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TRIGONOMETRIC POLYNOMIALS WITH MANY REAL ZEROS
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(Communicated by David R. Larson)

ABSTRACT. We examine the size of a real trigonometric polynomial of degree
at most n having at least k zeros in K := R (mod 2) (counting multiplicities).
This result is then used to give a new proof of a theorem of Littlewood con-
cerning flatness of unimodular trigonometric polynomials. Our proof is shorter
and simpler than Littlewood’s. Moreover our constant is explicit in contrast
to Littlewood’s approach, which is indirect.

1. INTRODUCTION

The set of all polynomials of degree n with coefficients +1 will be denoted by
L,,. Specifically

n
Ln,:=<p:p(z)= Zajzj , aj € {-1,1}
§=0

Let D denote the closed unit disk of the complex plane. Let D denote the unit
circle of the complex plane. Littlewood made the following conjecture about L,, in
the fifties.

Conjecture 1.1 (Littlewood). There are at least infinitely many values of n € N
for which there are polynomials p, € L,, so that

Ci(n+1)Y2 < |pn(2)| < Co(n +1)Y/?
for all z € OD. Here the constants C1 and Cy are independent of n.

Since the Lo(0D) norm of a polynomial from £, is exactly (27)Y/%(n + 1)Y/2,
the constants must satisfy C; < 1 and Cy > 1. See Problem 19 of |Li-68]. While
there is much literature on this problem and its variants, this is still open. See
[Saf-90] and [Bor-98]. In fact, finding polynomials that satisfy just the lower bound
in Conjecture 1.1 is still open. The Rudin—Shapiro polynomials satisfy the upper
bound.

There is a related conjecture of Erdés [Er-62].
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Conjecture 1.2 (Erdés). There is a constant € > 0 (independent of n) so that
W(2)] > (1 1)/2
max [pn ()] > (14 )(n +1)

for every p, € L,, and n € N. That is, the constant Co in Conjecture 1.1 must be
bounded away from 1 (independently of n).

This conjecture is also open. Kahane [Kah-85], however, shows that if the poly-
nomials are allowed to have complex coeflicients of modulus 1, then Conjecture
1.1 holds and Conjecture 1.2 fails. That is, for every ¢ > 0 there are infinitely
many values of n € N for which there are polynomials p,, of degree n with complex
coeflicients of modulus 1 that satisfy

(1=e)(n+1)"2 < [pu(2)] < (L +e)(n+ 1)

for all z € OD. Beck [Bec-95] proves Conjecture 1.1 for polynomials whose coeffi-
cients are 400th roots of unity.

Our main result is a reproving of Conjecture 1.2 for real trigonometric polyno-
mials. This is Corollary 2.4 of the next section. Littlewood gives a proof of this in
[Li-61] and explores related issues in [Li-62], [Li-66a], and [Li-66b|. The approach is
via Theorem 2.1 which estimates the measure of the set where a real trigonometric
polynomial of degree at most n with at least k zeros in K :=R (mod 27) is small.
There are two reasons for doing this. First the approach is, we believe, easier, and
secondly it leads to explicit constants.

2. NEW RESULTS

Let K :=R (mod 2m). For the sake of brevity the uniform norm of a continuous
function p on K will be denoted by ||p[|x := [|p|lz_ (k). Let 7,, denote the set of all
real trigonometric polynomials of degree at most n, and let 7,, ;, denote the subset
of those elements of 7,, that have at least k zeros in K (counting multiplicities).

Theorem 2.1. Suppose p € T,, has at least k zeros in K (counting multiplicities).
Let oo € (0,1). Then

ak
m{t € K :[p(t)] < allpllx} > ——,

where m(A) denotes the one-dimensional Lebesgue measure of A C K.

Theorem 2.2. We have

k k
o (1 _ C2_> < sup ol L, (k) <o (1 B cl_)
n peTo i 1Pl Loox) n

for some absolute constants 0 < ¢1 < co.

Theorem 2.3. Assume that p € T,, satisfies

(2.1) Ipllz(r) < An'/?
and
(2.2) 19|l £y (rc) > Bn®/2.

Then there is a constant ¢ > 0 depending only on A and B such that

(2:3) Ipl% > 2m = &) Pl ) -
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Here
m  BS
© 7 1024¢ A5
works.

Corollary 2.4. Let p € 7,, be of the form

n
p(t):Zakcos(kt—'yk), arp==+1, yweR, k=1,2,...,n.
k=1

Then there is a constant € > 0 such that

Ipll% > 27 — &) M Pl ) -

Here
w1
£i= —— —
1024e 27
works.
3. PROOFS

To prove Theorem 2.1 we need the lemma below that is proved in [Bor-95, E.11
of Section 5.1 on pages 236—237].

Lemma 3.1. Letp € T, to € K, andr > 0. Then p has at most enr|p(to)|~||p|| x
zeros in the interval [to — 7, to + 7).

Proof of Theorem 2.1. Suppose p € 7,, has at least k zeros in K, and let o € (0, 1).
Then

{te K:[p(t)] < allpllx}

can be written as the union of pairwise disjoint intervals I;, j=1,2,... ,m. Each
of the intervals I; contains a point y; € I; such that

Ip(y;)| = allpllx -

Also, each zero of p from K is contained in one of the intervals ;. Let p; denote
the number of zeros of p in I;. Since p € 7, has at least k zeros in K, we have
Z;nzl it; > k. Note also that Lemma 3.1 implies that

_ en
ny < enlll(@llpl) " liplle = — 1]

Therefore
i en en
F<Y < 230G < Sm({re K p(o)] < alllx)),
j=1 j=1
and the result follows. O

Proof of Theorem 2.2. The upper bound of the theorem follows from Theorem 2.1
applied with & = 1/2. The lower bound follows by considering

p(t) = Dn(0)* = D(kt)* € T with  m = E(TZUJ ’
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where
t) = 1 + i cos jt
2 =
is the Dirichlet kernel of degree m. O

Proof of Theorem 2.3. First note that by Bernstein’s inequality for real trigono-
metric polynomials in Ly(K), we have B < A. Assume that p € 7,, satisfies (2.1)
and (2.2) but (2.3) does not hold with € = . Then

(3.1) M = |lpllx < (27— m) "2l ucre) < 72 AR,
Combining this with Bernstein’s inequality we obtain
(32) 1Pl < nlpllx <7~ /2An%2.

Using (2.2), we obtain
B%n? < ||le%2(K) - /K |p/(t)|2 dt

< Ip'llx /K P (6)]dt < 724032 | s

that is,

(33 9 sy > 72 Ere,
Associated with p € 7,,, M = ||p||k, and 7 € [0, 1], let

(3.4) Ay =Ay(p) ={t e K:|p(t)] < (1 —~)M}
and

(3-5) By =By(p) ={t € K:|p(t)] > (1 —~)M}.

Since every horizontal line y = ¢ intersects the graph of p € 7,, in at most 2n points
with z coordinates in K, we have

1/2 g2
(3.6) / 1’ ()] dt < dnyM < dnyr—Y/2An/? < %In‘?’m
B'Y
if
1/2 B2 B2
Yy HPA < o that is, if v < %ﬁ
Now (3.3)—(3.6) give
7.(.1/2 BQ 3/ ] 7TB2
/ plde> "D it =20

From this, with the help of (3.1) we can deduce that there is a

€(-1 =M, (1-~)M)

>~

such that p — § has at least
%/2372713/2 771/23_2713/2 xl/2 B_2 n3/2 _ zB_Qn
20—y)M = 4 A M — 4 A x124n1/2 4 A2
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zeros in K. Therefore Theorem 2.1 yields that
m{te K p) < (1-2) Ipllx} =m{te K :Ipt) - o] < Jlplx}

>m{te K:Ip(t) — o < 2p ol }
lynB*n _ w* B!
>

Therefore
2 p4
2 2 _ 2 2 ™ By 2
2ol = ol 0 = [ (ol = Ip(OP) de > Tz F vl
— W_BB_GH 12
= 1024¢ A6 Pl
We now conclude that
3 6
2 m™ B 2
P00 < (27~ o535 ) Dol
and the result follows. O

Proof of Corollary 2.4. Let p € T, be of the given form. We have

n
||P||2L2(K) = WZG% =mn,

k=1

that is,

[Pl Loy = 7'/2nt/2.
Also

- nn+1)2n+1) _ w .

1'%, x0) :Wzk%i =7 6 > gn‘sa
k=1

that is,

m\1/2 .
1P llaiey = () 2.

Now the result follows from Theorem 2.3 with A := 7'/2 and B := (7/3)'/2. O
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