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ABSTRACT. If © is a smoothly bounded multiply-connected domain in the
complex plane and A = Z;”zl H;n:Jl Ty, ), where @jp € L™ (2, dv), we show
that A is compact if and only if its Berezin transform vanishes at the boundary.

1. INTRODUCTION

Let 2 be a bounded multiply-connected domain in the complex plane C, whose
boundary 02 consists of finitely many simple closed smooth analytic curves. For
dv = Lldxdy we consider the usual L%-space L*(Q) = L?(2,dv). The Bergman
Space H%(Q, dv), consisting of all holomorphic functions which are L?-integrable, is
a closed subspace of L?((2, dv). The Bergman Projection is the orthogonal projection

P:L*(Q,dv) — H*(Q,dv). Tt is well known that for any f € L?(€2, dv) we have
Pf(w) = [ 1R G wiv ),
Q

where K is the Bergman reproducing kernel of Q. For ¢ € L*(§, dv) the Toeplitz
operator T, from H?(Q,dv) to itself is defined by T, = PM,, where M, is the
standard multiplication operator.

Axler and Zheng have proved (see [2]) that if D is the disk S = ZT e T,
where ¢; , € L>(D), then S is compact if and only if its Berezin transform vanishes
at the boundary of the disk. Moreover, they asked if their result could hold if the
disk is replaced by other domains in C which “lack appropriate symmetry.” The
aim of this paper is to prove, using new techniques, that the same characterization
holds when €2 is a general smoothly bounded multiply-connected planar domain.
Such multiply-connected domains “lack appropriate symmetry”.

ik

2. PRELIMINARIES

Let 2 be a bounded multiply-connected domain in the complex plane C, whose
boundary 9 consists of finitely many simple closed smooth analytic curves v;
(=1,2,...,n), where v; are positively oriented with respect to Q2 and v; N\y; = @
if ¢ # j. We also assume that 7; is the boundary of the unbounded component
of C\Q. Let €1 be the bounded component of C\vy1, and Q; (j = 2,...,n) the
unbounded component of C\;, respectively, so that Q = ﬂ?zl ;. We use the
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symbol A to indicate the punctured disk {z € C|0 < |z| < 1}. Let I" be any one of
the domains Q, A, Q; (j = 2,...,n). We call K (z,w) the reproducing kernel of T’
and we use the symbol k' (z,w) to indicate the normalized reproducing kernel, i.e.
K (z,w) = KT (z,w)/ KT (w, w)?.

For any A € B(H?(T',dv)) we denote A, the Berezin transform of A (see [3] and
12]), where A(w) = (AkL kL) = Jr Ak (2)kD (2)dv(z). With these definitions in
mind we can state the main theorem:

Theorem 2.1. Let A be an operator in B(H*(Q,dv)) which can be written as
/~1 = Z;”Zl szl Ty, > where pjr € L>(Q,dv). Then A is compact if and only if
A(z) — 0 as z — O0.

We remind the reader (see [6]) that any bounded multiply-connected domain
whose boundary consists of finitely many simple closed smooth analytic curves,
i.e. a regular domain, is conformally equivalent to a canonical bounded multiply-
connected domain whose boundary consists of finitely many circles. Moreover, it is
possible to prove (see [1]) the following

Theorem 2.2. Let Q) be a reqular domain and let ¢ be a conformal mapping from
Q onto D. Then KP(1)(2),9(w))Y' (2)9' (w) = K (z,w) and the operator Vy f =
W' - foris an isometry from L*(D) onto L*(Q).

If A € B(H*(Q)) and we define Ap € B(H?*(D)) as Vy-1AV,, where 1 is a
conformal mapping from 2 onto D, then we can prove the following

Proposition 2.3. A(z) = Ap(¢(2)).
Proof. We have, by definition, A(z) = (Ak$, k) = Jo Ak (w) kS (w)dw, where

z17z

E2() = K9(-,2)K®(2,2)"2. Let us take ¥~ : D — Q. Since (Jry~1)(B) is
|(v»~1)(B)|* and there exists ¢ € D such that 1(z) = ¢ we obtain

AE) = [ (Ve AV Vi K DO (0 BN ().
Since Theorem 1.2 implies that

B (@7 8) = 1Y Q@™ (B) @) k2 (B),

then

i) = [ (ApkO)ORPTB)5:

it follows that A(z) = Ap((2)).

Since every conformal map is an open map, we can conclude that it is enough
to prove the theorem when the domain is a canonical bounded multiply-connected
domain whose boundary consists of finitely many circles.

3. THE STRUCTURE OF H?(Q)) AND SOME ESTIMATES
ABOUT THE BERGMAN KERNEL

In this section we state well-known facts which we will use in our work; for the
proofs the reader can see [1] or [7] and [4].

From now on we will assume that Q = ﬂ?:l Q;, where Oy = {2z € C: |z| < 1}
and Q; ={z€C:|z—aqaj| >rj}for j=2,...,n. Hereaq; € Q3 and 0 <r; <1
with |a; —ag| > rj+rg if j # k and 1 — |a;| > r;. We will indicate with the symbol
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A the punctured disk Q;\{0}. With the symbols K% (z,w), K?(z,w), K*(z,w)
we denote the Bergman kernel on €2, Q, and A respectively.

Theorem 3.1. There exists an isomorphism T : L*(A) — L?(21) such that
H?(Q1) = Z(H?*(A)). Moreover, the Bergman kernels K* and K satisfy the
equation K2 (z,w) = K (z,w).

We observe that the previous Theorem and the well-known fact that the repro-
ducing kernel of the unit disk is given by (1 — zw)~2 imply that, for j = 2,...,n,
K% (z,w) = r}(r} — (2 — a;) - (w — a;))~2. Moreover, Theorem 3.1 and Theorem
2.3 and the result of Axler and Zheng imply that if A = ZT=1 HZL:’ 1Ty, ., where
@wjr € L) and ¢ = 2,...,n, then A is compact if and only if its Berezin trans-
form vanishes at the boundary.

We remind the reader that it has been proved that the kernel of €2 looks like the
kernel of (; near 0€2. In fact, if we define K (z,w) = K (z,w)—>_;_, K% (z,w),
where for any z,w € Q x Q K{}(z,w) = K (z,w), we have the following

Lemma 3.2. 1. K(? is conjugate symmetric about z and w. For each w € €,
K§ (-, w) is conjugate analytic on Q and K§ € C(Q x ).

2. There are neighborhoods U; of 02); (j =1,...,n) and a constant C > 0 such
that U; N Uy is empty if j # k and ‘Kﬂ(z,w) —KjQ(z,w)‘ < C for z € Q and
w e Uj.

3. K€ L®(Q x Q).

4. There are constants D > 0 and M > 0 such that for any (z,w) € G; x QU
Q x G; we have | K% (z,w)| < D|Kjg(z,w)| and |K]Q(z,w)| < |K(z,w)| + M.

5. For any z € Q we have K]Q(z,z) < K%z, 2).

The next Lemma gives us a good insight into the structure of the space H?(12).
This lemma will play a special role in our construction.

Lemma 3.3. For f € H?(2), we can write it uniquely as f(z) = E?:1(ij)(z) +
(Pof)(2) with Pjf € H*(Q;), Pof € H2(Q)NC>®(QY), Pp(P;f) = 0if j # k and there
exists a constant My such that, for j =0,1,...,n, we have ||P; f|la < ||P;fl|la, <
My flla. In particular, if f € H(S), then Pif = f and ||fll, < Mi] fllo for
1=1,...,n.

Moreover, if { f,} is a bounded sequence in H*(Q) and f, — 0 weakly in H?(L),
then P;fn, — 0 weakly on H*(Q;) for j =1,...,n and Pyf, — 0 uniformly on Q.

4. MULTIPLY-CONNECTED DOMAINS
The goal of this section is to prove Theorem 2.1. We start with the following

Definition. Let Q = (_; ; be a bounded canonical multiply-connected domain.
We say that the set of n functions P = {p1,...,p,} is a O-partition for Q if

1. For every j =1,...,n, p; : @ — [0,1] is a Lipschitz, C*°-function.

2. For every j = 1,...,n there exists an €; > 0 such that if U, = {¢ € Q:r; <
|C —a;| < rj+e;}, then p;(¢) =1 V¢ € U, and p;(¢) = 0if ¢ € U, and k # j.

3. For any ¢ € Q, >0 pi(¢) = 1.

From now on, in order to make our notation a little simpler, when we use a
kernel operator we will denote it by the name of its kernel function. For example,
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the Bergman Projection will be denoted by the symbol K2, Finally, we define the
operators Qu:L%(Q) — L%(Q), for £ =1,2,... ,n, in the following way:

Qef(z /f JEL(C, 2)ldv(<).

It is important to notice that V£ =1,...,n, Q¢ is a bounded operator (see [1]).
We start with the following
Lemma 4.1. Let A = Z;vzl (T¢j,1 ...T%nj), where ¢; 1 € L>(Q) for any j and
k. If P ={p1,... ,pn} is a O-partition for Q and Ry € B(H?(Y)), fors=1,...,n,
is defined as Z;V:1 (K?Mmlps e K?an]ps), then the following are equivalent:
1. A is a compact operator;
2. The operator RePy is compact for { =1,....n
Proof. If we define Aj as A; =Ty, , ... T, ., it follows that A= Z;V Aj. Since the

Bergman kernel of Q is given by > o_, K and P = {p1,... ,p,} is a d-partition
for ), then we have

Aj = (ZOK Z M¢J 1pt Z K z;M%,npt)'
s= t=

A simple calculation shows that there exists a compact operator K; such that
Aj=Kj+ 30 K{My, .p, ... KMy, , p,. This implies that

n N

A:iZHK M¢7,Cpb+Z/c

j=1s k=1

and, if we define K = Z;vzl K; and Ry = ijl Hk’zl K@My, ,p., we have A =
>r_, Rs+ K. Since K is a sum of compact operators then it is a compact operator.
Hence this implies that A is compact if and only if .| R, is compact.

We observe that I = >, Py implies

> R = ZRtZPZ ZRthZRtPe,
t=1 t=1

t, =1

where the P,’s are the operators studied in Lemma 3.3.
Claim 1. The operator R;Py is compact for t =1,...,n

Proof. Since Ry Py = Zjvzl KMy, p, - - K?M%,M p: Fo, it is enough to prove that
for any n; with j = 1,..., N the operator K?Mm,%pt Py is compact. We observe
that if g € L*(Q), then

() KMy, pPoglz / K8(w, 2); m, (0)pe(w) Pog () = Qu(65.n, 91 Pog).

Let {f.} be a bounded sequence in H?(Q2) such that f,, — 0 weakly. Lemma 3.3
implies that Py f, — 0 uniformly on €; it follows that || Py f||cc — 0. Therefore (x)
and the fact that Q; is bounded imply that

|KE Mo, . Pofullz = 11Qe(d5,n;2ePofn)ll2 < |[Pofulloc||Qijn, pell2 — 0.

This inequality together with a well-known theorem (see [B, Chap. 5]) implies that
the operator is compact.
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Claim I1. The operator RsPp is compact if s # £ and s,£ =1,...,n.

Proof. Since R Py = Z;vzl KMy, p, - .K?anjps P, it is enough to prove that
for any nj, with j = 1,..., N, the operator R, = K?an]png is compact. To
do so we consider a bounded sequence {f,} in L?(Q) such that f, — 0 weakly
and we prove that ||Rs ¢ fn|l2 — 0. We know that the continuity of P, implies that
Pufr — 0 weakly on H?(€;) and {||P¢fx||a,} is bounded by Lemma 3.3. Since it
is a sequence of holomorphic functions we know that { P, fi} is uniformly bounded
on any compact subset of 2,. Therefore the sequence { P fi} is a normal family of
functions. Since Py f(¢) — 0 for any ¢ € Qy, then Py fy, converges uniformly on any
compact subset of £, and consequently on F' = supp(ps). Now we observe that

|Rs,efi(O)] < Sup{[Pefir(Q)] : ¢ € F} - |Qu(|XF¢jn, ps])(C)]-
Then, by using the fact that Q, is bounded, we have

1R e frllo < Sup{[Pefir(Q)] : ¢ € F}- M - ||gj1pslla2 — 0

and this completes the proof of our claim.

Finally, we observe that Claim I and Claim II imply that if, for any ¢, R;P; is
compact, then A is compact. Moreover, since P? = P, P,P; = 0 if s # ¢, and I,
the identity operator on H?(f2), is equal to > P;, then A compact implies that
Ry P, is compact for any ¢ and this completes the proof of the theorem. O

Remark. In the last Theorem we started with the operator

N
A=Y (Tml N .T¢MJ)
j=1

and we have constructed the operator R, = Zjvzl K§M¢j,lp.s e K§M¢MJ_ p.- Since

forany ¢,z € Q K$(¢,2) = K%((, 2), we know that R, is an element of B(H?()).
We also know that by construction ¢;;ps € L*>(£)), so we can construct the
following bounded operator

N
Q§ QS
Ao, =Y K%My, ,p .. K™ My, , .,
j=1
which acts on H?(Qy).
We observe that Ry — Aq, is compact. In fact, since

N nj

Qs
Ag, = Z H K M(st-‘rstS—sz)%,k;Ds’
G=1 k=1

it follows that Ag, = Rs + Y S22V T 1, where each Ty, is a product of
n; Toeplitz operators and at least one of them has the form K Mxqo _ oMy, p,-
Since [o, [q. K% *|Xa,—al?|¢jips|*dzdw < oo, Ty is compact for any j and k.
Therefore Ry — Aq_ is compact. With the definition of Aq_ in mind, the fact that
P;(H?(2)) = H?() and the result proved in the last theorem, we can state the
following.
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Corollary 4.2. If A is a member of B(H*(Q))) which can be written as
N my

Z H T¢j,k7

j=1k=1
then A is compact if and only if Aq. € B(H*(s)) is compact for s =1,... ,n.
To prove the main theorem it is important to observe that

Lemma 4.3. Suppose that ¢ € C®(Q) and it is a Lipschitz function; then the
operator [P, M| is compact.

Proof. We observe that [P, My] is an integral operator, the kernel of which has the
form F(z,w) = (¢(z) — ¢(w))K**(2z,w). Using the same decomposition of Q as in
Lemma 3.3 we can write that Q = HU(U,_ G¢), where V{ = 1,...,n, Gy = {z|r; <
|z — a¢| < ro+ €}, €is such that Vj # k Gy N G; = @ and H Q- (U?:1 G,).
Observe that H # @&. Given such a partition of 2 we can conclude that [P, My] is
compact if and only if the operator >, Xa, (2)Xa, (w)(¢(2) — ¢(w)) K (z,w) is
a compact operator.

Claim. The operator Sy(z,w) = Xg,(2)Xg, (w)((2) — ¢(w))K(z,w) is in the
Schatten class Cy, where g =p(p —1)"!, pe (1,2) and £ =1,...,n

Proof. We know (see [9]) that to prove our claim it is enough to show that Sy €
EP(Gy x Gy) for 1 < p < 2. By Lemma 3.2 we know that in Gy x G, the inequality
| K (2, w)|P| K% (z,w)|”P < DP holds and since ¢ is a Lipschitz function, there
exists a constant M such that

/ / ()P (2, w)[Pdzdw </ / |Z—w|prMp7“2pdzdw
Gy JGy Gy |TZ z — aé)( _ Clé)|2p

If we define ¢ = (2 — a¢)r; ' and w = (w — ag)r; ', then we can write

2 |z — wPdzdw wlP
/ DPMPr,? —_— IE MPr) ———— — 5, d¢dw,
G, JGy |Tz (Z - aé) — Qg | p G G/z |1 |

where Gy = {¢[1 < [¢] < 1+ er,'}. Since | (¢ —w)(1 — Cw)~" | is bounded in
Gy x Gy, we can conclude that Ia, Ja, 16(w) = ¢(2)P|K? (2, w)|Pdzdw < oo if and

only if
/ / dCdoJ
Ge JGy |1 - <w|p

A simple calculation shows that I is finite if p < 2; then we can conclude that the
operator S¢ is a Cy operator. Therefore the operator is a compact operator and
this implies that [P, My] is compact. O

Lemma 4.4. Let Q = (;_; @ be a canonical multiply-connected domain. Suppose
that A € B(H?(Y)) is an operator which can be written as A =Ty, ... Ty, , where
¢; € L™®(Q) fori=1,... ,m and ps € P, where P = {p1, -+ ,pn} is a O-partition.
If we define Ap, to be Ty, p, ... Ty, p,, then im0, A(C) = lim¢_a0, Aps Q).

Proof. We observe that A = (Ty, (1—p.) +T1p. ) (To,.(1—p,) T Tg,.p. )- If we perform
all the products we obtain 2™ terms. One of them is A,,_. If we Write A for the oth-

ers j = 1,..., (2™ — 1) summands, this means that A = Apb + Z A Then it is
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easy to see that each A; can be written as 7| {"'Twi(l—ps)'“Tw%,’ where wi € L>*°(Q)
for any j,k. The point here is that one of the Toeplitz operators which appears
in the product has as its symbol a function which vanishes in a neighborhood of
0Q,. We claim that for any j = 1,...,(2™ — 1) there exists a compact operator

K such that Tw{"'Twz<1—ps)Tw;’+1'"T p = T%T%+1(1 Cpa) .Twn +Kj. Let us

prove this claim. We observe that to prove thls claim it is enough to show that
the operator B = T ,; T, T;T, ; is compact. Since Lemma 4.3
(1 pg) 1/1[ 1/1[+1(1 Ps )

1/’144—1
implies that By = T, ;T(l—ps) T and By = T(1_,)T. i Twﬁ(l—ps) are

wj(l—ps)
both compact operators, then we can conclude that Blij and T',; By are both
241 4
compact and this fact proves our claim. If we repeat this process we can conclude
that for any j = 1,...,(2™ — 1) there exists a compact operator K; such that
A; =T i ij T Wi (1— . )—i—K» If we define A7 =T, ;- Tw Ty (1-ps ),thenA—
Ay, = Z A'”—f— Z K Therefore to prove our lemma it is enough to show
that limgﬂaﬂs fu(1-p) K 2|=0. Since K} (w, z) = K%(w,z) — >, K% (w, 2)
simple calculations imply that

I (1—py) K% J (1 —ps) K,
iy SSIRO PR (0

an m =0.
F 0 [ K22 700, [ KE2]2
To complete our proof we need to prove that
. KS
o 1Ty, ||2
Qs Q-1 ) Qs Q=112 .. .
J — —
We have ||T. (1—p K5 13< | |IM e pS)KZ [|KZ}5 " ||5 and this implies
that
iz, 18 < 1 2 S [ g i
> s .
Ym(1-Ps) IKQII K23 Jo, :

Using the definition of the Berezin Transform we can write that
2

Qs |12 2 Q
DR MEZE [ B I

92|52 <1 Vze Qand T‘l_psp(z)
— 0 as z — 08 since T}, |2 € B(HQ(QS)) is compact and this implies that

K%
lim [T, =
z— 00 m

Remark 1. We observe that A = (Y0 K%)My,p,...(> ¢ K*)M,,,,.. Moreover,
since V/ # s and j = 1,... ,m we have that K{?My , and My, K;* are compact,
therefore A,, = KMy, ... KMy, . + k, where k € B(H?()) is a compact
operator.

If we define A, = KMy, ,. ... K®My, ,., then we obtain that A,_(z) = A4(2)+
k(z). Therefore lim, g0, A, (z) = lim, a0, As(2).

Claim. If Ag, € B(H?(s)), where Ag, = [[,~, (K% My,,.), and A, (z) — 0 as
z — 08, then lim, 90, Aq,(z) =0.

Before we prove the claim we observe that in the first limit we take the Berezin
Transform in 2 and in the second limit we take the Berezin Transform in €.
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Proof. We know that lim, .pq, Ay, (z) = lim, .0, As(z) and that A,(z) =
(AkSD ES2). A direct calculation implies that lim, g0, (2#8 Keﬂz)HK?H;lH =0;

therefore

K K

i A, _ 1i A, 8,2 s,z

g, A =, e Twel TR

2

. ||KQS 2 Q. 1.0
- OBz 02 ) g k920 32y,
i, (Tiae) A2

By Lemma 3.2 we know that there exists a constant D > 0 such that 0 < D! <
[|KS 13| K ||52< 1 if 2 is close enough to 9€,. Therefore we have proved that
lim, g0, A,,(2) = 0 implies lim, g0, (A, k) = 0. Now we observe that A, —

Aq, = K&Mgy,p. ... KMy, . — KMy, ... K%My, , is a compact operator.
In fact, for any j we have

K3 Mg, f(w) = K% My,p, f(w) = KX Mg, o Mg, p, f(w)

and
/ / | K% (2, w))?|Xa, —a(2)Pdzdw < co.
Q, Jo,

It follows that lim,_gq, (AskS3s, kS) = lim, g0, (Aq, kS, k%) and this completes
the proof of the claim.

Remark 2. If A is an operator on H2(Q) which can be written as Z;nzl v Ty
where u;; € L*(Q), ps € P, where P = {p1,--- ,pn} is a O-partition and A,, =
Z;n:1 [T Tu, .p.» then lime a0, A(C) = lim¢_aq, A, (¢). Moreover, if Aq_ is de-
fined as before, then it follows that lim, aq, A, (z) = 0 implies lim, a0, Aq, (2) =
0.

Proof. Since the operator A can be written as a finite sum of finite products of
Toeplitz operators it is enough to rewrite Lemma 4.4 and Remark 1 with the obvious
modifications.

Theorem 4.5. Let 2 be a bounded multiply-connected domain in the complex plain
C. If A is an operator on H?(Q) which can be written as Z;n:1 [T Tu, ., where

uj i € L(Q), then A is a compact operator if and only if A(C) = 0 as z — 00,

Proof. Since k¥ — 0 weakly in L?(Q) and A is compact we have ||[Ak|[2 — 0
and this implies that lim¢ a0 A(¢) = 0. Now let us suppose that A(¢) — 0; then
for any s = 1,...,n we have lim¢_ 0, A(¢) = 0. Then Lemma 4.4 implies that
lime a0, Ap. (¢) = 0, where p, € P and P = {p1,...,pn} is a O-partition of Q.
Using the remarks which follow Lemma 4.4 and the definition of Ag, we can
conclude that lim¢ a0, Ag, (¢) = 0. Since Ag, € B(H?(Q;)), the observation af-

ter Thorem 3.1 implies that Aq, is compact. Since this is true for s = 1,...,n,
Corollary 4.2 implies that A is compact and we are done. O
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