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ABSTRACT. In this paper a capacitary weak type inequality for Sobolev func-
tions is established and is applied to reprove some well-known results concern-
ing Lebesgue points, Taylor expansions in the LP-sense, and the Lusin type
approximation of Sobolev functions.

1. INTRODUCTION

In [T5] Ziemer obtained a capacitary weak type inequality for maximal functions
of Sobolev functions as follows.

Theorem 1.1. If1 <p < oo, R <1, and k is a positive integer such that kp < n,
then there is a positive constant C depending on n,k,p and R such that

Bip({x € R": My pu(z) > A}) < Cllulli /X

for uw € WEP(R™) and A > 0, where By, is the Bessel capacity and
1/p

Mypu(e) = swp (f  Jullay
0<r<R B(z,r)

The proof uses the representation of Sobolev functions as Bessel potentials (see
Calderén [4] or Stein [13]) and the Hardy-Littlewood maximal theorem (see Stein
[13)).

Our purpose in this paper is to establish the following analogous inequality:
Theorem 1.2. Let k be a positive integer with kp < n and let p* = np/(n — kp),
where 1 < p < o0o. Then, there exists a positive constant C depending on n,k and
p such that

Rip({z € R": Mp-u(x) > A}) < Cllully /N
for uw € WEP(R™) and A > 0, where Ry, is the Riesz capacity and

1/p*
My-u(z) = sup ( ][ ()P dy>
r>0 B(z,r)
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Our proof is based on an elementary integral formula for functions in WP (R™)
(see Lemma ) and Poincaré’s inequality. Notice that the maximal function here
is raised to a larger power than that in Theorem [[[T] and that the result holds also
for p = 1. It is worthwhile to observe here that although Riesz and Bessel capacities
have the same null sets, they are not equal; actually for balls of large radius we
have

Bap ~ [Rmp]n/(n_ap)-

For this see the remark after Theorem 1 in [2]. Theorem [.2 will be proved in
Section Bl while necessary preliminaries are collected in Section [2l.

As in Ziemer [15], we apply this inequality to reprove some well-known results
with some modifications concerning Lebesgue points and Taylor expansions in the
LP-sense for a Sobolev function (see Theorem E1l and Theorem FA3)).

Furthermore, we can also provide a simpler and direct method to establish the
Lusin type approximation in Riesz capacity for Sobolev functions in Section Hl
The idea goes back to Liu [§]. According to Theorem E3, a Sobolev function
is uniformly differentiable in the LP-sense on the complement of sets with small
Riesz capacity and Lebesgue measure, and the remainder terms of its Taylor ex-
pansions in the LP-sense can be dominated by the sum of maximal functions for
its weak derivatives. If we apply Theorem and the Hardy-Littlewood maximal
theorem to control these maximal functions of weak derivatives carefully, we can
find the approximating functions by using a lemma due to Calderén and Zygmund
(Lemma[H) and a variant of the Whitney extension theorem endowed with norms
(Theorem 2.1). Thus, we give an alternative proof of the Michael-Ziemer theorem
for Sobolev functions (Michael and Ziermer [12]) (see Theorem [£.4)).

2. PRELIMINARIES

Let © be an open subset of R". By W*?(Q) we denote the usual Sobolev space
with the norm

lullepo = D 1Dy,
la| <k

for its elements u, where 1 < p < oo and k is a nonnegative integer.

We use | - | to denote either Euclidean norm in various dimensions or Lebesgue
(outer) measures of sets in R™; its connotation will be clear from the context. We
write

1
u(y)dy = o—=7 u(y)dy,
]i(:c,r) ( ) |B($,T)| B(z,r) ( )

where B(z,r) is the open ball with center z and radius r.
For a locally integrable function f on R, the function

(M) (z) = sup ]{3 0y

r>0

is called the Hardy-Littlewood maximal function of f. It is a well-known result
that

(2.1) {z e R™: (M[)(x) > A} < C)||FlI5/ 3
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and
(2.2) Alin;o MNHz e R": (Mf)(x) >} =0

for f € LP(R™) and A > 0, where 1 < p < co. See Stein [13] for proofs. We also
adopt the notation

1/p
(M, )(a) = sup ( ]i . If(y)l”dy>

for f € LP(R™), 1 < p < 0. Obviously, m1f = M f.
We recall that the Riesz potential I, f of f is defined by

(Lha) =2 [ o=yl )y
with y(a) = 7"/?T'(a/2)/T(2 — ), 0 < a < n. For a > 0, p > 1 with ap < n, the
Riesz capacity R, is defined by

Rap(E) = inf{[|f[[}: (laf)(z) = 1 on E, f >0}
for E C R™. In the following we list some basic properties of Riesz capacity:

(1) Ra,p is an outer measure.

(ii) Rap(B(x,7)) = Ra p(B(0;1))r"= P for z € R™ and r > 0.

(i) Ra,p(E)=inf{R. ,(U): E CU, U open} for E C R".

(iv) |E|P/?" < C(n,p,a)Rap(E) for E C R", where p* = np/(n — ap).
Moreover, we also have R, ,(F) = 0 implies H"~*P*¢(E) = 0 for ¢ > 0, where H*®
denotes the s-dimensional Hausdorff measure on R™. We refer to Ziemer [16] for
further information. (We do not know whether R, , is a Choquet capacity when
p = 1; but all the above properties hold in this case.)

Finally, we state the Whitney extension theorem. Let F' C R™. A function u
defined on F belongs to t*(F), k a nonnegative integer, if there exist a nonnegative
number M and a family of polynomials { P, },er of degree at most k so that

1) u(z) = Py(x) for x € F,

2) |D*P,(x)| < M and |D*P,(y) — D*P.(y)| < M|z —y|*~1°l for |a| < k,z,y €

F,
3) limy_, |[D*P,(y) — D*Py(z)|/ly — z[F~!®l = 0 uniformly on each compact
subset of F'.
The smallest such M is denoted by [|ul;(py. Since our version of the Whitney
extension theorem is slightly different from that in Ziemer [16], we shall sketch the
proof for the convenience of readers.

Theorem 2.1 (Whitney [14]). Let F' be a closed subset of R™ and let k be a non-
negative integer. Suppose u € t*(F). Then, for each ¢ > 0, there existsw € C*(R™)
such that U|p = u in t*(F) (i.e. D*Py(z) = DU(x) for x € F,|a| < k); moreover,
| ixmny < Cllullx(r)
and
suppu C {z € R": dist(z, F') < ¢},

where C' is a positive constant depending only on n,k and €. (In what follows we
always take € = 1.)
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Sketch of the proof. Following the proof of Federer [6] 3.1.14], we can construct a
function @ € C*(R") such that

|DY(x) — D*Py(2)| < C(n, k)lull () |z — b*
for z € R™ with dist(x, F') < 1/3, where b € F with |x — b| = dist(z, F'). Therefore,
[D%u(x)] < C(n, k)|ullexp)

for x € R™ with dist(z, F') < 1/3.
Note that for any given € > 0 we can find a function ¢, € C*°(R") satisfying

(1) supppe C {z € R": dist(z, F) < €};
(i) 0 < <1, 9. =1o0n {x € R": dist(x, F) < £/2}; and
(iii) |D%p.(z)| < C(n,|al)e~ 1ol for z € R™.

Now, without loss of generality, we may assume ¢ < 1/3. Let uw = @ 4. Then,
u e C*R"), suppu C {z € R": dist(z, F) < e} and |[t]lx,00 < C(n,k,e)|ullp(r)
for |a| < k. Hence, @ is just as desired.

When F' is a compact set, we refer to Malgrange [10] for a detailed proof.

3. PROOF OF THEOREM

For the proof of Theorem we need the following lemmas:
Lemma 3.1. Forue W'P(R"), 1 <p<mn,

(3-1) uly) = — Wdz
Wn JRn y— 2|

holds for almost every y € R", where wy, is the area of the unit sphere in R™. (In
particular, BI) holds whenever y is a Lebesque point of u and M (|Dul)(z) < 00.)

We refer to Stein [13] for the proof.
Lemma 3.2. Let u € WYP(R"™), 1 <p <mn. Then
To([ul) (@) < C(n, @) a1 (1Dul)(2)
for all x € R™, where 0 < o < n — 1.

Proof. First, we note that
62 [ eyl dy = Clna Bl (@ £0)
ifa,8>0, a+ 0 < n, since

s e RO} [ o=yl

is rotation-invariant and homogeneous of degree —n + a+ 3. Besides, from Lemma
B, we have

(3.3) u(2)] < Cn)Li(|Dul)(x)
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for almost every z € R" if u € WIP(R"), 1 < p < n. Applying [32) (with 3 = 1)
to (B3), by Fubini’s theorem,

/ & — 7 u(y) | dy
Rﬂ,

<o [ o=y ([ - ipuGas ) ay
—ct) [ ([ lealmely sy ) D)
o) [ ([ ==y ) ipucea:

< C(n,a)/ |z — 2| 7"t Du(2)|dz.
Rn
The proof is complete.

Lemma 3.3. Let k and n be positive integers with kp < n and let p* = np/(n—kp),
where 1 < p < 0o. Suppose u € WEP(R™). Then,

1/p
(34) (Mpu)(x) <C > S supr” <]£3( )IDau(y)lpdy> + I (|1D%ul)(x)

=k r>0

for all x € R™, where C is a positive constant depending on n, k and p.

Proof. First, we claim that

1/p
sup o ( / |u<y>|pdy>
p>0 B(z,p)

(3.5) "
< C(n,k,p) { supp"t! <][( : IDU(y)I”dy> + Ii41(|Dul)(z)
B(x,p

p>0

for u e WHP(R") and z € R", (k+ 1)p <n, 1 < p < oo, k a nonnegative integer.
For p > 0, we set

ui(y) = L / —<y — 5 Du(z)>dz
Wn J B(x,2p) |y - Z|n

and

1 -z, D
iy L - =Du)
Wn JR"\B(z,2p) |y - Z|n
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Then, from Lemma B2, u(y) = u1(y) + u2(y) holds for almost all y € R™. By
Minkowski’s inequality,

1/p
</ Iul(y)lpdy>
B(z,p)

p 1/p
( / ( y- z|"+1|Du<z>|dz> dy>
B(z,p) (=,2p)
P 1/p
( / ( |Duly + z>||z|"“dz> dy>
B(z,p) (=,3p)
< w;l/ / |Du(y + 2)|Pdz | |2| 7" dz
B(x,3p) \Y B(z,p)

1/p
<wpt / / Duly)Pdy | 27" d
B(z,3p) B(z,4p)
1/p
§3np/ Du(y)Pdy | .
B(xz,4p)

Now if y € B(x, p) and z € R"\ B(z, 2p), we have
ly—zlzlz—zl—ly—zlz|z—z[—p=|z —z|/2 2 p.

It follows that

for y € B(z, p). Hence,

1/p
0 AL mray)  <zeter [ e Due)s
(3 ) B(z,p) |z—z|>2p
< C(n, ) Iks1 (|Dul)(@).

Combining (3:6) and (B1), we have established the inequality (33).
Next, we claim that

1/p"
supr* ( £ uwr dy>
r>0 B(z,r)

1/p
< C(n,p, k) { sup ™! <][ IDU(y)Ipdy> + Irya (|Dul)(z)
B(z,r)

>0

(3.8)
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foru € WHP(R™), 1 <p<mn, k>0, (k+1)p<mn,and p* = np/(n — kp). By
Poincaré’s inequality and Hoélder’s inequality, for p > 0,

(3.9)

1/p* 1/p
( ][ ()P dy> < Cln.p)p ( ][ |Du<y>|pdy> 4 ][ fu(y)|dy
B(z,p) B(z,p) B(z,p)

1/p 1/p
< C(n,p)p ( ][ |Du(y>|pdy> 4 ( ][ |u<y>|pdy> .
B(z,p) B(z,p)

Therefore, from ) and 33), (BX) is established.
Now, it is easy to verify that (B4 follows from () and Lemma B2 just by
induction.

Lemma 3.4. Let o > 0 with ap < n, where 1 < p < oo. Then, there exists a
positive constant C' depending only on n,p and a such that

>0

1/p
Rap | qz €R™: supr® (J[ If(y)l”dy> > Ao | SCIfIG/AP
B(z,r)

for f € LP(R™) and X > 0.

Proof. For A > 0, let E) = {x € R": sup, ro‘(fB(x ” |f(y)[Pdy)*/P > A\}. Then,
for each x € Ej, there exists a positive number r = r(z) such that

(3.10) / F)Pdy = A B(O; 1),
B(z,r)

Let F be the collection of all balls which satisfy (ZI0). Then

sup diam B < 2(|| fI[5/A[B(0; 1))/ ") < oo
BeF

and Ex C Ugcr B. Thus, by Vitali’s covering lemma (see Stein [13} Chapter 1]),
there exists a countable disjoint subfamily S of F such that

E.c |J B,

where B denotes the ball with radius five times that of B but with the same center.
Consequently,

Rap(Ex) < Rap(B)=C Y (5r)"or

BeS B(xz,r)es

¢ p
<% 2 [P by 10)

c
-5 Sy
Upes B

< CIFIR/AP-

We have established this lemma.
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We are now in a position to prove Theorem [[2. For u € WkP(R™), kp < n, by
Lemma 33 (34) holds for all z € R™. Thus, by the property (i) of Riesz capacity
stated in Section [Z one gets that

ap({z € R": (My-u)(z) > A})

1/p
< Rap zeR": CZsupr ][ | D%u(y)|Pdy > \/2
r>0 B(z,r)
+Rop ({2 €R™:C Y L(|D)(z) > A/2
la|=k
=I1+11.
By LemmalZdl, 7 < C(n,p, k)ul[} ,/A*, and, from the definition of Riesz capacity,
IT < C(n,p, k)|ull; ,/AP. Combining these estimates,
Rap({z € R™: (Mp-u)(x) > A}) < Cln,p, k)lully /A"
This completes the proof.
Remark 3.5. Following the proof of the inequality (3], we can show that

r>0

1/p
My (1o f)(x) < C(n, a,p)  supr® (Ji( )lf(y)|”dy> + Lo (| f (=)

for f € LP(R") and = € R", where 0 < a, @ < n, 1 < p < oo. Consequently,
following the proof of Theorem [[.2], we have

Rap({z € R": Mp(Iaf)(z) > A}) < C(n, )| flI5/ A
for all A > 0.

4. APPLICATIONS

In this section, we employ Theorem [I.2 to reprove some well-known results con-
cerning Lebesgue points and Taylor expansions in the LP-sense for Sobolev func-
tions. Besides, we also provide an alternative proof of the Michael-Ziemer theorem
of Lusin type approximation for Sobolev functions.

We first consider Lebesgue points of a Sobolev function.

Theorem 4.1. Let k be a positive integer such that kp < n, where 1 < p < oo.
Then, for u € W*P(R"), the following statements hold:

(i) There exists a Borel set E with Ry ,(E) =0 such that

u*(z) = lim u(y)dy
r—0 B(z,r)
exists and
im {  July) - (@) dy = 0
™0 JB(z,r)

for all x € R"\E (cf. Federer and Ziemer [7], Babgy and Ziemer [3], and
Michael and Ziemer [12]).
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(ii) For each € > 0 there exists a closed set R such that Ry ,(R"\F) < ¢ and

i { July) @ dy =0
r—0 B(z,r)

uniformly on F' (cf. Ziemer [L5)).

It is worthwhile to note here that owing to the remarks following Theorem
the statement (ii) is stronger than that in Ziemer [I5]. Since this theorem can be
proved by straightforward modifications of methods used in Stein [13, p. 8] and
Ziemer [16] Theorem 1.3.8 and Theorem 3.10.2] together with Theorem 2, we
omit the proof.

Remark 4.2. According to the property (iv) of Riesz capacity stated in Section 2]
the statement (ii) can be rewritten in the following form: for each € > 0 there exists
a closed set R such that

Ry ,(R™F) <e (IR"\F| <€)
and

lim u(y) —u*(@)|” dy =0

r—0 B(z,r)

uniformly on F'.
In fact, this follows directly from Theorem and (ZI).

Next, we study Taylor expansions in the LP-sense of Sobolev functions. Let &k, m
be integers such that 0 < m < k, (k —m)p < n and p* = np/[n — (k —m)p|, where
1 < p < 0o. Then, from Theorem E:1] for u € W*P(R™), there exists a set £ C R"
such that

kam;p(E) =0 (: |E|)
and
lim D" u(y) — (D*u)*(2)|"" dy = 0
r—0 B(z,r)

for all z € R™\E, |o| < m, where (D%u)*(z) is some real number. By the Lebesgue
differentiation theorem, (D%u)(z) = (D*u)*(x) (Ja] < m) for almost all z € R™.
Therefore, by abuse of notation, in what follows we still denote (D*u)*(z) by
D%u(x). Set

Pw= Y 2D e

lal<m

Then the Taylor polynomial P, is well defined for all z € R™ except for a set F
with Rg_m p(E) = 0. As a consequence of Theorem E.T] we have the following well-
known result with some modifications, the proof of which follows known techniques
used in Ziemer |16, Theorem 3.4.1 and Theorem 3.4.2] together with Theorem

Theorem 4.3. Let k,m be integers with 0 < m < k, (k —m)p < n, where 1 <
p < oo, and let p* = np/[n — (k — m)p|. For u € WFP(R™), we set Px(m)(y) =
Z\a|§m M(y — ). Then, the following statements hold:

al
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(i) There exists a Borel set E C R™ with Ry_m p(E) =0 such that

r>0

1/p*
supr " <]{3( )Iu<y>—p;m>(y>|p*dy> <2, My (D))

|| —m

and

1/p*
ti (- Ju) - P@P ) =0
r—0 B(z,r)

for all x € R™"\E (c¢f. Meyers [11], Bagby and Ziemer [3], and Michael and
Ziemer [12]).
(ii) For each € > 0 there exists a closed set F' such that

Ry—mp(R"\F) <e (IR™"\F| <¢)

and

1/p*
ti e (f Ju) - PGPy =0
r—0 B(z,r)

uniformly on F (cf. Ziemer [15)).

Note that Theorem is true also for p* = 1. We shall apply this to prove the
Michael-Ziemer theorem.

Theorem 4.4 (Michael and Ziemer [12]). Let 2 be an open subset of R™ and let
k and m be integers with 0 < m < k, (k —m)p < n, where 1 < p < co. Then, for
u € WFP(Q) and each & > 0 there exists v € C™(Q) such that

Ri—mp({x € Q:ulx) £v(x)}) <e and |[u—v|mpo <e.
We need the following lemmas for the proof of Theorem [Z4

Lemma 4.5. Let k be a nonnegative integer. Then there exists p € C§°(R™) with
supp ¢ C B(0;1) such that for every polynomial P on R™ of degree at most k and
every € > 0,

pe ¥ P =P,
where () = "p(z/e).

This lemma is due to Calderén and Zygmund [5]. See Liu and Tai [9] for another
proof.

Lemma 4.6. Let u € L}, (R™) and let F be a closed subset of R™. If there exist
a family of polynomials { Py }ycr of degree at most k and a positive constant M so
that

DP@ <M. suprt f () - Palwldy <
r>0 B(z,r)
forxz € F, and
tig e f  Juty) = Py =0
B(z,r)

r—0

uniformly on each compact subset of F, then u|p € t*(F) with llulpllenry < CM,
where C' is a positive constant depending only on n and k.
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Proof. Choose a mollifier ¢ as in Lemmal[L3l For two distinct points « and y in F',
let £ = |z — y| and apply Lemma[Hl Then

|D*Py(y) = D*Pu(y)| = [[pe * (D" Py — D" Py)|(y)]

(D) (=2 [Py(2) — Pul2))dz
fr @0 (57)

—Mn—«

3

€

IN

1ol [ Do e ][ lu(z) — Py (2)|dz
B(y,e)

+27HH(2e) ][

B(x,2¢)

lu(z) — Py(z)|dz] .

Thus, lim,_, |D*P,(y) — D*P.(y)|/|ly — =|*~1*| = 0 uniformly on each compact
subset of F' and

|DPy(y) = D*Po(y)] < |z —y* 1 wallellr,00 2" + 1]M
whenever z,y € F,|a| < k. Therefore, u|p € t*(F) with |Ju|p|/y ) < C(n, k)M.

The proof is complete.

Proof of Theorem Initially, it will be assumed that Q@ = R™. For A > 0, let
Wy = {z e R™: Ela\<m M(D%u)(x) < A}. Then, it follows from (Z1]), (22) and
Theorem that -

kam,p(Rn\WA) < C(TL, kaP)H“Hi,p/)\pa
[R™\WA| < C(n,k,p)llull} /3
and
lim AP|R™\W,| = 0.
A—o00
According to Theorem F Tl and Theorem EL3], we can find a closed set F C W) such
that
Rk—m,p(Rn\F/\) < 20(”) kvp)”“’”i,p//\pv
(4.1) IR"\FA| < 2C(n, &, p)Jull} /A,
and lim M|R™\F)| = 0;
A—o00

(4.2) Jin ][ \D*u(y) — Du(z)|dy = 0
r—0 B(z,r)
for x € F,|a] <m;
(43) tin e Ju(y) — Pa(y)ldy =0
r—0 B(z,r)

uniformly on Fy; and

supr~ ™ U — P, dy <2 M(D%) (x
(4.4) >0 ]{;W)' (1) = Pa(y)ldy <2 > M(D*u)(x)

|al=m

<2X\ forzxz € F,,
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where P, (y) = E\algm D+u(x)(y — x)®. Thus, by virtue of Lemma 6] it follows

from @2), @3) and @) that u|p, € t"(F\) with [lu|g, ||pm(m) < C(n,k)X. By
the Whitney extension theorem, there exists uy € C™(R™) such that

(4.5) uxlp, = ulp, in t™(F)) and [luallm,co < (n, k)A.
Hence, {z € R": u)(z) # u(z)} € R™\Fy. From (@I)), we then have
Ri—mp({z € R": ux(z) # u(2)}) < Rpmp(R™\F))

4.6
(4.6) < 2C(n, k, p)ull /A — 0,

as A — oo. Besides, for |a| < m,
|D%ux = Dull, = [ D%ux — D*ullymonry  (by (45))
(47) <D Ul + 1Dt Ly,
< IDullpire\ iy + C (s b, P)AR™FAV? — 0

as A — oo (by (@)). Combining (A6) and (), we have completed the proof for
the case 2 = R"™.

The general case follows by using the technique of a partition of unity as in
Ziemer [16], Theorem 3.11.6].

Remark 4.7. Let By, be the Bessel capacity on R™, where £ > 0, 1 < p < oo,
kp < n (see Ziemer [16] for the definition of Bessel capacity). Then, it is a well-
known result that

(4.8) Bip({x € R": Mu(z) > A}) < C(n, k,p)lully ,/A*

for A > 0 and u € W*P(R") (see Ziemer [16] Remark 3.10.3] or Adams [I]). If we
replace Theorem by .8), following the proof of Theorem B, Theorem and
Theorem F.4, we obtain the following result:

Let Q be an open subset of R™ and let k,m be integers such that 0 < m < k,
(k —m)p < n, where 1 < p < co. Then, for u € W*P(Q) and each ¢ > 0 there
exists v € C™(Q2) such that

Bi—mp({x € Q:u(z) #v(z)}) <e and ||u—v||mpa <e.

This result is equivalent to Theorem 4] when 0 < m < k, (k —m)p < n and
1 < p < oo (see Ziemer [16, Remark 3.11.7]). But the result is new in the case
(k—m)p =n.
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