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MARTIN’S AXIOM DOES NOT IMPLY PERFECTLY NORMAL
NON-ARCHIMEDEAN SPACES ARE METRIZABLE
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(Communicated by Andreas Blass)

ABSTRACT. In this paper we prove that in various models of Martin’s Axiom
there are perfectly normal, non-metrizable non-archimedean spaces of Na.

A non-archimedean space is defined to be a topological space having a basis for its
topology which is a tree under the inclusion relation. We will call a non-metrizable,
perfectly normal non-archimedean space an archvillain.

Nyikos [N] asked whether all perfectly normal non-archimedean spaces are metriz-
able, i.e. do archvillains exist? The only archvillains previously known were Souslin
spaces or spaces including Souslin spaces. Todoréevié [T'1] proved that in any model
of MA + —wK H, there is no archvillain of weight N;. We are going to prove that
there are M A + =C'H models in which there are archvillains essentially of bigger
weight. Such models of course have no Souslin spaces.

In [QT1], it is proved that every archvillain includes one of size X; if one Mitchell
collapses a supercompact cardinal to Ny. There are Souslin trees in Mitchell models,
however, so it is still open whether it is consistent that there are no archvillains.

This work was inspired by conversations with S. Todorc¢evi¢ and is part of the
author’s doctoral dissertation under the supervision of Prof. F. D. Tall [Q].

We shall use combinatorial principles holding in L to create candidates for
archvillains. These candidates are branch spaces of k-Souslin trees, where x is
either Ny or inaccessible in L. Then we shall use familiar posets to specialize the
initial subtrees of these k-Souslin trees to obtain M A models in which these -
Souslin trees have become archvillains of weight Ns.

0. TERMINOLOGY AND NOTATION

Our topological and set theoretic notations are mainly standard, and can be
found in [El, [K].

Definition. A k-Souslin tree is a tree which has height x and has no antichain of
size K.
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Definition. A poset is called o-dense if any countable intersection of its dense
open sets is dense open.

Trees naturally lead to non-archimedean spaces:

Definition. Let T be a tree. Then the branch space of T is (X (T),T), where
X (T) = {b: b a branch of T with countable cofinality} and the basic open sets are
determined by the nodes of b, i.e. if t € b, then {0/ € T': ¢ € b’} is a basic open set
about b.

Branch spaces are non-archimedean and first countable. Generally, we denote
a non-archimedean space by (X,T), where T is the topological base. If a non-
archimedean space is first countable, then its points can be thought of as branches
of countable cofinality.

Lemma 0.1. An open set in a non-archimedean space is the union of some an-
tichain of the topological tree basis.

Proof. Let U be an open set of (X,T). For ¢ C U we define a; to be the least
member of {t' € T :tNt' #Pand ¢ C U}. Theset A={a;:t €T andt C U}
is an antichain because of the minimality of a;’s. The union of A must be U, since
for any = € U, there is t € T such that x € t and ¢t C U, hence a; must have been
in A already.

We call such an antichain the representative of the open set. We sometimes do
not distinguish between an open set and its antichain representative. Also, a point,
which is a branch, has a base which is a cofinal chain of that branch. A smaller
basic open set is a node at a higher level. [l

Lemma 0.2. The antichain representative of a dense open set is a mazimal an-
tichain.

Proof. If the antichain is extendable, the open set cannot be dense. [l

Definition. An antichain is called F,, if its union is F, in the branch space topol-
0gy.

Lemma 0.3. If U = U, c,, Fn with the F,,’s closed in X(T), then F, = J{aq :
ao N F, =0} is closed for all n, where {a, : o < k} is the representative of U.

Proof. If x is not in | J{aq : aa N F,, # 0}, then z is not in F,,, so thereisat €T,
tNF, = (), such that x € t. This basic open set t does not meet F,,, for otherwise, ¢

will meet some a,, which meets F,,. But then either t C a, ort D an. Ift C aq, then
zisin J{an : aa NF, # 0}; if t D ay, then t meets F,,. This is a contradiction. O

Definition. A sequence W7, Ws, ... of open covers of a topological space is called
a development for the space X if for every point x € X and any neighbourhood U
of x there is a natural number i such that st(z, W) =J{w e W,:z ew} CcU. X
is called developable if it has a development.

A metrizable space is easily seen to be developable.
Lemma 0.4. Non-archimedean spaces are collectionwise normal spaces.

Proof. Let (X, T) be a non-archimedean space. If {F; : i < k} is a discrete family
of closed sets, then for every i and for every « € F; there is a t(z) containing x such
that t(x)NEF; = Qfori # j. Thenifz € F;,y € f;,i # j, wehave t(x)Nt(y) = 0. O
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This can also be seen by using the fact that a non-archimedean space is a gen-
eralized ordered space or that it is ultraparacompact [NRJ.

Lemma 0.5. A branch space X (T) is developable (therefore metrizable, since non-
archimedean spaces are collectionwise normal) if and only if there is a countable
family of antichain coverings whose union forms a base.

Proof. Tf {A1, Aa, ...} is a sequence of antichain coverings whose union is a basis,
then for every point z and any neighbourhood U of x, there is an a(z) € A;
for some i such that z € a(z) and a(z) C U. Since each A; is an antichain,
U{a € 4; : © € a} = a(x). Hence such a family is a development.

On the other hand, if X (T") has a development {1, Wa, ...}, we can replace W;
by an antichain covering for all 7. For every ¢ € T such that t C [J{w : w € W}, we
define a(t) = min{t' € T : Jw e W;(t' Nt # 0, C w)}. A= {a(t): Iw e W;(t C
w)} is an antichain and it is a refinement of W;. O

Definition. The upper part above an antichain A, denoted as up(A), is defined as
{teT:3a€ Ala < 1)}

Note that the upper part of a maximal antichain A is dense open in a tree T,
i.e. for any t € T there is s € up(A), such that ¢ <r s; and for every ¢, if there is
an s € up(A) such that s < ¢, then ¢ is in up(A4) as well.

Lemma 0.6. If T is a o-dense tree, and the non-archimedean space (X,T) does
not have isolated points, then X is not metrizable.

Proof. See Lemma 1.2 in [QT7]. O

Definition. A strong Baire space is a topological space in which the intersection
of countably many dense open sets is dense open.

Lemma 0.7. T is o-dense if and only if (X, T) is strong Baire.

Proof. We first show o-density implies strong Baireness. The antichain representa-
tive of a dense open set is the maximal. The upper part of the maximal antichain is
dense open in the tree T'. Since the space X is o-dense, the intersection of the upper
parts of the maximal antichain representatives is dense open in 7. The union of a
dense open set of T' is dense open in X. Therefore, the intersection of countably
many dense open sets of X is dense open.

On the other hand, a maximal antichain of T' represents a dense open set. There-
fore, strong Baireness implies that the upper parts of countably many maximal
antichains will have a dense open intersection. O

Lemma 0.8 ([ST]). An archvillain contains an open subspace which is strong Baire.

Proof. See the proof of Theorem 4.2 of [ST], where it is proved that if X is an
archvillain, then it contains an open subspace whose base is o-dense. [l

Lemma 0.9. For a < ht(T') and cf(a) > w1, X(T | @) is a subspace of X(T).

Proof. X(T | ) C X(T), since cf(a) > wy and points are branches of countable
cofinality. The basic open sets of X (T | «) are of the form ¢t N X(T | «), where
teT | a. O
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1. N5-SOUSLIN TREES AND k-SOUSLIN TREES
Lemma 1.1. Let cf(k) > w. k-Souslin trees are o-dense.

Proof. A dense open set in a tree is the upper part above a maximal antichain.
Since an antichain has size less than x in a k-Souslin tree, a maximal antichain
must lie in an initial subtree T' [ « for some a < k. Since cf(k) > w, given
countably many maximal antichains, there will be a § such that § < k and all of
the maximal antichains are included in T' [ §. For any node t € T, there is a t’ such
that ¢ < t’ and ¢’ is above level Ty, i.e. t’ is in the intersection of the upper part of
the maximal antichains. ([l

k-Souslin trees, where k is either Ny or inaccessible, will play an important role
in our proofs. We need to review the structure of these trees. The notation and
techniques used are all from Devlin’s book [D].

We work in L. We are going to construct an No-Souslin tree and a x-Souslin tree,
where £ is an inaccessible cardinal which is not weakly compact. The L machinery
employed here is [(J-sequences and <{>-sequences. The existence of [J-sequences at
the inaccessible level is assured by the assumption of non-weak compactness.

Definition 1.1. A O, (E) sequence, where E C wq, is a sequence {Cyla < we &
lim(c)} such that

(1) Cy is club in o

(2) cf(a) <wi — otp(Ca) < wi;

(3) if & < « is a limit point of Cy, then o ¢ E and Cyr = o/ N C,,.

Definition 1.2. A <, (F) sequence is a sequence (So|a € E) such that

(1) So C a, for all «;
(2) whenever X C ws, the set {a € E|X Na = S,} is stationary in ws.

Assume V = L. Let k be an inaccessible cardinal which is not weakly compact.
Then there is a stationary set E C k and a 0,,(F) sequence {Cylar < k& lim(a)}
such that

(1) C4 is club in o

(2) Va € E, cf(a) = w;

(3) if & < « is a limit point of Cy, then o ¢ E and Cyr = o/ N C,,.
Also, there is a {,(E) sequence (S,|a € E) such that

(1) Sa C a, for all a;

(2) whenever X C &, the set {a € E|X Na = S,} is stationary in &.

We will now construct an Ny-Souslin tree. The {,,-sequence is used to capture
antichains; the O, -sequence is used in defining those branches as follows:

At level a, lim(«), for each x € T' | a we define an a-branch 4% of T' | a such
that x € b%. If cf(a) = Mg, let (7o (V)|v < Aq) be the monotone enumeration of Cy,.
We start at the level T, (), Where v, (z) is the least v such that z € T' | y4(v).
Define pf,(va(z)) = the least ordinal y € T, () such that 2 <7 y. Then we continue
to pick up elements at the successor level by pf, (v + 1), the least y € T, (,11), such
that p?(v) <rp y; at the limit level, say lim(n), we pick up pZ, namely the unique

€ T, () such that (Vv < n)(v > va(z) — pL(v) <7 y), provided such a y exists.

Set b ={y e T | a|(Fv < Ao)(y <1 pE(V)}.

The [J-sequence prevents the construction of branches from breaking down. We
now define T,, as follows:
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Case (1). a ¢ E or a ¢ Lim. We just add new ordinals from R, to provide each
branch b, z € T | o, with an extension in Tj,.

Case (2). @ € ENLim, but S, is not a maximal antichain of T,. In this case,
construct T, just as in Case (1).

Case (3). @ € ENLim, and S, is a maximal antichain of T | a. Then we only
extend b% such that z lies above an element of S,.

Such a construction yields an No-Souslin tree. If we use a [O-sequence and
a {-sequence, the analogous construction will yield a x-Souslin tree, if x is an
inaccessible non-weakly compact cardinal [D]. We will call Souslin trees constructed
in this manner boxy. Note that at any level below x, by construction, T' | « has
fewer than k cofinal branches.

It is interesting to notice that usually forcing will not add a new chain of cofinality
w1 to these trees. This was proved by Stevo Todorcevié [T3].

Lemma 1.2 ([T2]). Let M be a model of ZFC plus {$n, plus Oy, and let T be
a boxy No-Souslin tree constructed in M. Let o € M be a forcing poset which
preserves Ny, and does not collapse No to Ry. Then T will not have new chains of
cofinality w1 in the extension M¥®.

Boxy Souslin trees only have branches of countable cofinality, for the underlying
set E of the ¢ (F)-sequence is a subset of {a € & : cf(a) = w} and boxy Souslin
trees’ branches only terminate at level o, a € E.

We note for use in [QT3] that the tree we have constructed has at most x many
branches of cofinality w.

Let us fix a boxy k-Souslin tree S, and its branch space X (S).

Now we are ready to prove our consistency results.

2. AN MA MODEL WITH AN ARCHVILLAIN OF WEIGHT Ng

To start the forcing process, we choose L as our ground model. We do the usual
cec forcing to obtain M A + ¢ = Ry [B]. A modification of the proof in [B] shows
that p has the Ky,-property, i.e. any subset of o which has size Ny has a subset
of size Ny which is pairwise compatible. By the technique of [B], this implies the
forcing will not add new antichains of size Ny to No-Souslin trees, in particular,
boxy ones. Here is the lemma:

Lemma 2.1. Assume the following:
(a) Py is the direct limit of (Pg: 3 < «).
(b) If B < «, then Pg has size less than k.
(c) If cfa =k, then {8 < a: Py is the direct limit of (Py : vy < 8)} is stationary
m o
Then P, has the K,-property.

Proof. Let A = {p¢ : £ < k}. Let (¢ : £ < k) be a continuous sequence of
ordinals cofinal in . Define f : k — & by f(§) = the least n such that support
(pe | ag) C ayy. (c) implies f is regressive on a stationary subset of k. By the
pressing down lemma, f is constant on a stationary set S, i.e. f”S = {n}. Since
P,, has size less than s, {p¢ [ a; : & € S} has property K. By thinning out,
we can assume that if £,& € S, then pe, and pe, are compatible, and support
(pe,) C ag,. Let r < pg | auy,pe, | @y, and define ¢ € P, by ¢ | oy = r and
q(ﬁ) = p§1(ﬁ)7 if Ay < 6 < Qig,; OF pEQ(ﬁ)? if Qgy < ﬁ < a. Then q < Dgy 5 Des - So
{pe : £ € S} are pairwise compatible. O
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Since S remains an Ng-Souslin tree in the extension, it is therefore o-dense, and
therefore the branch space X (.5) is not developable.

It will suffice to prove X(T') is perfect, i.e. open sets of X(S) are F,, since
non-archimedean spaces are normal.

To see that X (.9) is perfect in the extension we need two lemmas as follows:

Definition. T is called an Ry-tree if ht(T") = wq and |T'| = N;.
An Nj-tree may have uncountable levels.

Lemma 2.2. The usual poset (see e.g., [B]) which specializes an Ri-tree which has
no cofinal branches actually produces a generic development of the ground model
branch space of this tree.

Proof. This is a density argument. The conditions of the poset are finite pieces
of a countable family of antichains of the tree, i.e. p € g if and only if |p| < Ry,
dom(p) C T, rang(p) C w and for all n, p~1(n) is an antichain. It suffices to prove
that the generic antichains are actually coverings of the space, for the union of the
generic antichains is the whole tree and therefore a development.

To see that each antichain of the family is a covering, we just need to know that
for any point of the space, we can always add one basic open set to the antichain
to conclude this point is in the union of the antichain.

Forz e X(T),n<w,let Dy ={p€p:3HecT(plt)=nandz ct)}. We
verify Dy ,, is dense:

If p is not in Dy ,, then z is not in any ¢ such that p(t) = n. Since p is finite,
there will be some ¢’ € T such that « € ¢ and for t € dom(p),p(t) = n implies
tNt' =0. Let q(t') =n and for ¢t € dom(p), q(t) = p(t). Then q extends p.

In the extension, T' = |J{A4, : n < w}, where each A, is an antichain cover of
the space. For x € X st(z, A,) is the unique t € A,, such that x € ¢. O

Lemma 2.3. If an Ny tree T has at most X1 many cofinal branches, its branch
space has a basis T', T’ C T, such that T is an Ni-tree with no wy-branches.

Proof. Enumerate cofinal branches by {b, : & < w1 }. Let ty be the least element of
bo, let to be the least element of b\ U{bs : B < a}, let S = {t: Ja(ta <t € by)},
and let 7" =T\.

T’ is a basis of X(T'). Otherwise, there would be a point z which would be a
branch of countable cofinality whose tail is a subset of S, i.e. there is an « such
that z\z [ @ C S. Let By be the least 3 such that bg N (z\z | @) # 0. But x\bg,
is not empty, for otherwise x cannot be a branch of countable cofinality. Therefore
there is a least element t of x\bg,; t is in S, hence there is a bg which contains ¢.
Let 1 be the minimal such 8. Clearly, By < $1. Then x Nbg, C U{bg: B < b1},
sotg, >xNbg,. But tg, <t, sotg, isin z\z | o. This is a contradiction. O

We call a tree base trimmed if all its branches of uncountable cofinality are
deleted but it remains a base. Therefore Lemma [Z3] provides a way of trimming
an Np-tree which has at most 8; many wi-branches.

Applying Lemma, 2.3] inductively, we can trim trees of size X; with at most ¥
many branches of cofinality w;.

Lemma 2.4. IfT is a tree of size Xy with at most Ny many branches of uncountable
cofinality, then there is a subset T of T', which is an Wi-tree with no Ni-branches,
and T' is a base of X(T).
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Proof. Let {\, : @ < wa} be the increasing continuous sequence of ordinals which
either have cofinality wi and are less than wo, or are w-limits of such ordinals.

We prove the lemma by induction on the height of trees.

The case A\g = w1, i.e. ht(T') = wy, is covered by Lemma 23]

Now we consider the successor case, Agt1. T' | Ag has been trimmed. This is just
another tree of height wy. So we trim T\T' [ A,. The union of these two trimmed
parts, T [ Ay U (T\T | An)’, is a base of X(T).

Finally, we consider the limit cases, either cf(a) = wq or cf(a) = w.

In the first case, we pick Ao, < Aay < - < Aq,, < -+ < Aq. Bach T [ A,,, can
be trimmed. Without loss of generality, we assume each T' [ A,,, has been already
trimmed. Therefore, each T' [ Aa,,,\T [ As, has been trimmed. We keep the
bottom level of each T' | Aa,, ., \T' [ Aa,,. This will not change the topology of the
corresponding branch spaces, but this step is necessary to ensure that the cofinal
branches of T' [ A, have cofinal chains in the direct sum of trimmed T [ Ao, \T |
A, ’S.

In the second case, we fix an increasing sequence Ao, < Ag, <+ < Agy <00 <
Aa,,, > where ay, = a. We trim each T' [ Aoy, \T [ Ao, With its bottom level intact.
Then take the direct sum. Now we will get an wi-tree which may still have some
wi-branches. Apply Lemma 23] once more, and it is done. [l

Also, by the proof of Lemma [Z2] since as is well known the specializing poset
satisfies the countable chain condition, we get the following result:

Lemma 2.5 (MA). If (X, T) is first countable, non-archimedean, | X| < 2¢,T has
at most N1 many branches of uncountable cofinality, then X is metrizable.

We now return to the proof of perfectness. In the extension, M A holds. There-
fore all branch spaces of Ni-trees with at most ¥; many cofinal branches are
metrizable, according to Lemma 251 By Lemma [[.2, we know that the boxy
No-Souslin tree has no new initial branches of cofinality N;, hence for all a with
cf(a) = 8y, X(S | @) has a development. Any open set U in X(S5) is actually a
union of an antichain of S. Let a = {aq : @ < w;} be the antichain. We are
going to expand this antichain of size Ny to an W; subtree of S. Pick one point, a
branch of countable cofinality, z, from a,, Voo < wy. There is some n < Ny such
that {zq : @ < w1} C S [ n and cf(n) = wy. By the lemmas, we conclude that the
branch space of S [ 7 is metrizable, and therefore the open set UNX (S [ 1) in ques-
tion is F,, in the subspace X (S [ n). U = |J F,, with the F},’s closed in X (S | n) and
we know by Lemma (3] that we can assume F,, = (J{aa N X (S | 1) : ao N F,, = 0}.
But then, it is easy to see U is also F, in X(S). Let F, = J{aa : aa N F, # 0};
then some ﬁn would be not closed, if U were not F,. There would be a point
2 € cl(Fpy)\Fp,. x is not in X (S | 1), by Lemma Hence this « must lie above
Sy, hence there would be a t € S, such that « € ¢. Since z is a limit point of ﬁno,
t intersects ﬁno. Therefore there is aq, aq N ﬁno # (), and t meets a,. But, then
tC ﬁno, a contradiction.

The weight of X (S) is No. If X has a base B of size Ny, for each b € B, find
one t, € S such that t, C b. 7' = {t, : b € B} is included in S | a for some
a < Ng. Clearly T’ does not include a base for points which are branches of
countable cofinality in S\\S | a. Now, we can claim the following theorem:

Theorem 1. Con(M A+ ¢ = Rao+ there is a non-metrizable, perfectly normal non-
archimedean space of weight and size Na).
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There has been some interest in constructing non-metrizable spaces such that
small subspaces are metrizable. Here we have a perfectly normal one. To see that
every subspace of size N, is metrizable, we only need to point out that for a subspace
of size Ny, there must be some « such that the subspace is included in the branch
space of T' [ a.

3. AN M A MODEL WITH AN ARCHVILLAIN OF WEIGHT AND SIZE Ny
BUT NONE OF SIZE ¥

Since the boxy Na-Souslin tree gains no new w; initial branches, it will yield an
archvillain of weight o in any M A model created by a property-Ky, forcing which
does not collapse X;. In [ST], Shelah and Todorcevié obtained an M A model with
no Baire space of size X;. Noticing that by Lemma [0.8] an archvillain contains an
open subspace which is Baire, we see that this model contains no archvillains of
size N;. We can prove that in this model there is an archvillain of weight and size
Ny by verifying the forcing they used has property Ky,.

The poset used in [ST] is a countable support iteration of Rg steps. All ccc posets
of size N appear in the iteration, in particular g, forces M Ay, plus 280 = R,.
The iteration takes care of Ni-trees as follows:

For any p.,-name T of a tree of size N; and height wq there exist stationarily
many ¢ < wg with cf(d) = wy such that psr1 = s * C’wl * o * Sp«, where C’wl is
the standard poset for adding X; Cohen reals, C,,, %" pr is a poset for embedding
a generic tree T into T and Spe is a cce poset for specializing T™* [ST].

The iteration has the following properties:

1. Vo < wa, p, satisfies Ro-p.i.c. (Ro properness isomorphism condition) [ST].
2. C"u,1 * 7 * S+ satisfies No-p.i.c.

3. Pu, is proper and Na-cc ([ST], [S]).

4. C’wl * o7 * S« satisfies Ro-p.i.c. [J].

CH is preserved at all intermediate stages since we have the following lemma.

Lemma 3.1 ([S]). If ap < K, {Pa,Qq : & < ap) is a countable support iteration,
each Q, satisfies the k-p.i.c*, and (Vp < k)™ < K, then 280 < g in VFeo.

Now we are ready to prove that ., has property Ky,. First we examine the
poset 7.

Let T be a tree of size X1 and height wy. Let Br be the set of all wy-branches of
T. Let pr be the set of all pairs p = (mp, fp) where:

1) mp is an order and level preserving map from a countable initial part of T
onto a countable initial part of (wy)<*?;

2) fp is a countable partial map from By into w; such that every member of
dom(f,) intersects each level of dom(m,);

3) if fp(b) = fp(c), then m,(s) = mp(t) for all s € bNdom(mp) and t € cNdom(mp)
of the same height.

For p, q € pr, define ¢ < p if and only if 7, O mp, fy D fp and mp(s) # my(t) for
all s € dom(mp) and t € dom(mg\mp).

Since C'H holds at all intermediate stages of the iteration, the size of the set
{mp : p € pr} is forced to be at most N;. By the same reason so are the Cohen
forcing poset and the poset which specializes an N;-tree. The iteration satisfies the
Ny properness isomorphism condition [ST| and therefore is Ro-c.c. In fact as we
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shall show, by a minor variation of the proof of Na-c.c. in [J], No-p.i.c. implies the
Ky, property, if CH holds in the ground model.

Definition. p satisfies the k-p.i.c. (k properness isomorphism condition) if the
following holds:

If X\ is big enough, (N; : i < k), is a sequence, where

1) Vi, N; is a countable elementary submodel of (H()), <, €);

2) Vi < k,k € N;, p € N;j,i € Ny;

3) Vi< j,NiNk Cj N;Ni=N;Nj, and h is an isomorphism from NN; onto N,

h F (Nz ﬂNj) = Zd,h(l) Zj;

then for any ¢, any p € N;, there is ¢ € p, such that:

a) ¢ < p, h(p), and for every maximal antichain A C p, A € N;, ANN; is
predense below g¢;
b) for every r € N; and ¢*, ¢* > q, there is ¢" < ¢* such that [¢” < r iff ¢" <

h(r)].

Lemma 3.2. Suppose (Vi < Ro)uR0 < Ry, and g satisfies the No-p.i.c. Then o
satisfies the Ky, -property.

Proof. Let p; € p, i < No. Let A = {p; : i < Na} and let A be a sufficiently large
cardinal. Let, for alli € Ry, i € N;, p; € N;;, A € N;, N; < H(\), and N; countable.
Let h(i) = sup(N; N1), so h is a regressive function. By Fodor’s lemma, for some
v, {i : h(i) = v} is stationary.

By CH, there is some B C v, S = {i : N; Ni = B} is stationary and we can
take a B’ D B such that i # j € S = N; N N; = B’. Now there are Ry models
(Ni,pi,i,b)pep and Ry > 2% and the number of isomorphism types of such models
is 2% 50 for Xy many i’s, N; have the same isomorphism type. So for these models,
if ¢ < j there is an isomorphism h : N; — Jj(onto), h(p;) = p;,h | B’ = id. Now
apply the definition of Re-p.i.c. By item (a), p; and h(p;) = p; (since h(i) = j) are
compatible. Hence, p has Ky,-property. [l

Corollary (CH). The poset g, has property Ky, .

Theorem 2. IfT is a boxy Na-Souslin tree and V is a model of CH, then in V¥«2:
1) MA+ 2% = Ry;
2) there is no archvillain of size Ny;
3) there is an archvillain of weight and size Na.

4. AN M A MODEL WITH AN ARCHVILLAIN OF WEIGHT Ng
AND NONE OF WEIGHT N

This time, we are going to prove that when we carry out the usual forcing [B]
to collapse an inaccessible k to wa to get CON(MA + —wK H), if £ is not weakly
compact, then S, a boxy k-Souslin tree, becomes a N-Souslin tree and its branch
space X (S) becomes perfectly normal.

The forcing iteration we use is described in Baumgartner’s paper [B]. Recall
—wkK H asserts that every Xi-tree has at most Xy cofinal branches. We set L as our
ground model and k as an inaccessible non-weakly compact cardinal in L; at each
step of the iteration, we use a product of three posets: the first one is a ccc poset
(for the sake of obtaining M A), the second is a countably closed poset (collapsing
a cardinal below k), the third one specialize an Ni-tree (in order to specialize all
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N;-trees in the extension). The iteration has countable support, i.e. full support at
stages of countable cofinality and finite support elsewhere.

Notice that all the posets we used in the iteration have size less than , so the
iteration has the K,-property by Lemma [ZT1l A property K, forcing will not add
any new & antichain to S [B], hence S remains a x-Souslin tree in the extension in
which k has been collapsed to Ns.

Theorem 3. Con(3 inaccessible) implies Con(M A+ “all non-archimedean spaces
of weight < V1 are metrizable” + “there is a non-archimedean space of weight Ny
which is perfectly normal but not metrizable”).

Proof. Similar to the proof of Theorem [d], start with a x-Souslin tree where & is
inaccessible but not weakly compact. Note e.g. the least inaccessible is not weakly
compact. Then we use proper forcing to get an M A model in which there is no
N;-tree with more than ®; uncountable branches. By [I7], all perfectly normal
non-archimedean spaces of weight < N; are metrizable.

In conclusion, I thank the referee for many helpful comments.

REFERENCES

[B] J. E. Baumgartner, Ilterated Forcing, London Mathematical Society Lecture Note Series
87, Cambridge Univ. Press, 1978. MR 87c:03099

D] K. J. Devlin, Constructibility, Springer-Verlag, 1984. MR 85k:03001

[E] R. Engelking, General Topology, Helderman Verlag, Berlin, 1989. MR 91¢:54001

K] K. Kunen, Set Theory, North Holland, 1980. MR 82f:03001

N] P. Nyikos, A survey of Zero-Dimensional Spaces, Topology (Proc. Nineth Annual Spring
Conf., Memphis State Univ., Memphis, Tenn., 1975), pp. 87-114. MR _56:1245

[NR] P. J. Nyikos and H. C. Reichel, On the structure of zero-dimensional spaces, Indag. Math.
37 (1975), 120-136. MR.51:1779

[P] S. Purisch, The orderability of nonarchimedean spaces, Top. and its Appl. 16 (1983), 273—
277. MR._85f:54063

Q] Y. Q. Qiao, On Non-archimedean Spaces, Thesis, Univ. of Toronto, 1992.

[QT1] Y. Q. Qiao and F. D. Tall, Perfectly normal non-archimedean spaces in Mitchell models,
Top. Proc. 18 (1993), 231-243. MR 96g:54033

[QT2] Y. Q. Qiao and F. D. Tall, Perfectly normal non-metrizable non-archimedean spaces are
generalized Souslin lines, Proc. Amer. Math. Soc. (to appear).

[S] S. Shelah, Proper Forcing, Springer-Verlag Lecture Notes in Mathematics, 940, 1982.
MR 84h:03002

[ST] S. Shelah and S. B. Todorcevié¢, A note on the small Baire spaces, Canad. J. Math. 38 no.
3 (1986), 659-665. IMR 88¢:54005

[T1] S. B. Todorcevié¢, Some consequences of M A+ —wK H, Topology and its Appl. 12 (1981),
203-220. MR 83b:03060

[T2] S. B. Todorcevié, Trees, subtrees and order types, Ann. Math. Logic 20 (1981), 233-268.
MR 82m:03062

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO, TORONTO, CANADA M5S 3G3


http://www.ams.org/mathscinet-getitem?mr=87c:03099
http://www.ams.org/mathscinet-getitem?mr=85k:03001
http://www.ams.org/mathscinet-getitem?mr=91c:54001
http://www.ams.org/mathscinet-getitem?mr=82f:03001
http://www.ams.org/mathscinet-getitem?mr=56:1245
http://www.ams.org/mathscinet-getitem?mr=51:1779
http://www.ams.org/mathscinet-getitem?mr=85f:54063
http://www.ams.org/mathscinet-getitem?mr=96g:54033
http://www.ams.org/mathscinet-getitem?mr=84h:03002
http://www.ams.org/mathscinet-getitem?mr=88c:54005
http://www.ams.org/mathscinet-getitem?mr=83b:03060
http://www.ams.org/mathscinet-getitem?mr=82m:03062

	0. Terminology and notation
	1. 2-Souslin trees and -Souslin trees
	2. An MA model with an archvillain of weight 2
	3. An MA model with an archvillain of weight and size 2 but none of size 1
	4. An MA model with an archvillain of weight 2 and none of weight 1
	References

