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A CAPACITARY WEAK TYPE INEQUALITY
FOR SOBOLEV FUNCTIONS AND ITS APPLICATIONS

WEI-SHYAN TAI

(Communicated by Palle E. T. Jorgensen)

Abstract. In this paper a capacitary weak type inequality for Sobolev func-
tions is established and is applied to reprove some well-known results concern-
ing Lebesgue points, Taylor expansions in the Lp-sense, and the Lusin type
approximation of Sobolev functions.

1. Introduction

In [15] Ziemer obtained a capacitary weak type inequality for maximal functions
of Sobolev functions as follows.

Theorem 1.1. If 1 < p <∞, R < 1, and k is a positive integer such that kp < n,
then there is a positive constant C depending on n, k, p and R such that

Bk,p({x ∈ Rn : Mp,Ru(x) > λ}) ≤ C‖u‖pk,p/λp

for u ∈W k,p(Rn) and λ > 0, where Bk,p is the Bessel capacity and

Mp,Ru(x) = sup
0<r<R

(
�
B(x,r)

|u(y)|pdy
)1/p

.

The proof uses the representation of Sobolev functions as Bessel potentials (see
Calderón [4] or Stein [13]) and the Hardy-Littlewood maximal theorem (see Stein
[13]).

Our purpose in this paper is to establish the following analogous inequality:

Theorem 1.2. Let k be a positive integer with kp < n and let p∗ = np/(n − kp),
where 1 ≤ p < ∞. Then, there exists a positive constant C depending on n, k and
p such that

Rk,p({x ∈ Rn : Mp∗u(x) > λ}) ≤ C‖u‖pk,p/λp

for u ∈W k,p(Rn) and λ > 0, where Rk,p is the Riesz capacity and

Mp∗u(x) = sup
r>0

(
�
B(x,r)

|u(y)|p∗dy
)1/p∗

.
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Our proof is based on an elementary integral formula for functions in W 1,p(Rn)
(see Lemma 3.1) and Poincaré’s inequality. Notice that the maximal function here
is raised to a larger power than that in Theorem 1.1 and that the result holds also
for p = 1. It is worthwhile to observe here that although Riesz and Bessel capacities
have the same null sets, they are not equal; actually for balls of large radius we
have

Bα,p ∼ [Rα,p]n/(n−αp).

For this see the remark after Theorem 1 in [2]. Theorem 1.2 will be proved in
Section 3 while necessary preliminaries are collected in Section 2.

As in Ziemer [15], we apply this inequality to reprove some well-known results
with some modifications concerning Lebesgue points and Taylor expansions in the
Lp-sense for a Sobolev function (see Theorem 4.1 and Theorem 4.3).

Furthermore, we can also provide a simpler and direct method to establish the
Lusin type approximation in Riesz capacity for Sobolev functions in Section 4.
The idea goes back to Liu [8]. According to Theorem 4.3, a Sobolev function
is uniformly differentiable in the Lp-sense on the complement of sets with small
Riesz capacity and Lebesgue measure, and the remainder terms of its Taylor ex-
pansions in the Lp-sense can be dominated by the sum of maximal functions for
its weak derivatives. If we apply Theorem 1.2 and the Hardy-Littlewood maximal
theorem to control these maximal functions of weak derivatives carefully, we can
find the approximating functions by using a lemma due to Calderón and Zygmund
(Lemma 4.5) and a variant of the Whitney extension theorem endowed with norms
(Theorem 2.1). Thus, we give an alternative proof of the Michael-Ziemer theorem
for Sobolev functions (Michael and Ziermer [12]) (see Theorem 4.4).

2. Preliminaries

Let Ω be an open subset of Rn. By W k,p(Ω) we denote the usual Sobolev space
with the norm

‖u‖k,p;Ω =
∑
|α|≤k

‖Dαu‖p;Ω,

for its elements u, where 1 ≤ p ≤ ∞ and k is a nonnegative integer.
We use | · | to denote either Euclidean norm in various dimensions or Lebesgue

(outer) measures of sets in Rn; its connotation will be clear from the context. We
write

�
B(x,r)

u(y)dy =
1

|B(x, r)|

∫
B(x,r)

u(y)dy,

where B(x, r) is the open ball with center x and radius r.
For a locally integrable function f on Rn, the function

(Mf)(x) = sup
r>0
�
B(x,r)

|f(Y )|dy

is called the Hardy-Littlewood maximal function of f . It is a well-known result
that

|{x ∈ Rn : (Mf)(x) > λ}| ≤ C(n)‖f‖pp/λp(2.1)
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and

lim
λ→∞

λp|{x ∈ Rn : (Mf)(x) > λ}| = 0(2.2)

for f ∈ Lp(Rn) and λ > 0, where 1 ≤ p < ∞. See Stein [13] for proofs. We also
adopt the notation

(Mpf)(x) = sup
r>0

(
�
B(x,r)

|f(y)|pdy
)1/p

for f ∈ Lp(Rn), 1 ≤ p <∞. Obviously, m1f = Mf .
We recall that the Riesz potential Iαf of f is defined by

(Iαf)(x) = γ(α)−1

∫
Rn

|x− y|−n+αf(y)dy

with γ(α) = πn/2Γ(α/2)/Γ(n2 −
α
2 ), 0 < α < n. For α > 0, p ≥ 1 with αp < n, the

Riesz capacity Rα,p is defined by

Rα,p(E) = inf{‖f‖pp : (Iαf)(x) ≥ 1 on E, f ≥ 0}
for E ⊆ Rn. In the following we list some basic properties of Riesz capacity:

(i) Rα,p is an outer measure.
(ii) Rα,p(B(x, r)) = Rα,p(B(0; 1))rn−αp for x ∈ Rn and r > 0.
(iii) Rα,p(E) = inf{Rα,p(U) : E ⊆ U, U open} for E ⊆ Rn.
(iv) |E|p/p∗ ≤ C(n, p, α)Rα,p(E) for E ⊆ Rn, where p∗ = np/(n− αp).

Moreover, we also have Rα,p(E) = 0 implies Hn−αp+ε(E) = 0 for ε > 0, where Hs

denotes the s-dimensional Hausdorff measure on Rn. We refer to Ziemer [16] for
further information. (We do not know whether Rα,p is a Choquet capacity when
p = 1; but all the above properties hold in this case.)

Finally, we state the Whitney extension theorem. Let F ⊆ Rn. A function u
defined on F belongs to tk(F ), k a nonnegative integer, if there exist a nonnegative
number M and a family of polynomials {Px}x∈F of degree at most k so that

1) u(x) = Px(x) for x ∈ F ,
2) |DαPx(x)| ≤M and |DαPy(y)−DαPx(y)| ≤M |x− y|k−|α| for |α| ≤ k, x, y ∈

F ,
3) limy→x |DαPy(y) − DαPy(x)|/|y − x|k−|α| = 0 uniformly on each compact

subset of F .
The smallest such M is denoted by ‖u‖tk(F ). Since our version of the Whitney
extension theorem is slightly different from that in Ziemer [16], we shall sketch the
proof for the convenience of readers.

Theorem 2.1 (Whitney [14]). Let F be a closed subset of Rn and let k be a non-
negative integer. Suppose u ∈ tk(F ). Then, for each ε > 0, there exists u ∈ Ck(Rn)
such that u|F = u in tk(F ) (i.e. DαPx(x) = Dαu(x) for x ∈ F, |α| ≤ k); moreover,

‖u‖tk(Rn) ≤ C‖u‖tk(F )

and

suppu ⊆ {x ∈ Rn : dist(x, F ) < ε},
where C is a positive constant depending only on n, k and ε. (In what follows we
always take ε = 1.)
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Sketch of the proof. Following the proof of Federer [6, 3.1.14], we can construct a
function ũ ∈ Ck(Rn) such that

|Dαũ(x)−DαPb(x)| ≤ C(n, k)‖u‖tk(F )|x− b|k

for x ∈ Rn with dist(x, F ) < 1/3, where b ∈ F with |x− b| = dist(x, F ). Therefore,

|Dαu(x)| ≤ C(n, k)‖u‖tk(F )

for x ∈ Rn with dist(x, F ) < 1/3.
Note that for any given ε > 0 we can find a function ϕε ∈ C∞(Rn) satisfying

(i) suppϕε ⊆ {x ∈ Rn : dist(x, F ) < ε};
(ii) 0 ≤ ϕε ≤ 1, ϕε = 1 on {x ∈ Rn : dist(x, F ) < ε/2}; and
(iii) |Dαϕε(x)| ≤ C(n, |α|)ε−|α| for x ∈ Rn.

Now, without loss of generality, we may assume ε < 1/3. Let u = ϕεũ. Then,
u ∈ Ck(Rn), suppu ⊆ {x ∈ Rn : dist(x, F ) < ε} and ‖u‖k,∞ ≤ C(n, k, ε)‖u‖tk(F )

for |α| ≤ k. Hence, u is just as desired.

When F is a compact set, we refer to Malgrange [10] for a detailed proof.

3. Proof of Theorem 1.2

For the proof of Theorem 1.2 we need the following lemmas:

Lemma 3.1. For u ∈W 1,p(Rn), 1 ≤ p < n,

u(y) =
1
ωn

∫
Rn

〈y − z,Du(z)〉
|y − z|n dz(3.1)

holds for almost every y ∈ Rn, where ωn is the area of the unit sphere in Rn. (In
particular, (3.1) holds whenever y is a Lebesgue point of u and M(|Du|)(x) <∞.)

We refer to Stein [13] for the proof.

Lemma 3.2. Let u ∈W 1,p(Rn), 1 ≤ p < n. Then

Iα(|u|)(x) ≤ C(n, α)Iα+1(|Du|)(x)

for all x ∈ Rn, where 0 < α < n− 1.

Proof. First, we note that∫
Rn

|x− y|−n+α|y|−n+βdy = C(n, α, β)|x|−n+α+β (x 6= 0)(3.2)

if α, β > 0, α+ β < n, since

x ∈ Rn\{0} 7→
∫
Fn
|x− y|−n+α|y|−n+βdy

is rotation-invariant and homogeneous of degree −n+α+β. Besides, from Lemma
3.1, we have

|u(x)| ≤ C(n)I1(|Du|)(x)(3.3)
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for almost every x ∈ Rn if u ∈ W 1,p(Rn), 1 ≤ p < n. Applying (3.2) (with β = 1)
to (3.3), by Fubini’s theorem,

∫
Rn

|x− y|−n+α|u(y)|dy

≤ C(n)
∫

Rn

|x− y|−n+α

(∫
Rn

|y − z|−n+1|Du(z)|dz
)
dy

= C(n)
∫

Rn

(∫
Rn

|z − y|−n+α|y − z|−n+1dy

)
|Du(z)|dz

= C(n)
∫

Rn

(∫
Rn

|(x − z)− y|−n+α|y|−n+1dy

)
|Du(z)|dz

≤ C(n, α)
∫

Rn

|x− z|−n+α+1|Du(z)|dz.

The proof is complete.

Lemma 3.3. Let k and n be positive integers with kp < n and let p∗ = np/(n−kp),
where 1 ≤ p <∞. Suppose u ∈ W k,p(Rn). Then,

(Mp∗u)(x) ≤ C
∑
|α|=k

sup
r>0

rk

(
�
B(x,r)

|Dαu(y)|pdy
)1/p

+ Ik(|Dαu|)(x)

(3.4)

for all x ∈ Rn, where C is a positive constant depending on n, k and p.

Proof. First, we claim that

sup
ρ>0

ρk

(
�
B(x,ρ)

|u(y)|pdy
)1/p

≤ C(n, k, p)

sup
ρ>0

ρk+1

(
�
B(x,ρ)

|Du(y)|pdy
)1/p

+ Ik+1(|Du|)(x)


(3.5)

for u ∈ W 1,p(Rn) and x ∈ Rn, (k + 1)p < n, 1 ≤ p <∞, k a nonnegative integer.
For ρ > 0, we set

u1(y) =
1
ωn

∫
B(x,2ρ)

〈y − z,Du(z)〉
|y − z|n dz

and

u2(y) =
1
ωn

∫
Rn\B(x,2ρ)

〈y − z,Du(z)〉
|y − z|n dz.
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Then, from Lemma 3.2, u(y) = u1(y) + u2(y) holds for almost all y ∈ Rn. By
Minkowski’s inequality,(∫

B(x,ρ)

|u1(y)|pdy
)1/p

≤ ω−1
n

(∫
B(x,ρ)

(∫
B(x,2ρ)

|y − z|−n+1|Du(z)|dz
)p

dy

)1/p

≤ ω−1
n

(∫
B(x,ρ)

(∫
B(x,3ρ)

|Du(y + z)‖z|−n+1dz

)p
dy

)1/p

≤ ω−1
n

∫
B(x,3ρ)

(∫
B(x,ρ)

|Du(y + z)|pdz
)
|z|−n+1dz

≤ ω−1
n

∫
B(x,3ρ)

(∫
B(x,4ρ)

|Du(y)|pdy
)1/p

|z|−n+1dz

≤ 3nρ

(∫
B(x,4ρ)

|Du(y)|pdy
)1/p

.

(3.6)

Now if y ∈ B(x, ρ) and z ∈ Rn\B(x, 2ρ), we have

|y − z| ≥ |z − x| − |y − x| ≥ |z − x| − ρ ≥ |z − x|/2 ≥ ρ.

It follows that

|u2(y)| ≤ ω−1
n

∫
|x−z|≥2ρ

|y − z|−n+1|Du(z)|dz

≤ 2n−1ω−1
n

∫
|x−z|≥2ρ

|x− z|−n+1|Du(z)|dz,

for y ∈ B(x, ρ). Hence,

ρk

(
�
B(x,ρ)

|u2(y)|pdy
)1/p

≤ 2n−1ρkω−1
n

∫
|x−z|≥2ρ

|x− z|−n+1|Du(z)|dz

≤ C(n, k)Ik+1(|Du|)(x).

(3.7)

Combining (3.6) and (3.7), we have established the inequality (3.5).
Next, we claim that

sup
r>0

rk

(
�
B(x,r)

|u(y)|p
∗
dy

)1/p∗

≤ C(n, p, k)

sup
r>0

rk+1

(
�
B(x,r)

|Du(y)|pdy
)1/p

+ Ik+1(|Du|)(x)


(3.8)
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for u ∈ W 1,p(Rn), 1 ≤ p < n, k ≥ 0, (k + 1)p < n, and p∗ = np/(n − kp). By
Poincaré’s inequality and Hölder’s inequality, for ρ > 0,

(
�
B(x,ρ)

|u(y)|p∗dy
)1/p∗

≤ C(n, p)ρ

(
�
B(x,ρ)

|Du(y)|pdy
)1/p

+ �
B(x,ρ)

|u(y)|dy

≤ C(n, p)ρ

(
�
B(x,ρ)

|Du(y)|pdy
)1/p

+

(
�
B(x,ρ)

|u(y)|pdy
)1/p

.

(3.9)

Therefore, from (3.5) and (3.9), (3.8) is established.
Now, it is easy to verify that (3.4) follows from (3.8) and Lemma 3.2 just by

induction.

Lemma 3.4. Let α > 0 with αp < n, where 1 ≤ p < ∞. Then, there exists a
positive constant C depending only on n, p and α such that

Rα,p

x ∈ Rn : sup
r>0

rα

(
�
B(x,r)

|f(y)|pdy
)1/p

> λ


 ≤ C‖f‖pp/λp

for f ∈ Lp(Rn) and λ > 0.

Proof. For λ > 0, let Eλ = {x ∈ Rn : supr>0 r
α(�B(x,r) |f(y)|pdy)1/p > λ}. Then,

for each x ∈ Eλ, there exists a positive number r = r(x) such that∫
B(x,r)

|f(y)|pdy ≥ λp|B(0; 1)|rn−αp.(3.10)

Let F be the collection of all balls which satisfy (3.10). Then

sup
B∈F

diamB ≤ 2(‖f‖pp/λp|B(0; 1)|)1/(n−αp) <∞

and Eλ ⊆
⋃
B∈F B. Thus, by Vitali’s covering lemma (see Stein [13, Chapter 1]),

there exists a countable disjoint subfamily S of F such that

Eα ⊆
⋃
B∈ρ

B̂,

where B̂ denotes the ball with radius five times that of B but with the same center.
Consequently,

Rα,p(Eλ) ≤
∑
B∈S

Rα,p(B̂) = C
∑

B(x,r)∈S
(5r)n−αp

≤ C

λp

∑
B∈S

∫
B

|f(y)|pdy (by (3.10))

=
C

λp

∫
⋃
B∈S B

|f(y)|pdy

≤ C‖f‖pp/λp.

We have established this lemma.
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We are now in a position to prove Theorem 1.2. For u ∈ W k,p(Rn), kp < n, by
Lemma 3.3, (3.4) holds for all x ∈ Rn. Thus, by the property (i) of Riesz capacity
stated in Section 2, one gets that

Rα,p({x ∈ Rn : (Mp∗u)(x) > λ})

≤ Rα,p

x ∈ Rn : C
∑

sup
r>0

rk

(
�
B(x,r)

|Dαu(y)|pdy
)1/p

> λ/2




+Rα,p

x ∈ Rn : C
∑
|α|=k

Ik(|Dαu|)(x) > λ/2




≡ I + II.

By Lemma 3.4, I ≤ C(n, p, k)‖u‖pk,p/λp, and, from the definition of Riesz capacity,
II ≤ C(n, p, k)‖u‖pk,p/λp. Combining these estimates,

Rα,p({x ∈ Rn : (Mp∗u)(x) > λ}) ≤ C(n, p, k)‖u‖pk,p/λp.
This completes the proof.

Remark 3.5. Following the proof of the inequality (3.5), we can show that

Mp(Iαf)(x) ≤ C(n, α, p)

sup
r>0

rα

(
�
B(x,r)

|f(y)|pdy
)1/p

+ Iα(|f |)(x)


for f ∈ Lp(Rn) and x ∈ Rn, where 0 < α, α < n, 1 ≤ p < ∞. Consequently,
following the proof of Theorem 1.2, we have

Rα,p({x ∈ Rn : Mp(Iαf)(x) > λ}) ≤ C(n, α, p)‖f‖pp/λp

for all λ > 0.

4. Applications

In this section, we employ Theorem 1.2 to reprove some well-known results con-
cerning Lebesgue points and Taylor expansions in the Lp-sense for Sobolev func-
tions. Besides, we also provide an alternative proof of the Michael-Ziemer theorem
of Lusin type approximation for Sobolev functions.

We first consider Lebesgue points of a Sobolev function.

Theorem 4.1. Let k be a positive integer such that kp < n, where 1 ≤ p < ∞.
Then, for u ∈W k,p(Rn), the following statements hold:

(i) There exists a Borel set E with Rk,p(E) = 0 such that

u∗(x) = lim
r→0
�
B(x,r)

u(y)dy

exists and

lim
r→0
�
B(x,r)

|u(y)− u∗(x)|p∗dy = 0

for all x ∈ Rn\E (cf. Federer and Ziemer [7], Babgy and Ziemer [3], and
Michael and Ziemer [12]).
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(ii) For each ε > 0 there exists a closed set R such that Rk,p(Rn\F ) < ε and

lim
r→0
�
B(x,r)

|u(y)− u∗(x)|p∗dy = 0

uniformly on F (cf. Ziemer [15]).

It is worthwhile to note here that owing to the remarks following Theorem 1.2
the statement (ii) is stronger than that in Ziemer [15]. Since this theorem can be
proved by straightforward modifications of methods used in Stein [13, p. 8] and
Ziemer [16, Theorem 1.3.8 and Theorem 3.10.2] together with Theorem 1.2, we
omit the proof.

Remark 4.2. According to the property (iv) of Riesz capacity stated in Section 2,
the statement (ii) can be rewritten in the following form: for each ε > 0 there exists
a closed set R such that

Rk,p(Rn\F ) < ε (|Rn\F | < ε)

and

lim
r→0
�
B(x,r)

|u(y)− u∗(x)|p
∗
dy = 0

uniformly on F .
In fact, this follows directly from Theorem 1.2 and (2.1).

Next, we study Taylor expansions in the Lp-sense of Sobolev functions. Let k,m
be integers such that 0 ≤ m < k, (k −m)p < n and p∗ = np/[n− (k −m)p], where
1 ≤ p <∞. Then, from Theorem 4.1 for u ∈ W k,p(Rn), there exists a set E ⊆ Rn

such that

Rk−m;p(E) = 0 (= |E|)

and

lim
r→0
�
B(x,r)

|Dαu(y)− (Dαu)∗(x)|p∗dy = 0

for all x ∈ Rn\E, |α| ≤ m, where (Dαu)∗(x) is some real number. By the Lebesgue
differentiation theorem, (Dαu)(x) = (Dαu)∗(x) (|α| ≤ m) for almost all x ∈ Rn.
Therefore, by abuse of notation, in what follows we still denote (Dαu)∗(x) by
Dαu(x). Set

Px(y) =
∑
|α|≤m

Dαu(x)
α!

(y − x)α.

Then the Taylor polynomial Pz is well defined for all x ∈ Rn except for a set E
with Rk−m,p(E) = 0. As a consequence of Theorem 4.1, we have the following well-
known result with some modifications, the proof of which follows known techniques
used in Ziemer [16, Theorem 3.4.1 and Theorem 3.4.2] together with Theorem 1.2.

Theorem 4.3. Let k,m be integers with 0 ≤ m < k, (k − m)p < n, where 1 ≤
p < ∞, and let p∗ = np/[n − (k − m)p]. For u ∈ W k,p(Rn), we set P (m)

x (y) =∑
|α|≤m

Dαu(x)
α! (y − x)α. Then, the following statements hold:
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(i) There exists a Borel set E ⊆ Rn with Rk−m,p(E) = 0 such that

sup
r>0

r−m

(
�
B(x,r)

|u(y)− P (m)
x (y)|p

∗
dy

)1/p∗

≤ 2
∑
|α|−m

Mp∗(|Dαu|)(x)

and

lim
r→0

r−m

(
�
B(x,r)

|u(y)− P (m)
x (y)|p∗dy

)1/p∗

= 0

for all x ∈ Rn\E (cf. Meyers [11], Bagby and Ziemer [3], and Michael and
Ziemer [12]).

(ii) For each ε > 0 there exists a closed set F such that

Rk−m,p(Rn\F ) < ε (|Rn\F | < ε)

and

lim
r→0

r−m

(
�
B(x,r)

|u(y)− P (m)
x (y)|p

∗
dy

)1/p∗

= 0

uniformly on F (cf. Ziemer [15]).

Note that Theorem 4.3 is true also for p∗ = 1. We shall apply this to prove the
Michael-Ziemer theorem.

Theorem 4.4 (Michael and Ziemer [12]). Let Ω be an open subset of Rn and let
k and m be integers with 0 ≤ m < k, (k −m)p < n, where 1 ≤ p < ∞. Then, for
u ∈ W k,p(Ω) and each ε > 0 there exists v ∈ Cm(Ω) such that

Rk−m,p({x ∈ Ω: u(x) 6= v(x)}) < ε and ‖u− v‖m,p;Ω < ε.

We need the following lemmas for the proof of Theorem 4.4.

Lemma 4.5. Let k be a nonnegative integer. Then there exists ϕ ∈ C∞0 (Rn) with
suppϕ ⊆ B(0; 1) such that for every polynomial P on Rn of degree at most k and
every ε > 0,

ϕε ∗ P = P,

where ϕε(x) = ε−nϕ(x/ε).

This lemma is due to Calderón and Zygmund [5]. See Liu and Tai [9] for another
proof.

Lemma 4.6. Let u ∈ L1
loc(R

n) and let F be a closed subset of Rn. If there exist
a family of polynomials {Px}x∈F of degree at most k and a positive constant M so
that

|DαPx(x)| ≤M, sup
r>0

r−k �
B(x,r)

|u(y)− Px(y)|dy ≤M

for x ∈ F , and

lim
r→0

r−k �
B(x,r)

|u(y)− Px(y)|dy = 0

uniformly on each compact subset of F , then u|F ∈ tk(F ) with ‖u|F‖tk(F ) ≤ CM ,
where C is a positive constant depending only on n and k.
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Proof. Choose a mollifier ϕ as in Lemma 4.5. For two distinct points x and y in F ,
let ε = |x− y| and apply Lemma 4.5. Then

|DαPy(y)−DαPx(y)| = |[ϕε ∗ (DαPy −DαPx)](y)|

= ε−n−α

∣∣∣∣∣
∫
B(y,ε)

(Dαϕ)
(
y − z
ε

)
[Py(z)− Px(z)]dz

∣∣∣∣∣
≤ εk−|α|ωn‖Dαϕ‖∞

[
ε−k �

B(y,ε)

|u(z)− Px(z)|dz

+2n+k(2ε)−k �
B(x,2ε)

|u(z)− Py(z)|dz
]
.

Thus, limy→x |DαPy(y) − DαPx(y)|/|y − x|k−|α| = 0 uniformly on each compact
subset of F and

|DαPy(y)−DαPx(y)| ≤ |x− y|k−|α|[ωn‖ϕ‖k,∞(2n+k + 1)]M

whenever x, y ∈ F, |α| ≤ k. Therefore, u|F ∈ tk(F ) with ‖u|F‖tk(F ) ≤ C(n, k)M .
The proof is complete.

Proof of Theorem 4.4. Initially, it will be assumed that Ω = Rn. For λ > 0, let
Wλ = {x ∈ Rn :

∑
|α|≤mM(Dαu)(x) ≤ λ}. Then, it follows from (2.1), (2.2) and

Theorem 1.2 that

Rk−m,p(Rn\Wλ) ≤ C(n, k, p)‖u‖pk,p/λ
p,

|Rn\Wλ| ≤ C(n, k, p)‖u‖pk,p/λp

and

lim
λ→∞

λp|Rn\Wλ| = 0.

According to Theorem 4.1 and Theorem 4.3, we can find a closed set Fλ ⊆Wλ such
that

Rk−m,p(Rn\Fλ) ≤ 2C(n, k, p)‖u‖pk,p/λp,
|Rn\Fλ| ≤ 2C(n, k, p)‖u‖pk,p/λ,
and lim

λ→∞
λp|Rn\Fλ| = 0;

(4.1)

lim
r→0

r−m �
B(x,r)

|Dαu(y)−Dαu(x)|dy = 0(4.2)

for x ∈ F, |α| ≤ m;

lim
r→0

r−m �
B(x,r)

|u(y)− Px(y)|dy = 0(4.3)

uniformly on Fλ; and

sup
r>0

r−m �
B(x,r)

|u(y)− Px(y)|dy ≤ 2
∑
|α|=m

M(Dαu)(x)

≤ 2λ for x ∈ Fα,
(4.4)
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where Px(y) =
∑
|α|≤m

Dαu(x)
α! (y − x)α. Thus, by virtue of Lemma 4.6, it follows

from (4.2), (4.3) and (4.4) that u|Fλ ∈ tm(Fλ) with ‖u|Fλ‖tm(Fλ) ≤ C(n, k)λ. By
the Whitney extension theorem, there exists uλ ∈ Cm(Rn) such that

uλ|Fλ = u|Fλ in tm(Fλ) and ‖uλ‖m,∞ ≤ (n, k)λ.(4.5)

Hence, {x ∈ Rn : uλ(x) 6= u(x)} ⊆ Rn\Fλ. From (4.1), we then have

Rk−m,p({x ∈ Rn : uλ(x) 6= u(x)}) ≤ Rk−m,p(Rn\Fλ)

≤ 2C(n, k, p)‖u‖pk,p/λp → 0,
(4.6)

as λ→∞. Besides, for |α| ≤ m,

‖Dαuλ −Dαu‖p = ‖Dαuλ −Dαu‖p;Rn\Fλ (by (4.5))

≤ ‖Dαu‖p;Rn\Fλ + ‖Dαuλ‖p;Rn\Fλ

≤ ‖Dαu‖p;Rn\Fλ + C(n, k, p)λ|Rn\Fλ|1/p → 0

(4.7)

as λ→∞ (by (4.1)). Combining (4.6) and (4.7), we have completed the proof for
the case Ω = Rn.

The general case follows by using the technique of a partition of unity as in
Ziemer [16, Theorem 3.11.6].

Remark 4.7. Let Bk,p be the Bessel capacity on Rn, where k > 0, 1 < p < ∞,
kp ≤ n (see Ziemer [16] for the definition of Bessel capacity). Then, it is a well-
known result that

Bk,p({x ∈ Rn : Mu(x) > λ}) ≤ C(n, k, p)‖u‖pk,p/λp(4.8)

for λ > 0 and u ∈ W k,p(Rn) (see Ziemer [16, Remark 3.10.3] or Adams [1]). If we
replace Theorem 1.2 by (4.8), following the proof of Theorem 4.1, Theorem 4.3 and
Theorem 4.4, we obtain the following result:

Let Ω be an open subset of Rn and let k,m be integers such that 0 ≤ m < k,
(k −m)p ≤ n, where 1 < p < ∞. Then, for u ∈ W k,p(Ω) and each ε > 0 there
exists v ∈ Cm(Ω) such that

Bk−m,p({x ∈ Ω: u(x) 6= v(x)}) < ε and ‖u− v‖m,p;Ω < ε.

This result is equivalent to Theorem 4.4 when 0 ≤ m < k, (k −m)p < n and
1 < p < ∞ (see Ziemer [16, Remark 3.11.7]). But the result is new in the case
(k −m)p = n.
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