and ¢ = min{k: k;, # 0} we call

ale the dominant term of w; # 1. By default, we will call 1 the dominant term of
!

Lemma 5.1. If G is a tiered weakly Abelian ordered free group and aj5" is the

dominant term of w; # 1, then w; = a?_:"i”"c where ¢ < aj;. Hence tpy(w;) > 1 if
and only if kj; >0 (form > j).

Proof. The form is obvious with ¢ = a%:&l e af:(%) Since each of a;, < a;;
(n=14+1,...,5(j)), we have ¢ < a;;. Thus, for m > j, we have t,,(w;) > 1 if
k’jﬂ' > 0 and tm(UJj) <1if kjﬁ‘ < 0. O

Throughout the rest of the paper we will use the following commutator identities:

vy = yzlr,yl, [vy, 2] = [z, 2][z, 2,9][y, 2], [2,yz2] = [z, 2] [z, y][=, y, 2].
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JL1
Jyia

is the dominant term of v; # 1, then the

Corollary 5.2. If G is a tiered weakly Abelian ordered free group, m > j, a 1

the dominant term of w; # 1 and a;’ & 2

dominant term of tm, (w;v;) is

aﬁl1 if i1 < ig; s
J7l+€J i1
Jyi1
aliie

a;’i, if 11 > ia.

Hence t,(wjv;) > 1 whenever tp,(w;), tm(v;) > 1.

if 11 = i3; and is

Proof. By Lemma [B.1], we have w;v; = @™ 072§ where ¢ <« aji, and d < a;,.

g iz
n=s +£;
Using the above commutator identities we obtain wjv; = [[,— 1(3) a]Jn” et

where ¢* is a finite product of commutators of weight at least j + 1. Moreover,
since the ordering is weakly Abelian, each of these constituent commutators is

certainly Very much less than a;; where ¢ = min{¢;,72}. Thus the dominant term
kji+€;

in W;V;j is aj i

; and this is also the dominant term,, if m > j (see below). O

If G is a fully tiered ordered free group and g = wg - - - wy(y) # 1, let a]Jz(’](’)) be the
dominant term of w; (j = 1,...,7r(g)). Let jo € N be such that a;, (o) > a;.()
for all j # jo. Then aj, i(,) is said to be the dominant term of g. Given any m € N,
the dominant term., of g will be the dominant term of wq - - - wyy,, i.e., the dominant

term of ¢,,(g).

Lemma 5.3. Let G be a fully tiered weakly Abelian ordered free group, f =

Vo Vs #F L and g = wo - wyg) # 1 have dominant termyy, aj;’ I ’11 and a 221212 ,
respectively. Then the dommant term of tm(fg) is
2 . ,
a’Jl,h Zf Qjy i > Ajy,ins 18
aﬁil,ill-i_kjl “Udf (1, i1) = (J2,i2); and s
k; .
ajz,lz if ajy i < Ay iy -
Proof. We prove the lemma by induction on r(g) (with r(f) arbitrary).
First observe that ifj’ < j, then wjv;r = vyrw;[w;,v;] and that ¢; ;i = [w;, v;] €

i Lir i
vi+1(G) with ¢; j < a]Jz(J(J)) ;g 1(?) Hence wjvy = vjwjc; j
Using the commutator identities, we obtain that vg - - - v,y -wo has normal form
Up - - - uy where the dominant term d; of u; is the dominant term of wovy (as given

by Corollary[5.2)) if j = 0, and is either the dominant term of w; if j € {1,... ,r(f)}

(and this is not very much less than alg 2) or is very much less than alg +. - Hence
the dominant term,, of vg---v,(s) - wo is as required and the basic step of the
induction is complete.

Assume that the dominant term of ¢, (vp - - - Vp(f) Wo w,.) is as prescribed and
let (g) = r + 1. We may assume that m > r + 1 (otherwise the proof is already
complete). Then fg = (vo---vr(p) - wo - wr)wry1. Thus fg = (ug---up) - wrpy
where the dominant term of wug - - - u; is as above. Using the commutator identities
and the observation at the beginning of the proof we get that fg has normal form
(wo -~ up) - ujyq - up. where uf, | = Up41Wr416r41 Written in normal form (with
¢r+1 a finite product of commutators of weight at least r +2 and all very much less
than the dominant term of w,1) has dominant term as given by Corollary and
each of u},,,... ,uj. has dominant term,, very much less than the dominant term
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of t,,(f) and of ¢,,,(g) = ¢g. This completes the induction step, and the lemma now
follows.

Lemma 5.4. Let G be a fully tiered weakly Abelian ordered free group and g =

wo - Wp(g) 7 1 have dominant termyy, afg Then the dominant term of t,,(g~ ")

ks
isa; ;"

e — 1180 Kin — 17150 [ Thim s
Proof. Observe that if w; =[], 2] a;’", then w] = [I,21a;,"" - ¢; where ¢; is

a finite product of commutators each of weight at least j + 1 with only those a;

appearing for which k;, # 0; so ¢; < a;,(;). Thus the dominant term in witis

j
K0 Thyg g1 = W)y wg where wi = Y a5 e, G =0,...,7(9)

j)i(]) n= J,m
and c; is as above. Caution: this is not the normal form for g~ and wj need not
be a product of powers of a; 1, ... ,a; ;) in that order. However, we can apply the
commutator identities to this form to get that g—' has normal form u; - - - u; where

the dominant term d; in each u; satisfies:

a

—k(j, 1(]).

either dj < aj, i(;,) for some ji < jordj=a, ;=

The second possibility can only arise if j =0,...,7(g); and it actually does occur
if a; ;) > aj, ¢, for all j1 < j. Thus the dominant term of t,,(g~1) is just the
inverse of the dominant term of t,,(g). O

By Lemmata 53] and B4 we get that t,,(fg) > 1 & t,(h~1fh) > 1 whenever
tm (f), tm(g) > 1; that is:

Corollary 5.5. Let G be a fully tiered weakly Abelian ordered free group and m €
N. Define ym+1(G)g > 1 if and only if t,(g) > 1 (g € G). Then G/vm+1(G) is an
ordered group.

We can now prove Theorem B.

Proof. Consider the natural homomorphism ¢,, : G — G/¥m+1(G) where the
image group is ordered as in Corollary Note that ¢,,(g) > 1if g > 1 1in
G and m > r(g). Let ¢ be the homomorphism of G into the lattice-ordered
group [[°_o G/¥m+1(G) induced by {¢, : m € N}; it is an embedding since
N _o Ym+1(G) = {1}. Then ¢v is an embedding of G into

(HG/va )(ZG/%LH )

m=0

(since ¢m(g) # 1 if m > r(g)). Moreover, as in the proof of Theorem A, ¢v
preserves order. Since [[)°_; G/vm+1(G) is approximately nilpotent, so is

<HG/7m+1 )(ZG/'Yerl )

m=0

Hence G is approximately nilpotent. [l

6. CONCLUDING REMARKS

(1) The example in [2] is obtained by using the lower central series of a finitely
generated group that is free metabelian. If we put a fully tiered order thereon (as
is permissible), then the resulting group is approximately nilpotent (even though it
does not belong to the variety of lattice-ordered groups that is generated by those
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nilpotent lattice-ordered groups that belong to a variety W,; see [2] or [Il Chapter
11]).

(2) It should be noted that if the free group G is fully tiered (or even tiered),
then, since aj1 > ... > a; ), we have that ajiajz2,...,a510;4),a;1 are
all Archimedeanly equivalent and their ~;11(G) cosets also freely generate
v;(G)/7vj+1(G). So the existence of a fully tiered basis can occur when the origi-
nal generators are Archimedeanly equivalent. This may suggest that Theorem B
includes most (?) weakly Abelian total orders on finitely generated free groups.

(3) In contrast, let G be a weakly Abelian ordered free group on a finite set
of generators such that aji,...,a;;) are Archimedeanly equivalent (j € N).
Let H be a non-trivial ultrapower of G. Then H is a weakly Abelian ordered
group. Choose s strictly increasing functions fi,..., fs from N into N so that
limy,— oo fi(n)/fix1(n) = oco for i =1,...,s — 1. We embed G in H via the map
i(n)

K
ntP-coordinate. Then boi > ... > by s0)- Repeat the process inductively and one
may obtain a fully tiered weakly Abelian order on the resulting free group (which
necessarily belongs to any variety of lattice-ordered groups containing the original
weakly Abelian ordered free group on the same set of generators). This might sug-
gest that fully tiered weakly Abelian finitely generated ordered free groups would
be most likely to be approximately nilpotent (among all weakly Abelian finitely
generated ordered free groups).

which sends ag; to the equivalence class of by ;, the function which is aj on the
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