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FREE ACTIONS OF p-GROUPS
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Abstract. Let p be an odd prime number. We prove that if (Z/p)r acts
freely on a product of k equidimensional lens spaces, then r ≤ k. This settles
a special case of a conjecture due to C. Allday. We also find further restrictions
on non-abelian p-groups acting freely on a product of lens spaces. For actions
inducing a trivial action on homology, we reach the following characterization:
A p-group can act freely on a product of k lens spaces with a trivial action on
homology if and only if rk(G) ≤ k and G has the Ω-extension property. The
main technique is to study group extensions associated to free actions.

1. Introduction

The Brouwer fixed-point theorem states that any continuous map from the unit
disc to itself has a fixed point. Thus Z/p cannot act freely on the unit disc. We
also know by a classical result of P. Smith that Z/p × Z/p cannot act freely on
a sphere although Z/p can act freely on S2n−1 through complex multiplication.
These results led to the concept of free rank of symmetry, defined as follows:

Definition 1.1. Let X be a finite dimensional CW -complex, and p be a prime
number. The free p-rank of X , denoted by frkp(X), is defined as the largest r such
that (Z/p)r acts freely on X . The smallest value of frkp(X) over all primes is called
the free rank of X and denoted by frk(X).

Free ranks of many interesting spaces are still not known. As a generalization of
Smith’s result it was conjectured that the free rank of a product of k odd dimen-
sional spheres is equal to k. For products of two spheres this was proved to be true
by Heller [11]. Later extending Gunnar Carlsson’s results [9], [10] on homological
trivial actions, A. Adem and W. Browder [4] proved that frk((Sn)k) = k when n is
an odd number different than 1, 3 or 7. In [19], the free rank of (S1)k is also proved
to be k. For products of different dimensional spheres the problem of computing
the free rank is still open.

Although free actions on products of real projective spaces are better understood,
there are still many unanswered questions. In its general form, the problem of
computing the free 2-rank of RPn1 × · · · × RPnk is still open. For products of
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equidimensional real projective spaces a complete solution to this problem is given
in [5]. We found

frk2((RPn)k) =


0, if n is even,
k, if n ≡ 1 mod 4,

2k, if n ≡ 3 mod 4.

In this paper we study free actions on products of lens spaces. By a lens space,
we mean the standard lens space L2n−1

p (a1, . . . , an) where (ai, p) = 1, and we denote
it simply by L2n−1

p . We prove the following:

Theorem A. If (Z/p)r acts freely on a finite dimensional CW -complex homotopy
equivalent to a product of k equidimensional lens spaces, then r ≤ k.

Since (Z/p)k acts freely on L2n1−1
p × · · · × L2nk−1

p by a coordinatewise action,
we obtain that

frkp(L2n1−1
p × · · · × L2nk−1

p ) = k when n1 = · · · = nk.

This proves the equidimensional case of a conjecture, due to C. Allday [6], which
states that free p-rank of products of any k lens spaces is k.

When the action on homology is a permutation action we prove:

Theorem B. If G = (Z/p)r acts freely on a finite dimensional CW -complex X
homotopy equivalent to a product of k equidimensional lens spaces by permuting a
basis of H1(X,Fp), then r ≤ dimFp H1(X,Fp)G.

We also show that if the lens spaces in the product are (2n−1)-dimensional and
n is not a pth power, then the action on homology is always a permutation action,
and hence the stronger inequality holds in this case. We also note that Theorem B
is analogous to a recent result of Adem and Benson [3] on free actions on products
of equidimensional spheres.

In the rest of the paper, we study the conditions on a nonabelian p-group to
act freely on a product of lens spaces with a trivial action on homology. There is
a formal similarity between these conditions and the conditions on groups which
can act freely on a torus. Recall that any finite group can act freely on some torus
(see [13]), but when the action is required to induce a trivial action on homology in
integral coefficients, only abelian groups can act freely. In particular the following
is known (see [19]):

Theorem. A finite group G can act freely on a k torus with a trivial action on
homology if and only if rk(G) ≤ k and G is abelian.

The cohomology of nonabelian p-groups which can act freely on a product of lens
spaces resembles the cohomology of abelian p-groups in mod p coefficients. There
is a group theoretical explanation of such groups (due to T. Weigel [17]):

Definition. A group G said to have Ω-extension property if G ∼= P/Ω1(P ) for
some p-central p-group P where Ω1(P ) = 〈x ∈ P |xp = 1〉.

Recall that a group is called p-central if all the elements of order p in the group
are central. We prove the following:

Theorem C. A p-group G can act freely on a product of k lens spaces with a trivial
action on homology if and only if rk(G) ≤ k and G has the Ω-extension property.
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The free action that we construct comes from linear actions on spheres and hence
the lens spaces in the product can be taken to have the same dimensions. This tells
us that a p-group will act freely on a product of equidimensional lens spaces with
a trivial action on homology if it acts freely on any product of lens spaces with
a trivial action on homology. Note that the analogous statement for free p-group
actions on products of spheres is not true. We discuss this further in Section 6.

In section 5, we find another characterization of p-groups which have the Ω-
extension property in terms of an invariant called the Yagita invariant. It turns out
that a p-group has the Ω-extension property if and only if its Yagita invariant in
mod p coefficients is 2. This gives a nice second characterization of p-groups that
can act freely on products of lens spaces with a trivial action.

In the last section, we discuss some open problems about the free actions of
p-groups on products of spheres and give some applications of the results of this
paper to these problems.

Notation and conventions. Throughout the paper, p denotes an odd prime number,
and Z/p denotes integers modulo p. We call a group an elementary abelian p-group
of rank n if it is isomorphic to (Z/p)n, an n-fold product of Z/p with itself, for some
integer n. By “rank of a p-group G”, denoted by rk(G), we will always mean the
rank of the largest elementary abelian p-subgroup, and the rank of a finite group
will be the maximum value of the ranks of all its Sylow subgroups. Finally, when
we are proving our results, we will assume that all the lens spaces L2n−1

p have a
dimension of at least 3, because the results of this paper are already known to be
true for products of L1

p ' S1 (see [19]).

2. Proof of Theorem A

Let X be a finite CW -complex homotopy equivalent to a product of k equidi-
mensional lens spaces, which we denote by X '

∏
k L

2n−1
p , and let G be a p-group

acting freely on X . The covering map X → X/G gives an extension of p-groups

0→ π1(X,xo)→ π1(X/G, x̄o)→ G→ 1

where π1(X,xo) ∼= (Z/p)k, and P = π1(X/G, x̄o) acts freely on the universal cover
of X . Since the universal cover of X is homotopy equivalent to (S2n−1)k, we can
apply the result of Adem and Browder [4] on group actions on products of spheres,
and obtain that rk(P ) = k. So, to prove Theorem A, it is enough to prove the
following statement:

Statement. If 0→ (Z/p)k → P → (Z/p)r → 1 is an extension such that rk(P ) =
k, then r ≤ k.

Unfortunately, this statement is not true. A counterexample to this statement
(due to A. Caranti) was given in [6]. One can also find similar examples using the
family of p-groups constructed by Ol’shanskii [14].

So, to prove Theorem A, one should look for other obstructions on the extensions
associated with free actions. We prove the following:

Proposition 2.1. If a p-group G acts freely on X '
∏
k L

2n−1
p , then as an FpG-

module π1(X,xo) ∼= H2n−1(Y,Fp) where Y is the universal cover of X. In partic-
ular, as an FpG-module, π1(X,xo) is a mod p reduction of a Z-free ZG-module.
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Proof. Since X '
∏
k L

2n−1
p , there is a basis x1, . . . , xk for H1(X,Fp) such that

H∗(X,Fp) ∼=
∧
Fp

(x1, . . . , xk)⊗ Fp[βx1, . . . , βxk]/((βx1)n, . . . , (βxk)n).

We first observe the following:

Lemma 2.2. If n is not a pth power, then G must permute the xi’s.

Proof. This is because of the Binomial Coefficient Theorem. Observe that since
the Fp-vector space generated by (βxi)n’s is an FpG-module, for any j, g(βxj)n

must be a linear combination of (βxi)n’s. If n is not a pth power, then g(βxj)n =
(gβxj)n = (

∑
aiβxi)n will not be spanned by (βx1)n, . . . , (βxk)n unless all ai’s

except one are zero.

Let V be the vector space generated by (βxi)n’s. The above lemma in particular
tells us that when n is not a pth power, H1(X,Fp) ∼= V as an FpG-module. Observe
that when n is a pth power, this is still true since the pth power map gives an
isomorphism between FpG-modules generated by xi’s and FpG-modules generated
by xpi ’s. So, H1(X,Fp) ∼= V for all n.

Now, consider the E = π1(X,xo) action on Y . The Cartan-Leray spectral se-
quence for this action gives the following short exact sequence of G-modules:

0→ H2n−1(Y,Fp)
d2n−−→ H2n(E,Fp)

π∗−→ H2n(X,Fp)→ 0.

Since ker π∗ = V ∼= H1(X,Fp), we obtain that H1(X,Fp) ∼= H2n−1(Y,Fp) as
FpG-modules. Taking duals, we conclude π1(X,xo) ∼= H2n−1(Y,Fp).

Now, we prove a result on group extensions to complete the proof of Theorem
A.

Proposition 2.3. Let 0 → E → P → G → 1 be an extension where E ∼= (Z/p)k,
G ∼= (Z/p)r and rk(P ) = k. Suppose that as an FpG-module E is isomorphic to
the mod p reduction of a Z-free ZG-module. Then, r ≤ k.

Proof. Let M be a Z-free ZG-module such that E ∼= Fp ⊗M as an FpG-module.
Let H be the subgroup of elements which acts trivially on M . Then, G/H acts
faithfully on M , and by a result of A. Adem and W. Browder in [4], we have

rk(G/H) ≤ 1
p− 2

(
k − rk(EG)

)
≤ k − rk(EG)

where EG denotes the invariant submodule of E under G action. So, to prove the
lemma it is enough to show that rk(H) ≤ rk(EG). We will do this by constructing
an injective homomorphism from H to EG.

Let Φ : H → E be the map defined as Φ(h) = xp where x is a representative
of h in P . Since H acts trivially on E, Φ(h) is independent from the choice of
x. Moreover, for any x, y ∈ G which represents h1 and h2 in H , we have (xy)p =
xpyp[y, x]p(p−1)/2 = xpyp, which implies that Φ(h1h2) = Φ(h1)Φ(h2). Hence, Φ is
a homomorphism. Moreover, since E is a maximal elementary abelian subgroup,
Φ(h) cannot be zero for any h ∈ H , so, Φ is injective. Finally, let g ∈ G and h ∈ H .
If x ∈ G is an element representing h, then we have [x, [x, g]] = 1 which implies
[xp, g] = [x, g]p = 1. This shows that g acts trivially on Φ(h) = xp. Since this is
true for all g ∈ G and h ∈ H , we obtain Φ(H) ⊆ EG. This completes the proof.

Thus, the proof of Theorem A is complete.
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3. Proof of Theorem B

In the previous section we observed that when a p-group G acts freely on a finite
complex X homotopy equivalent to a product of k equidimensional lens spaces, i.e.
X '

∏
k L

2n−1
p , there exists an extension of the form

0→ E → P → G→ 1

where E ∼= (Z/p)k and rk(P ) = k. We also showed that G action on E comes from
a Z-free ZG-module. In this section we will study the situation where G action on
E is a permutation action. For this we need a stronger condition for the extension
which is defined as follows:

Definition 3.1. Let G be a finite group, and let M be a G-module. A class
α ∈ Hn(G,M) is called special if resGC α 6= 0 for every cyclic subgroup C ⊆ G
of prime order. An extension 0 → M → P → G → 1 is called special if the
corresponding extension class α ∈ H2(G,M) is special.

We prove that in the given situation the associated extension is special.

Proposition 3.2. If a p-group G acts freely on X '
∏
k L

2n−1
p , and if every ele-

ment of order p in G acts on homology by permuting a basis, then 0→ π1(X,xo)→
π1(X/G, x̄o)→ G→ 1 is a special extension.

Proof. First observe that the restriction of the given extension 0 → π1(X,xo) →
π1(X/G, x̄o)→ G→ 1 to a cyclic subgroup C of order p is equivalent as extensions
to the associated extension

0→ π1(X,xo)→ π1(X/C, xi)→ C → 1

of the reduced C action on X . So, it is enough to prove the proposition for the
extensions associated to free Z/p actions. To the contrary, assume that G = Z/p
acts freely on X and the associated extension splits. We will reach a contradiction.

Consider the following lemma, due to A. Adem [1]:

Lemma 3.3. G ∼= Z/p, X is a finite dimensional G-space with

H i(X,Fp) ∼=
{

Fp, i = N,
0, i > N.

If the generator µ ∈ HN(X,Fp) is in the image of i∗, where i : X → EG×G X is
the fiber inclusion, then the action has fixed points.

Since X '
∏
k L

2n−1
p satisfies the conditions of this lemma, the image of i∗ on

the top dimension must be zero because G ∼= Z/p acts freely on X .
On the other hand, the map i : X → EG ×G X ' X/G can be written as the

quotient map Y/E → Y/P where Y is the universal cover of X , E = π1(X,xo),
and P = π1(X/G, x̄o). So, it fits into the following commutative diagram:

H∗(P,Fp)
resPE //

π∗P
��

H∗(E,Fp)

π∗E
��

H∗(Y/P,Fp)
i∗ // H∗(Y/E,Fp)

where the vertical maps come from the projections πP : Y/P ' EP ×P Y → BP
and πE : Y/E → BE. Since 0→ E → P → G→ 1 is a split extension, the image
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of the restriction map resPE is exactly H∗(E,Fp)G, the subring of the invariant
classes. So, if we can show that π∗E(u) 6= 0 for some u ∈ HN (E,Fp)G where N is
the top dimension, then by the commutativity of the diagram, the image of i∗ will
be nontrivial, and hence we will reach a contradiction. So, to complete the proof it
is enough to show that there is a class u in H∗(E,Fp)G such that π∗E(u) 6= 0.

Let x1, . . . , xk be a basis for H1(E,Fp) such that ker πE is generated by (βxi)n’s.
If n is not a pth power, then G must permute xi’s; hence we can take u =∏k
i=1 xi(βxi)

n−1 as the desired class. So, assume n is a pth power. In this case, we
have

H∗(X,Fp) ∼=
∧
Fp

(t1, . . . , tk)⊗ Fp[βt1, . . . , βtk]/((βt1)n, . . . , (βtk)n)

for any basis chosen in H1(E,Fp). Let t1, . . . , tk be a basis permuted by G. Then,
the product u =

∏k
i=1 ti(βti)

n−1 is an element in H∗(E,Fp)G, and π∗E(u) 6= 0. The
proof is complete.

Now, the proof of Theorem B follows from the following result:

Proposition 3.4. Suppose that 0→ E → P → G→ 1 is a special extension where
E ∼= (Z/p)k, G ∼= (Z/p)r, and G acts on E by permuting a basis. Then r ≤ rk(EG).

To prove this we need the following lemma:

Lemma 3.5. Let G ∼= (Z/p)r and M ∼= Fp[G/H ] as an FpG-module for some
H ⊆ G. Then, for every α ∈ H2(G,M), there exists an index p subgroup Gα ⊆ G
such that resG〈g〉 α = 0 for every g ∈ Gα.

Proof. Let 0→M → P → G→ 1 be an extension represented by α. Since H ⊆ G
acts trivially on M , we can define a homomorphism Φ : H →MG as in the proof
of Lemma 2.3. Since MG ∼= Fp, ker Φ is an index p subgroup of H . Let K ⊆ G
such that G ∼= H × K, and let Gα = (ker Φ)K. For any g ∈ Gα, we have two
possibilities: Assume g ∈ ker Φ, then Φ(g) = 0; hence the extension splits when
restricted to 〈g〉. By the theory of group extensions, this means resG〈g〉 α = 0. Now,
assume g 6∈ ker Φ, then g is not in H , and hence it acts by permuting a basis.
Since H∗(〈g〉,Fp[〈g〉]) = 0, resG〈g〉 α is zero. So, Gα is a subgroup with the desired
properties.

Proof of Proposition 3.4. Since G action on E is a permutation action, as an FpG-
module, E ∼=

⊕l
i=1 Fp[G/Hi] for some subgroups Hi ⊆ G, and the extension class

α can be written as (α1, . . . , αl) ∈ H2(G,E) ∼=
⊕l

i=1 H
2(G,Fp[G/Hi]). By the

above lemma, for every αi we can find an index p subgroup Gi ⊆ G such that
restriction of αi to any cyclic subgroup of Gi is zero. Note that the intersection
of all Gi’s must be trivial, because otherwise there will be a cyclic subgroup C
where resGC αi = 0 for all i, and this will contradict the speciality of α. Since the
intersection with an index p subgroup decreases the rank by 1, to have a trivial
intersection, we must have r ≤ l = rk(EG).

Remark 3.6. It is interesting to ask if Proposition 3.4 is still true without the as-
sumption that G acts on E by permuting a basis. The answer is no. To demonstrate
this, we consider the p-group P generated by s and s1 with the relations

s2 = [s1, s], s3 = [s2, s], 1 = [s3, s], s3 = s−3
1 = s3,
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and

[si, sj ] = s3
2 = s3

3 = 1 for all i ∈ {1, 2, 3}.
The basic properties of this group are explained in [15]. In particular, P ′ = Ω1(P ) =
〈s2, s3〉, and P ′ and P/P ′ are both elementary abelian groups of rank 2. Taking
E = P ′ and G = P/E, we obtain a special extension 0→ E → P → G→ 1 where
E ∼= (Z/p)2 and G ∼= (Z/p)2. But, the conclusion of Proposition 3.4 is not true for
this extension, since rk(G) = 2 > rk(EG) = 1.

We conclude this section with a corollary of Theorem B:

Corollary 3.7. If G = (Z/p)r acts freely on a finite dimensional CW -complex
X '

∏
k L

2n−1
p where n is not a pth power, then r ≤ dimFp H1(X,Fp)G.

Proof. This follows from Lemma 2.2 and Theorem B.

4. Proof of Theorem C

We start with a lemma:

Lemma 4.1. If G acts freely on a finite dimensional CW -complex X ' L2n1−1
p ×

· · · × L2nk−1
p with a trivial action on homology, then the associated extension 0 →

π1(X,xo)→ π1(X/G, x̄o)→ G→ 1 is special.

Proof. In the case of trivial action on homology, one can easily modify the proof of
Proposition 3.2 so that it works for products of different dimensional lens spaces.

Now, we are ready to prove Theorem C.

Proof of Theorem C. (⇒) Let G be a p-group acting freely on X ' L2n1−1
p × · · · ×

L2nk−1
p with trivial action on homology. Let E = π1(X,xo) and P = π1(X/G, x̄o).

By the above lemma, the associated extension 0 → E → P → G → 1 is special.
This implies that elements of order p in P are included in E. So, E = Ω1(P ) =
〈g ∈ P |gp = 1〉. Note also that E is a central subgroup of P because the action of
G on homology is trivial. So, P is p-central with G ∼= P/Ω1(P ), i.e. G has the Ω-
extension property (see the introduction for definition). The inequality rk(G) ≤ k
follows from Proposition 2.3 or Proposition 3.4.

(⇐) Assume that G is a p-group with rk(G) ≤ k, and it has the Ω-extension
property. Then, there is a p-central p-group P such that G ∼= P/Ω1(P ), and
moreover, we can assume that rk(P ) = rk(G) (see Proposition 4.1 (d) and Remark
5.3 in [16]). Let E = Ω1(P ) and t = rk(E). Choose a set of generators e1, . . . , et
for E, and let Hj be the subgroup generated by ei’s with i 6= j. For each i, Hi is
central in P , and ei is central in P/Hi. Take the regular one dimensional complex
representation of 〈ei〉 and induce it to P/Hi. The resulting representation is a linear
action on |G| dimensional complex vector space. Let S(i) be the unit sphere of the
underlying 2|G| dimensional Euclidean space. Then, P acts on S(i) through the
quotient map P → P/Hi, and it is easy to see that every element in the difference
set E −Hi acts freely on S(i).

Now, consider the diagonal action of P on the product X = S(1) × · · · × S(t).
Since the difference sets E − Hi’s cover E, the elements of E act on the product
without fixed points. Note that any element in P has a power that lies in E. So, the
elements of P cannot have fixed points either; hence P acts freely on X . Consider
the induced free action of G ∼= P/E on X/E. It is easy to see that X/E ' (L2n−1

p )t
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with n = |G| and t ≤ k. By adding more lens spaces (with trivial G action) to the
product, one gets a free G action on a product of k lens spaces. Clearly, this action
induces a trivial action on homology.

Observe that the above construction gives us a free action on a product of equidi-
mensional lens spaces. This leads to the following corollary:

Corollary 4.2. If a p-group G acts freely on a product of k lens spaces with a
trivial action on homology, then it can act freely on a product of k equidimensional
lens spaces with a trivial action on homology.

This is an interesting outcome, since the analogous statement for free actions of
p-groups on products of spheres is not true. To see this, consider the non-abelian
p-group G of order p3 and exponent p. G. Lewis [12] and K. Alzubaidy [7] showed
that G cannot act freely on Sn × Sn for any n. On the other hand, a recent result
of A. Adem and J. Smith [2] shows that G acts freely on a finite complex homotopy
equivalent to a product of two spheres.

5. Yagita’s invariant

In this section we will study Yagita’s invariant, and its relations to group exten-
sions. The Yagita invariant in mod p coefficients is defined as follows:

Let G be a finite group. For any imbedding i : Z/p ↪→ G, there exists a max-
imum number m such that the image under restriction i∗ : H∗(G,Fp)/

√
0 →

H∗(Z/p,Fp)/
√

0 is contained in Fp[um], where u is a generator of H2(Z/p,Fp).
The Yagita invariant of G is defined as the least common multiple of the values 2m
for all inclusions Z/p ↪→ G, and it is denoted by po(G,Z/p). The following are the
known properties of po(G,Z/p) (see [18] for proofs):

i) If G is abelian, then po(G,Z/p) = 2.
ii) If G is a p-group, then po(G,Z/p) = 2ps for some s ≥ 0.
iii) If H ⊆ G, then po(H,Z/p) divides po(G,Z/p).
By computing the Yagita invariant of minimal nonabelian groups, Yagita proved

the following:

Proposition 5.1 (Yagita). If G is a p-group which contains an order p element
outside the center, then 2p divides po(G,Z/p).

This shows that p-groups with po(G,Z/p) = 2 must be p-central, but the con-
verse is not true in general. Being a stronger condition, Ω-extension property
provides a characterization for p-groups with po (G,Z/p) = 2. We prove the fol-
lowing:

Proposition 5.2. Let G be a p-group. Then, G has the Ω-extension property if
and only if the Yagita invariant of G in mod p coefficients is 2.

For the proof of this proposition, we need the following lemma:

Lemma 5.3. Let G be a p-group and let g be a central element of order p in G.
Suppose that

resG〈g〉 : H2(G,Fp)→ H2(〈g〉,Fp)

is a zero map; then 2p divides po(G,Z/p).
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Proof. Consider the Hochschild-Serre spectral sequence

H∗(G/〈g〉, H∗(〈g〉,Fp))⇒ H∗(G,Fp)

associated to the extension 1 → 〈g〉 → G→ G/〈g〉 → 1. Let u ∈ H2(〈g〉,Fp) be a
nonzero class. Since resG〈g〉 is a zero map on dimension two, d3(u) 6= 0. Then, for
all um where p does not divide m, d3(um) = md3(u)um−1 6= 0. This implies that
im{resG〈g〉 : H∗(G,Fp) → H∗(〈g〉,Fp)} is in Fp[up]. Hence, 2p divides po(G,Z/p).

Proof of Proposition 5.2. (⇒) Assume that G has the Ω-extension property; then
G fits into a central extension

0→ E → P → G→ 1(∗)
where E is the maximal elementary abelian subgroup of p-central group P . Let
α ∈ H2(G,E) be the class representing this extension. Since for any element g ∈ G
of order p, the restriction of (∗) to the cyclic subgroup generated by g does not
split, resG〈g〉 α cannot be zero. Hence, po(G,Z/p) = 2.
(⇐) Assume G is a p-group with po(G,Z/p) = 2. By Proposition 5.1, G is p-central,
i.e. every element of order p in G is central. Let g ∈ G be an element of order p.
Since po(G,Z/p) = 2 and g is central, we can apply Lemma 5.3, and obtain that
resG〈g〉 : H2(G,Fp) → H2(〈g〉,Fp) is a nonzero map. Let xg ∈ H2(G,Fp) be an
element such that resG〈g〉 xg 6= 0. Let α ∈ H2(G, (Z/p)t) be the t-tuple of elements
xg for each g ∈ G of order p, and let 1 → (Z/p)t → P → G → 1 be an extension
corresponding to the class α. Since (Z/p)t was taken as a trivial G-module, this
extension is central. Moreover, it is special because resG〈g〉 α 6= 0. This implies that
P is p-central with Ω1(P ) = (Z/p)t. Hence, G has the Ω-extension property.

We have the following immediate corollary to Proposition 5.2:

Corollary 5.4. A p-group G can act freely on a product of k lens spaces with a
trivial action on homology if and only if rk(G) ≤ k and po(G,Z/p) = 2.

6. Free actions of p-groups on products of spheres

The main question that we are interested in is the following:

Question 6.1. Is there a non-abelian p-group of rank r and exponent p which can
act freely on a product of r equidimensional spheres?

In particular we will consider the extra-special p-groups of exponent p. The
smallest such group is Gp3 , the nonabelian p-group of order p3 and exponent p.
Gp3 has rank 2, but by the results of G. Lewis [12] and K. Alzubaidy [7] we know:

Theorem 6.2 (Lewis, Alzubaidy). Gp3 cannot act freely on Sn × Sn for any n.

Although there is little evidence, one may try to show that the other extra-special
p groups of exponent p cannot act freely on (Sn)r where r is the rank of the group.
As a preliminary study, we find restrictions on the the orbit spaces of such actions
using the results of the previous sections.

Proposition 6.3. Assume p is an odd prime such that p > 3. Let G be a p-group
of rank r and Gr be the subgroup generated by centralizers of elementary abelian
subgroups of rank r. If G acts freely on X ' (Sn)r, then Gr acts trivially on
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homology. In particular, if G is an extra-special p-group of exponent p, or G is
p-group where H∗(G) is Cohen-Macaulay, then G acts trivially on homology.

Proof. Let E ⊆ G be an elementary abelian subgroup of rank r. Since E, act freely
on X , by a result of Adem and Browder [4], we have

r = rk(E) ≤ dimFp Hn(X,Fp)E +
1

p− 2

(
dimFp Hn(X,Fp)− dimFp Hn(X,Fp)E

)
.

Since the dimension of Hn(X,Fp) is also r, for the inequality to hold, E must
act trivially on Hn(X,Fp). When the action on homology is trivial we have the
following exact sequence associated to a free action on X :

0→ Hn(X,Fp)
dn+1−−−→ Hn+1(E,Fp) −→ Hn+1(X/E,Fp).

Since the maps of this sequence are G maps, any element acting trivially on E
should act trivially on the homology of X . Therefore the centralizers of E, and
hence Gr, act trivially on Hn(X,Fp). The last statement of the proposition follows
from the fact that for the groups given, G = Gr (see [8]).

Proposition 6.4. Let G be a p-group of rank r with p > 3. If G acts freely on
X ' (S2n−1)r such that X/E '

∏
r L

2n−1
p for some E ∼= (Z/p)r ⊆ G, then E is

the unique elementary abelian subgroup of rank r.

Proof. Let N be the normalizer of E in Gr. Applying Proposition 2.1 to the N/E
action on X/E '

∏
r L

2n−1
p , we obtain that as an Fp(N/E)-module,

E = π1(X/E, x0) ∼= Hn(X,Fp).

On the other hand, Gr acts trivially on Hn(X,Fp) by the above proposition, so N
acts trivially on E. This implies that the normalizer of E in Gr is the same as the
centralizer of E in Gr, but in the case of a p-group this is only possible when they
both are equal to the entire group Gr (see Lemma 2.3 in [17]). So, E is central in
Gr, and hence E is the unique elementary abelian subgroup of rank r in G.

From these we conclude:

Corollary 6.5. If an extra-special p-group G of exponent p acts freely on X '
(Sn)rk(G), then G acts trivially on homology, and X/E is not homotopy equivalent
to a product of lens spaces for any maximal elementary abelian subgroup E ⊆ G.

Corollary 6.6. For a p-group of rank r with p > 3, the following are equivalent:
i) H∗(G) is Cohen-Macaulay and G acts freely on X ' (Sn)r where X/E '∏
r L

2n−1
p for some maximal elementary abelian subgroup E,

ii) G is p-central.

Now, we construct some examples:

Example 6.7. This example shows that p-groups which attain free actions as in
Proposition 6.4 do not have to be p-central. Let

G = 〈a, b1, . . . , bp|ap
2

= bpi = 1, bai = bi−1 for all i > 1, ba1 = bp〉,
and let X = (S3)p+1. Considering S3 ⊆ C2, we define a G action on X as follows:

a(x1, . . . , xp, y) = (xp, x1, . . . , xp−1, ξy),

bi(x1, . . . , xp, y) = (x1, . . . , σxi, . . . , xp, y)
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for all i = 1, . . . , p where σ is the pth root of unity and ξ is the p2th root of unity.
It is clear from the construction that the action is free and nontrivial on homology
and if E = 〈ap, b1, . . . , bp〉, then X/E ' (L3

p)
p+1. Here Gr = E and E is the unique

maximal elementary abelian subgroup, and it is not central.

Example 6.8. This example shows that the converse of Proposition 6.4 is not true
in general. Let G = 〈a, b|ap2

= bp = 1, b−1ab = a1+p〉. Note that G has a unique
maximal elementary abelian subgroup E = 〈ap, b〉. We claim that G cannot act
freely on X ' Sn × Sn where n is odd, with X/E ' Lnp × Lnp . First observe that
if G acts freely on Sn × Sn, then because of the Lefschetz fixed-point theorem, it
should act trivially on homology. If X/E is a product of two lens spaces, then G
must also act trivially on π1(X/E) = E. However, G acts nontrivially on E.

Another interesting discussion concerns the dimensions of the spheres in a prod-
uct which admits a free action of a p-group. Yagita showed that if a p-group acts
freely on (Sn)k with a trivial action on homology where n + 1 is not divisible by
p, then G must be p-central. He proved this by showing that if a p-group G acts
freely on (Sn)k with a trivial action on homology, then the Yagita invariant of G
must divide n+ 1. The results of the previous section extend Yagita’s result to the
following:

Corollary 6.9. Let p be an odd prime, and n be an integer which is not divisible
by p. If a p-group acts freely on (Sn)k with a trivial action on homology, then G
has the Ω-extension property.

This brings us slightly closer to answering the following question:

Question 6.10. Is there a non-abelian p-group which can act freely and homolog-
ically trivially on some (Sn)k where n+ 1 is not divisible by p?

Ultimately, the hope is to combine the dimension and rank restrictions in one
theory that explains all the p-groups which can act freely on (Sn)r for any given r
and n.
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