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ABSTRACT. Each weak* compact C*-convex set in a hyperfinite factor (in
particular in B(H)) is the weak* closure of the C*-convex hull of its C*-extreme
points.

1. INTRODUCTION AND MAIN RESULTS

A subset K of a unital C*-algebra R is called R-convex (or C*-convezx if R is
clear from the context) if Z;LZI ajzja; € K whenever z; € K and a; € R for all j
and Z?:l ajaj = 1. As defined in [I{], a point z € K is C*-extreme for K if the

condition

n n
(1.1) T = Za;xjaj, Za;‘aj =1, z; € K, a; invertible in R, n € N,
j=1 j=1
implies that all z; are unitarily equivalent to z in R. C*-extreme points for subsets
K of R =M,, := M,,(C) are extreme in the usual sense by [I0], but the converse
is not true (see [8] or [6]). It was conjectured already in [I0] that a variant of
the Krein-Milman theorem should hold for compact C*-convex sets, and indeed,
much later for subsets of M, such a theorem was established by Morenz [12] using
some previous work of Farenick and Morenz (see [4], [5] and [6]). Another Krein-
Milman type theorem for the so-called matricially convex sets in locally convex
spaces has been proved recently by Webster and Winkler [I5]. Methods in [12] and
[15] (although different) both used in an essential way the finite dimensionality of
M,,. In this note we shall prove a variant of the Krein-Milman theorem for C*-
convex subsets of B(H) where H is a separable Hilbert space. But since the same
proof is actually valid for subsets in hyperfinite factors, we shall formulate the result
for such factors. For this we need a special kind of C*-extreme points.
A point x € K, where K is a C*-convex subset in a C*-algebra R, is R-extreme
for K if the condition

n n
(1.2) x = Zajfcjaj, Z a? =1, z; € K, a; invertible and positive in R,
j=1 j=1
implies that z; = 2 and a;x = wa; for all j. Using the polar decomposition of the
coefficients a; in (L) it is easy to show that each R-extreme point is C*-extreme.
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It suffices to check the condition (IZ) for an R-extreme point in the case n = 2.
(Indeed, suppose that z satisfies the condition for n = 2. For a general n put

Y= @?:2 z;, a = (az,...,a,)" and let a = ula| be the polar decomposition of the
column a. Then, writing (I.2) as z = a1z1a;1 + |a|(u*yu)|a|, it follows that z1 =
and a7 commutes with z. The same argument can be applied to j = 2,... ,n.) If

R is commutative, then it is not difficult to show that the R-extreme points (and
the C*-extreme points) are just the usual extreme points. Also, for a general R, all
R-extreme points are extreme in the usual sense.

Now we can state the main result of this note.

Theorem 1.1. Fach weak™ compact C*-conver set K in a hyperfinite factor R is
the weak* closure of the C*-convex hull of the set extr(K) of all R-extreme points
of K.

To prove Theorem [[T] we shall first consider for each € R the weak*® closure
cor(x) of the C*-convex hull cor(z) of x, where

n n
cor(x) = {Z ajzaj: aj € R, Za;aj =1, ne N}

j=1 j=1

Recall also that for each n € N the matricial range W, (x) of an element x € R is
the set of all ¢(z), where ¢ is any unital completely positive map from R to M,,
(see [I] or [14]).

The following two results will be used in the proof of Theorem 1.1.

Theorem 1.2. Let R be any factor and A C R a subfactor (containing the unit of
R) isomorphic to M, for some n € N. Then

r(z)NA=W,(x)

for each x € R, where Wy,(x) is regarded as a subset of A by identifying A with
M, (using any C*-isomorphism). Moreover, $(K) C K for each unital completely
positive map ¢ : R — A and each weak* compact C*-convex subset K of R.

Lemma 1.3. Let R be a unital C*-algebra and A a C*-subalgebra containing the
unit of R such that for each non-zero x € R there exists a conditional expectation E :
R — A satisfying E(x) # 0. If K is a C*-convex subset of R such that ¢(K) C K
for each unital completely positive map ¢ : R — A, then exta (K N A) C extr(K).

Theorem and Lemma [[3 will be proved in Section 2. In the case R = M,
Theorem [T will be proved in Section 3 by using some results of [5] and [12] (or
[15]). Assuming this, we can now deduce Theorem [Tl for a general hyperfinite
factor R.

Proof of Theorem [l Since R is hyperfinite there exists a sequence of finite dimen-
sional C*-subalgebras By C By C Bs... of R and (normal) conditional expectations
E, : R — B, such that the sequence (E,x) converges to z in the strong operator
topology for each x € R. Moreover, except in the case R is of type 111y, B, can
be chosen to be factors since by the classification of injective factors ([3] and [7])
all such factors are infinite tensor products of finite dimensional factors (see also
[9, 13.1.15]). In case R is of type I1l, the algebras B, cannot always be chosen
to be factors, but their existence together with the expectations E,, follows by [2].
In any case (since all non-zero projections in a countably decomposable type 171



C*-EXTREME POINTS 773

factor are equivalent) there exists for each n a subfactor 4, = M,,, (m, € N) in
R such that A,, O B, for all n.

Let K be as in the statement of the theorem and x € K. Regarding F,, as a unital
completely positive map from R into A,,, we have E,, (z) € KN A, by Theorem [[2
Hence, assuming the finite dimensional version of Theorem 1.1 (proved in Section
3) it follows that

(1.3) B, (z) € @4, (exta, (K N Ay)).

Since R 2 A, ® R,, for some subfactor R,, C R, the (normal) conditional expecta-
tions from R to A,, (namely the slice maps) separate points of R, hence by Lemma
exta, (KNA,) C extg(K). Now (L3) implies that E,(z) € tOr(extr(K)),
hence = € TOr(extr(K)) since E,(z) converges to . O

We remark that the existence of C*-extreme points in a weak® compact C*-
convex subset K of a general von Neumann algebra is proved in [I1], but the
extreme points obtained in [IT] are in general not sufficient to generate K. So
for general von Neumann algebras the problem if each weak™ compact C*-convex
subset is generated by its C*-extreme points remains open.

2. ProOFs oF THEOREM [[.2] AND LEMMA [I.3]
To prove Theorem [[.2] we need the following result from [1].

Lemma 2.1. Let A be a unital C*-algebra, a1, ... ,a, elements of A and p a state
on A in the weak™® closure of the pure states. Then for each € > 0 there exists an
element h € A such that ||h]|| =1 and ||h*(a; — p(a;))h| <e fori=1,... ,m.

Proof of Theorem Let y € cor(z)NA and choose a net (y,) C cog(x) converg-
ing to y in the strong operator topology. Since the map w — E;LZI ajwaj on R is
completely positive and unital for any aj,...,a, in R satisfying Z;.l:l aja; =1,
it follows that W,,(y,) C W, () for all v and consequently W,,(y) C W,,(z) (since
unital completely positive maps into M, can be approximated by normal such maps
in the point-norm topology). But y € W,,(y) since y € A =2 M,,, hence y € W, (z).
This proves the inclusion T0r(z) N A C W, (z).

To prove the reverse inclusion, let y € W,,(z) and let ¢ : R — A = M, be a unital
completely positive map such that ¢(z) = y. By the Stinespring representation
theorem (see [13]) ¢(w) = V*o(w)V (w € R), where o is a representation of
R on a Hilbert space K and V : C* — K is an isometry. Since R = M,,(B),
where B = A’ N R, there is a representation m of B on a Hilbert space H such
that £ = H™ and o is (unitarily equivalent to) m, : M, (B) — M, (B(H)), where
7n ([bij]) = [7(bs;)] for each [b;;] € M, (B). Let ¢ (j = 1,...,n) be the standard
basic vectors in C" and put §; = Ve; € H™. Let y;; € C be the entries of y. Then

(2.1) Yij = (Yej, i) = (p(x)ej, €i) = (Vimn(2)Vej, €) = (mn()§5, &)

Suppose first that o (and hence 7) is irreducible and let £ € H be any unit vector.
Then by the Kadison transitivity theorem there exists a unitary u € R such that
T (u)(g; @€) =¢; for j =1,...,n, where ¢; ® £ € H™ denotes the vector with the
j-th component equal to £ and the remaining components equal to 0. Now (Z.1])
can be rewritten as

Yij = (mn(uzu)(e; @ §), 6 ® ) = (m((uzu)i)E, §) = wl((uzu)i),
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where (u*zu);; is the entry of u*zu € M, (B) on the position (7, j) and w is the
state b — (m(b)€, &) on B. Thus, denoting by wy, : M,,(B) — M,, the map induced
by w, we have y = wy(2), where z = u*zu. Since Tg(z) = tOr(x), it suffices now
to prove that y € o (z) (for then we will have y € Gogr(x) N A). Let € > 0. Since w
is pure and w(z;;) = y;; (where z;; are the entries of z), by Lemma 23] there exists
a positive element e (= hh*) in B such that ||e]| = 1 and

(2.2) le(zij —yiglell <€ (i, =1,...,n).
Moreover, replacing e by a suitable spectral projection of e in R, we may assume

that e itself is a projection. Since B is a factor, there is a family of partial isometries
uy, € B such that upuj < eand Y, ujur = 1. Now ([Z2) implies that

1> " wizigue = yisl = 11> ui(ziy = yag)url < e (i,5=1,...,n),
k k

hence || >, uz(n)zu,(cn) —y|| < ne, where u,(cn) € M,,(B) is the diagonal matrix with
uy, on the main diagonal. This implies that the distance of y to TOr(z) = TOr(x) is
dominated by ne for all € > 0, hence y € ¢og(x).

Consider now a more general situation, when o is a direct sum of a family of irre-
ducible representations o : R — B(Kj). Then, with respect to the decomposition
K =@, Kk, V can be represented as a (possibly infinite) column V' = (vy), where
each vy € B(C",Ky) has the polar decomposition vy, = uy|vk| with |vx| = \/vjvk
and u, € B(C™, Ky) an isometry. (This is possible since dim K > n even if R is
finite dimensional, since R 2 A = M, and oy, is injective if the factor R is finite
dimensional.) Now y = V*o(2)V = >, |vk|(ujon(z)ur)|vk|. Since each oy, is irre-
ducible and uy, an isometry, ujox(z)uy € €Or(x) by the argument from the previous
paragraph, hence it follows easily that y € Cog(z) since >, |vg[? = V*V = 1.

Finally, in general we can approximate the map ¢(-) = V*o(-)V in the point-
norm topology by the maps of the form V; o, (-)V,, where each o, is a direct sum
of irreducible representations. To get such an approximation one can use the fact
that each state on M, (R) can be approximated in the weak* topology by convex
combinations of pure states and the well known connection between completely
positive maps from R to M, and positive functionals on M, (R) (see [I3] Chapter
5], we leave the details to the reader). Thus, in any case we have y € ¢or(z), hence
Wy (z) Ceor(x) N A (since by definition W, (z) C A = M,,).

Let now K be any weak™ compact C*-convex subset of R and ¢ : R — A a unital
completely positive map. Then ¢(z) € W, (x) C cor(z) C K for each z € K. Thus
$(K) C K. 0

Proof of LemmalL3 Let x € extq (K N A) and suppose that

n
Tr = E a;T;aj,
Jj=1

where z; € K, a; € R is positive and invertible for each j and 3_7_, a3 = 1. Then
for each conditional expectation F¥ : R — A we have

(2.3) T = Z E(ajz;a;) = ZE(G?)l/Q(ﬁj(Jﬁj)E(G?)l/Q,

where ¢; : R — A, ¢j(w) = E(a?)_1/2E(ajwaj)E(a?)_1/2 are unital completely
positive mappings. Since ¢;(z;) € K N A by the hypothesis and z € exty (K N A),
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(23) implies that ¢;(z;) = « and E(a )x = :cE(aj) for all j. By the definition of
¢; it follows now that E(a;xja;) = E( J)l/QxE(af)l/Q E(a?)z = xE(a3), hence

(2.4) E(ajzjaj — a?:c) =0 and E(a2x — za’ ) 0

since a conditional expectation from R to A is A-linear. By hypothesis the con-
ditional expectations from R to A separate points of R, hence (Z4) implies that
a;Tia; = affc and a]x = xa , but since a; is invertible and positive it follows that
a;x = za; and x; = « for allj—l .yn. Thus z € extr(K). O

3. THE FINITE DIMENSIONAL CASE

In this section we shall prove Theorem [[T] in the case R = M, (n € N). For
convenience we recall now some results from [I2] in a form suitable for our appli-
cation.

Observe first that if z € extg(K) for some C*-convex set K in a unital C*-algebra
R and if

T = Zajxjaj,where z; € K, a;j >0, Za =1,
Jj=1
then 21 = = and a7 commutes with z if ay is 1nvert1ble. (To see this, note that
T = %alxlal + a*(@?zl xj)a, where @ is the column (%al, as,...,ay)T, and use

the polar decomposition of a to write z in the form z = 1ay21a;1 + |aly|a|, where
y € K, ay and |a| are invertible and $af + |a|® = 1.)
The following lemma is a variation on [6, Theorem 4.1], but we do not require

finite dimensionality of R.

Lemma 3.1. Let K be a norm closed C*-convex subset in any von Neumann al-
gebra R. Suppose that

n
xr = E ajxjaj,
Jj=1

where x; € K, a; € R, a; > 0 and Z;.l:l a? =1. If x € extr(K), then the range
projection p of a1 reduces x and xp = prip. In particular, if x is irreducible in R
(that is, the commutant of {xz,x*} in R consists of scalars only) and a1 # 0, then
r1 = X.

Proof. By the Dixmier approximation theorem (|9, 8.3.5]) K contains a central
element, so translating by a central element, we may assume that 0 € K. Then
a*ya € K for all y € K and a € R with |la]| < 1. Using the polar decomposition

of the column (ag, ... ,an)T we may write x in the form = = ayx1a1 4+ aya, where
y € K and a = /1 — a?. For each a € [0,1] we have
(3.1)

z = (1 - a)aya + (aaya + arz101) = (1 = @)aya + [t(a)u(a)™ (y © z1)u(e)[t(@)],

where t(a) = (O‘la/f“) and t(a) = u(e)|t(a)] is the polar decomposition of t(«). Since
[t(a)|? = aa® + a? is invertible if o > 0, ([B]) implies that u(a)*(y © z1)u(a) = =
if a € (0,1] by the observation preceding the lemma. But from

oA 2a(aa? + a2)-1/2
o) =t = (", o ) e
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we see that lim,_,o u(a) = (”;) in the strong operator topology, hence by continuity
r = lim,_ou(a)*(y ® z1)u(a) = prip + prypt (where the convergence is in the
weak operator topology). This implies that px = zp = pz1p. If x is irreducible and
a1 # 0, then p =1, hence x = 7. O

It can be proved [I1] that each weak* compact C*-convex subset K of a factor R
contains a scalar multiple of 1 as an R-extreme point (in the case R = M, which is
the only case that will be needed in this section, this also follows from [4]). Thus,
translating, we may assume without loss of generality that 0 € extg(K).

From now on let K be a C*-convex compact subset of M, with 0 €
exty, (K).

Notation. For each k < n let P, € M, be the orthogonal projection onto the first
k coordinates. Put

Ky, = PLK Py

and regard K} as a subset of My by identifying My with PyM, P;. It is easy to
see that K} is C*-convex. For each x € My we shall denote by Z the element
rz®0eM,.

Remark 3.2. If = is an irreducible C*-extreme point of K, then z € exty, (K)
by [12, Corollary 1.8]. In our present situation this can also be seen in a more
straightforward way as follows. Suppose that x = Z?:l ajrja;, where x; € K and
all a; # 0 are positive with 25:1 a? = 1. Then by Lemma BT z; = z for all j,
hence

2
(3.2) r = Zajxaj.
j=1

Writing a; (and hence also as = /1 — a?) as a diagonal matrix, a; = @:’;1 aily,,
where «; # i, if ¢ # k and writing x correspondingly as a block matrix, x = [z;x]
(it € My, 1), it follows from (B2) by a straightforward computation that z;; = 0
if ¢ £ k. But, since z is irreducible, this implies that m = 1 and a1, a2 are scalar
multiples of 1.

In general, K may have no irreducible C*-extreme points and one has to consider

also the possible irreducible C*-extreme points of the compressions K. Note that
if z is an irreducible C*-extreme point of K (k < n) such that = is a compression
of an irreducible C*-extreme point y of K; for some k < j < n, say & = pgp
for a projection p € M,,, then & can be expressed as the C*-convex combination
& = pyp +pop*.
Notation. Denote by S, the set of all irreducible C *-extreme points of K and (for
k < m) by Sk the set of all irreducible C *-extreme points of K which are not
compressions of irreducible C *-extreme points of K; for k < j < n. (The elements
of K}, are called structural elements in [12].)

From [12, Theorem 4.5] or [15] Theorem 4.3] and [5] we have the following.
Theorem 3.3 ([12]). Each x € K can be expressed as a finite sum

l
Tr = E tf{Eiti,
i=1
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where x; € Sy, (n; € N, n; <n), t; € Mn“n and Zz 1ty = 1. Thus K is equal
to the C*-convex hull in M, of the set S = Uk 1 Sk, where S), = {g: y € Sk}

We will show (PropositionB5) that elements of the form €;_; x;, where z; € S,,,
(ZLI n; = n) are M,-extreme in K. Since each #; can obviously be expressed as a
C*-convex combination of @);_, x; and 0, it follows then from Theorem [33] (since
0 € exty, (K)) that K = coy,, (exty, (K)). This will prove Theorem [l in the
case R = M,,.

We need the following slight variation of [I2] Lemma 4.6]. For convenience of

the reader we shall present a simple proof.
Lemma 3.4 ([12)). Let x € Ky, (k < n) be of the form v = @_, z;, where z; €
Sm; (m; € N). Suppose that x = v*yv for somey € K and some isometryv € M, .
Then there exist a unitary U € M, and a matriz z € K,,_y such thaty = U(z®z)U*
and v = U((l)), where 1 € Mly, is the identity matriz.

Proof. Assume first that » = 1 (that is, z € S;) and v = ((1)) (that is, v is the
inclusion of C* into C"). By Theorem

l
(3.3) y= Ztiyjtj,

where y; € Sy, t; € M, , and Z] 1 t5t; = 1. Let tju = ugltjv| be the polar
decomposition of t;v with u; € M, , an 1sometry or a coisometry. Then

l
z=vyv=>[tjv|(u]yu,)ltvl,
j=1

where ujy;u; € K (since K is C*-convex and 0 € K). Put a; = [t;v[. Since z € Sj
(hence x is irreducible and C*-extreme in Kj), € exty, (Kji) by Remark B2
hence if a; # 0, then Lemma BTl and the irreducibility of « imply that ujyju; =
and «; is a scalar. Decompose the set L := {1,...,l} as L = L; ULy, where
Li={jelL: o #0} and Ly = L\ L;. Since u; is an isometry or a coisometry,
the identity ujy;ju; = x means that one of z, y; is unitarily equivalent to the
compression of the other; but since y; € Sy, and x € Sy this is possible only if
y; = x (where = denotes unitary equivalence). Hence u; must be unitary and
n; = k for all j € L;. The identity ¢;uv = cju; then implies (since v = ((1))) that
t; = (ajuj,b;) for some b; € My p—i. If j € Lo, then tjv = uja; =0 implies
that t; is of the form ¢; = (0,b;). Thus from E3) we have (since Z_]E]Ll

Zj 1|t U|2_U*Zj 1t;tv:1)
ot T
y—Z(éfﬁ>u]xu a;uj, b; +Z( )ijb) (h Z),
JEL1 J JEL2
where z € M, g,

(3.4) g= Z ajruib; and h= Z a;biujz.
JeLy JELy

But, from

1:;;11&;1&]-:2 (0‘2 ) ajuj, b +Z< )

JELL JEL2
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we see (looking at the entries on the position (1,2)) that >,y ajujb; = 0, hence
B4) implies that g = 0. Similarly A = 0 and y is of the form z @ z.

Assume now that z = @)_, ;, where r > 1, but v is still of the form (
that y can be represented as a matrix of the form

-(i7)

Applying (to elements ;) what we have just proved above, it follows inductively
that the successive block rows and columns of the matrices g and h (respectively)
corresponding to the summands z; of z are all 0. Thus g =0, h=0and y =z ® z.

Finally, a general isometry v : C¥ — C™ can be extended to a unitary operator
U on C", so that v = U ((1)) and the proof is completed by applying the above
argument to U*yU in place of y. |

1

O)’ SO

Proposition 3.5. If z € K is of the form x = @_, z;, where z; € Sy, (n; € N),
then © € exty, (K).

~

Proof. Suppose first that 2 2 y(") (= the direct sum of 7 copies of y) for some
y € Sk, where rk = n. Since y is an irreducible C*-extreme point of Ky, y is
Mj-extreme in Kj (see Remark BZ). Observe that the canonical isomorphism
M, = Mff) C M, identifies K, with KOM,(;). (Note that w(") = Z;zl ejrwer; € K
for each w € K}, since K is C*-convex and 0 € K, where {eij};:j:l is the appropriate
matrix unit in M, (M), namely the standard matrix unit in M, tensored with
1 € My.) It follows then by Lemma (and Theorem which justifies the
application of Lemma [T as in Section 1) that y(") € exty, (K).

Thus we may assume now that not all the summands z; of x are mutually
unitarily equivalent, hence the set {1,...,7} can be partitioned into two parts I
and J such that z; 2 z; if i € I and j € J. Put

y:@xi and ZZ@JU]-

i€l JjeJ
and let k =, ni, [ = Zjeﬂ n;. By induction on the dimension we may assume

that y € exty, (Kx) and z € exty, (K;). To prove that x € extyy, (K), suppose
that

(3.5) x = Zt;wjtj,
j=1

where w; € K, Z;nzl t? =1 and each t; € M, is positive and invertible. According
to the decomposition z = y@®z, decompose each t; as t; = (a;, b;), where a; € M, 1,
bj € M, 1, and let a; = ujla;|, b; = v;|b;| be the polar decompositions. Then (BH)
implies (by considering the two diagonal blocks of sizes k x k and [ x I, respectively)
that

m m

y=>_lajl(ujwjuy)la;] and z=">_|b;|(vjw;v;)[b,l.

Jj=1 Jj=1

Since y € exty, (Ki) and z € exty, (/) it follows now that |a;|ly = yla;|, |bj|z =
z|bj| and

(3.6) ujwju; =y, v;

; wiv; =z (j=1,...,m).
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Since t; is invertible, a; is injective, hence |a;| is invertible and u; is an isometry.
Similarly v; is an isometry. Thus (B8] implies by Lemma B4l that there exist
unitaries Uj, V; € M, such that u; = U; ((1)), v = V]((l)) and

(3.7) w; =Uj(y @ hj)UF,  wj =Vi(g; ©2)V]

for some matrices g, h. Putting W; = U7V}, we have from (B.1) that (y @ hy)W; =
W;(g;®z) and (y®h,;)*W; = W,(g;Pz)*. Since no irreducible direct summand z; of
y is unitarily equivalent to any irreducible direct summand x; of z, the only operator
intertwining the identity representations of C*(y) and C*(z) is 0, hence W; = ¢;&d;
for some unitary operators ¢; € My and d; € M. Then g; = cjyc;, h; = d;zdj,
w; = Uj(y © djzd;)U; (from B1)), u; = Uj((l)) and v; = Vj((l)) = Ujo((l)) =
Uj(Cj D dJ)((l)) = Uj (c?]) Thus a; = uj|aj| = Uj(‘%l), bj = ’Uj|bj| = Uj (dj(\)bj\) and
therefore

tj = (az,b5) = Uj(|az| & d;]b;]) = U;(1 & dj)(laj| @ |bj]).

Since t; and |a;|® |b;| are positive, while U; (16 d;) is unitary, it follows now by the
uniqueness of the polar decomposition that U;(1&d;) = 1 and ¢; = |a;|$ |b;|. This
clearly implies that ¢; commutes with z = y & z (since |a;| and |b;| commute with
y and z, respectively) and w; = U;(y © d;zd;)Us = U;(1 @ d;)(y © 2)(1 @ d;)U; =
yPdz==x. ([l
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