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ABSTRACT. We consider the problem of minimizing the energy of the maps
u(r,0) from the annulus Q, = B1\B, to S? such that u(r,0) is equal to
(cos 0,sin 6,0) for r = p, and to (cos(6 + ), sin(f + 6p),0) for r = 1, where
0o € [0, 7] is a fixed angle.

We prove that the minimum is attained at a unique harmonic map wu,
which is a planar map if log? p + 302 < w2, while it is not planar in the case
log? p+ 0% > 2.

Moreover, we show that u, tends to v as p — 0, where ¥ minimizes the
energy of the maps v(r, §) from B to S2, with the boundary condition v(1, ) =
(cos(6 + 6p), sin(f + o), 0).

1. INTRODUCTION

Let 2, = {(z,y) € R? | p? < 2® + y? < 1} be an annulus of R?, let 6, € [0, 7] be
fixed, and let

(cos B, sin, 0, 0) if = p,

= 9 =
v =10 (cos(fp),sin(d + 0p),0) if r =1.

We consider the problem of minimizing the energy functional

Ep(u):/ |Vul|? drdy

P

in the class
E={ue H(Q,,5%) |u=v ondQ,}.

The critical points of the functional E,, and, in particular, its minima, are
harmonic maps which satisfy the Dirichlet boundary condition u = v on 0€2,.

It is well known that the minimum of E, is always attained at some point u,
of £, and in the following we shall prove that this minimum point is unique, and
satisfies some kind of symmetry.

On the other hand, we consider the same problem for planar harmonic maps,
namely for maps whose image u(,) lies in the equator S* of S2.
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The latter problem has a simple solution, that is,

(1.1) ug(r, 0) = (cos(6 + xo(r)),sin(d + xo(r)),0),
where
(1.2 xo(r) = 2oL

S0 it is a natural question to wonder when wug is also a solution of the first.

The main result of this paper shows that this is the case for log? p+ 303 < 72,
namely for §y < 7/v/3 and p > e~V ”2’393, while for log? p + 62 > 72, namely for
p<eV ”2*93, we have a situation of “escape in the third dimension”.

In the case log? p+ 302 > 7% and log? p + 02 < 72, the behavior of the energy
functional is not clear; we have probably a planar minimum, but we have not been

able to prove this.
Let us consider now the minimum o of the energy functional on the set

Ep={ve HY(By,5%) |v=7 on dB;}.

Since the energy functional is invariant for rotations, from the results of [2] we
know that the minimum is unique, and we have, in polar coordinates,

(1.3) o(r,0) = (cos ¥(r) cos(0 + ), cos ¥ (r) sin(f + ), sin ¥(r))

where
_ 1 i
1.4 U(r) =2arctg | - | — —.
(1.4 (1) =2orcte (1) - 5

We prove that the minimum wu, of E, converges to v as p — 0, uniformly over
the compact subsets of B1\{(0,0)}, and the minimum E,(u,) goes to 8.

This kind of bifurcation phenomena has been studied in [I] in the case of radially
symmetric boundary data, namely in the case 8y = 0. In [I] the bifurcation point
is e”™, so that our result is a natural generalization of this situation.

Finally, we remark that, in the case §y = 7, no bifurcation can occur, in the
sense that for all values of p €]0, 1], the map u, is not contained in S*.

2. PROOF OF THE RESULTS
Let & be the class of the maps u = u(r,d) € £ such that
(2.1) u(r,0) = (cos U(r) cos(d + x(r)), cos ¥(r)sin(f + x(r)), sin ¥(r))

for some functions ¥ : [p, 1] — [0,7/2], x : [p,1] — R, with x(p) = 0, x(1) = 6o.
First of all, we shall prove that, if E,(u) = ming E,, then u € &, and it is
unique.
The proof is based on the symmetrization method of [3] (see also H], [5]), and
we sketch it for the reader’s convenience.

Theorem 2.1. If E,(u) = ming E,, then u € & ; moreover, if E,(u1) = E,(u2) =
min,eg E,(u), then u; = us.

Proof. Let u € € be such that E,(u) = ming E,. Then, in polar coordinates,

wo= [ ([ (3) 5 (%) )v

where S, = {(z,y) € R? | 2% + y* = r?}.
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We set

(2.2) eN(r)z/ST (%)2655, eT(T):/STTiQ (%)st,

and consider the components of u in the radial, tangential and vertical directions:
u™ (r,0) = (u(r,0) | (cos,sinh,0)),

(2.3) u?'(r,0) = (u(r,0) | (—siné, cosb,0)),
u?(r,0) = (u(r,0) ] (0,0,1)).

Then, a simple calculation shows that

o= [ () - (5) +(5))»
o=z (%) (55) + (5)

N2 T\2 T N
_9Zr 977
+ (u)* + (u) 89u+8t9Ud
We consider now the function @ with components

1
alN(r,0) =N (r) = Co /s uN (r,0)ds,

1
al'(r,0) =T (r) = Ier /S u”(r,0)ds,

Clearly u € &y, and we prove now that
(2.4) eN(r) <eNr),
(2.5) el (r) < ef(r),

where ¥ (r) and €7 (r) are the analogues of ([Z2) for the function .

In fact, since
ou? 0
- _Z —uN (2 — T ()2
5= (Vim0 = 2).

we have

o= [ () -y L )

or or 1—(N?2)2 — (uT)?

so (2.4) follows from the convexity of the function G (v, w) = |w|? + §“_"f;>|z (see [B],

Lemma 1).
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Moreover, since the components of @ do not depend on 6, we have:

1 du—a)\> , 1 ou\ > 1 o\
r? Js, ( 00 ) ds = r? Js, <89> ds 72 /S ou ds
= eT(r) - éT(T)7

so that (ZH]) follows.
Since w is a minimum of E,, we have e’ (r) = €7 (r), so that u — @ is constant
on S, thus u = 1.
In order to prove uniqueness, let us suppose that the minimum of E, is attained
at uy and wue, with w1 # ug, and set ug = (u1 + u2)/2.
Using the fact that the components of u;, i = 1,2, 3, do not depend on 6, we get
1

S0+ 0) —F) = g [ -l o o)

where e (r) is the analogue of ([2.2) for u;, so

5() < 5T () + e ().

On the other hand, we have, because of the convexity of G(v, w),

5 (1) < SN () + el ().
Then
Fy(us) < 5(Byur) + By (u2) = min E,(u),
a contradiction. O

Now, let us consider the energy E, for the functions (ZT]), with the substitution
r=eh

0
E,(u) = 27r/ (@ + (1 + ") cos? p)dt,
log p
where ¢(t) = U(e!) and o(t) = x(et).
It is easy to see that the critical points (¢, o) of E, satisfy the following system
of ordinary differential equations:

{Lp” + (14 0'%)sinpcosp =0,

2.6
(2:6) —o" cosp+ 290’ sinp =0

on [log p, 0].

From (28] we have that ¢ is concave on [log p,0] and symmetric with respect
to t = (logp)/2, with a maximum point at ¢ = (logp)/2, whereas o(t) = 6y —
o(logp — t), namely o is symmetric with respect to 6p/2, and it is convex on
[log p,log p/2], and concave on [log p/2, 0].

Moreover, from the second equation of the system, we get d(o’ cos? )/dt = 0,
so that

(2.7) o’ (t) cos® p(t) = A

on [log p, 0], and, by inserting this in the first equation, d(¢'?+sin®(p)+M?tg?(p))/dt
=0.
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Finally, we notice that
0

E,(u) — Ey(uo) = 27r/

92
<<p’2 —sin? p + 0% cos® p — —2 ) dt,
log p

log? p
where ug is the function (LI).
Then we can prove the following theorem.

Theorem 2.2. Let p €]0,1[; we have:
1°) iflog? p + 03 > 72, then min,ee E,(u) < E,(uo);
29) if log? p + 302 < 72, then min,es E,(u) = E,(uo).
Proof. Let us suppose first that log2 p+0% > 72 thatis, p<e V ”2—93, and set
u(r,0) = (cos U(r) cos(f + xo(r)),cos U (r)sin(d + xo(r)),sin ¥(r)),
where g is the function defined in (I2)). Then we have
Znelg Ep(u) — Ep(uo) < Ep(u) — Ep(uo)

0 92 92
:27r/ <<p’2—sin2<p—|— 9 cos?p— —2 >dt
log p log” p log” p

0 92
= 27r/ <<p’2 - <1 +—2 > sin? <p> dt.
log p IOg P

Setting ¢(t) = Bsin(nt/|log p|) as in [1], and using the fact that p < e~ V™ %
implies 72/ log? p < (1 + 62/ log? p), we have

0 92
27r/ <<p’2 - (1 + g ) sin? go) dt
log p 10g P
02 0 t t
<27 (1 + % ) / (62 cos? (W—> — sin? (6sin (ﬂ—>>) dt,
log® p/ Jiog p | log p| | log p|

so that E,(u) — E,(ug) < 0 for some value of 3, and this proves the first claim of
the theorem.
Let us suppose now that log2 p+30%2 <72 and let u € & be such that

Ey(u) = min E, ()

We want to show that ¢ = 0, so that u = up. Arguing by contradiction, we suppose
@ # 0; then we have M = max;c(iog p,0] 2(t) > 0.
Because of the concavity of ¢ on [log p, 0], we get

2M
o(t) >
log p

(logp —1)

on [log p,log p/2], so that
0

/ o2dt > “O—:?%”'MQ.
1

og p
Since

0 2 0
/ @Rt > — / o2dt
log p log” p Jiog p
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and 72/ log? p > 1, we have

0 0 2 2 1
(28) / (SD/2 _ SDQ)dt 2 / < 7T2 . 1> s02 dt Z ( 7T2 . 1> | ng|M2
log p log p \10g" p log” p 3

From (270) we get

A= d'(t) cos®(p(t)) > o' (t) cos* M

and, integrating over [log p, 0]:

A > % cos® M.
| log p|
Then
0
(2.9) o (t) cos®(p(t)) = Ao’ (t) > o’ (t) | logp| cos? M.

By using (2:8)) and (Z9)), we get
Znelg Ep(u) — Ep(uo) = Ep(u) — E,(uo)

0 92
:27r/ (@'Q—Sin2g0+0’2cos2go— v >dt
1

ogp 10g2p

0 92
:277/ ((4,0'2—4,02)4—(302—sin2<p)+a'2(205230— 9 )dt

log p 10g P

Vv

2 1 92 92
27r<< 7T2 _1>|ng|M2+ 0 o2 M — 0 >
log” p 3 | log p| | log |

2 2
:277((7T—2—1>|10gp|M2— % sin2M)>0,
log” p 3 | log pl

since log? p + 302 < 72 implies
2 2
( s _1) L ,
log™ p 3 | log p|
and M is strictly positive. We have obtained a contradiction, so that M = 0, and
the theorem is proved. O

Let us denote now by u, the minimum point of the functional E,; we set
u,(r,0) = (cos U, (r) cos(8 + x,(1)), cos ¥, (1) sin(f + x,(r)), sin ¥, (r)),

so that
0

Byl) = Bylomay) =2 [ (e + (14 o) cos (o, ),
og p
where ¢, (t) = U,(e') and o,(t) = x,(e").
We recall that ¢, and o, are solutions of the system (Z6]), namely

(2.10) @)+ (1+0;)2) sin ¢, cosp, =0,
' —0y, cos p + 2,0, sinp, =0,

and that

(2.11) o, (t) cos® p,(t) = A,

on [log p, 0].
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We want to study the behaviour of u, as p — 0. For this purpose, it is convenient
to introduce some notation for the sets of the functions u = u(r, §) from €2, and By
to S2? with standard radially symmetric boundary conditions.

We set

Ep ={ue HI(QP,S2) | u(p,8) =u(1,0) = (cosf,sinb,0)},
Ep ={uc H' (B1,5%) | u(1,0) = (cosh,sinh,0)},

and denote by Ep and E the corresponding energy functionals.

From [1], [4] we know that the minima of the functionals E, and E are attained
at a unique map %, and @ respectively (modulo reflections), which is radially sym-
metric, namely

,(r,0) = (cos(¥,(r)) cos 0, cos(¥,(r)) sin @, sin(V ,(r)))

and

a(r, ) = (cos(¥(r)) cos b, cos(¥(r))sin b, sin(¥(r))).

The map u corresponds to the stereographic projection of By onto the northern
hemisphere, so that

U (r) = 2arctg <1> - g
r

Moreover, after the substitution r = e?, we have

0
By(u) =2n [ (o + cost(gn))dr
log p
where @,(t) = ¥, (e?).
As p — 0, the map 1, tends to 4 uniformly over the compact sets contained in

B1\{(0,0)}, and the minimum E,(u,) tends to 87 = E(u) + 47 (see [1], Theorem
2).
We now prove the following theorem.

Theorem 2.3. As p — 0, the map u, tends to v (see (L3)) uniformly over the
compact set of B1\{(0,0)}, and E,(u,) tends to 8.

Proof. Since u, is a minimum point, replacing the functions ¢, and o, with ¢, and
0o — thy/ log p respectively, we have

0 2
Bt <2 [ (4 (1 ) o)

log p og p

_ o2 [0 _
=E,(u,) + —20/ cos®(@,)dt.
log™ p Jiog p

On the other hand, since 1, is the minimum point of E,, we have

0 0
(17 + cos®(p))dt > 27T/ (@ + cos®(p,))dt = E,(a,),

log p

E,(u,) > 27r/

log p
so that

_ _ om0 [° _
Byl0,) < Enluy) < Bylug) + g [ cost(,)at.
og P Jlogp
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Passing to the limit as p — 0, we get

(2.12) liII(l) E,(u,) = 8.
p—

Moreover, (Z12)) implies that flggp <p’det is bounded as p — 0, so (¢,), converges
weakly in H (] — o0, 0]) to a function ¢ :] — 0o, 0] — [0,7/2]. Notice that, modulo
subsequences, ¢, — ¢ uniformly on the compact subsets of | — 00,0], so ¢ is a
continuous and concave function, and $(0) = 0.

We want to show that

T

1
5(t) = 2arctg (= ) — =
o(t) arcg<et> 5

and that o, — 6y uniformly on the compact subsets of | — 0o, 0], which implies that
u, tends to ¥ uniformly on the compact subsets of B1\{(0,0)}. O

For this purpose we now need the following simple lemma.

Lemma 2.1. We have ¢ € C*(] — 00,0]), ¢, — @, 0, — 0y in C2(] — 0,0])
(modulo subsequences), and @" + sinpcosp =0 on | — 00, 0].

Proof. Let L < 0 be fixed, and let p < e2F, so that log p/2 < L. Since o, is concave
on [log p/2,0], we have o,,(L) < o,,(t) on [log p/2, L]; then

0o log p L log p
3>O'p(L)—0p< 5 >—/1 U;(t)dtZU/p(L) L_T 5

ogp/2

so that o7,(L) — 0 as p — 0.

Since o,,(L) > o,(t) on [L,0], we have o},(t) — 0 uniformly on [L,0]. At this
point the lemma follows by using standard arguments. O

Proof of Theorem continued. From Lemmal[2.7] we have @ +sin ¢ cos $ = 0 on
] — 00, 0], so the map

a(r,0) = (cos(¥(r)) cos b, cos(V(r))sin b, sin(¥(r))),

where U(r) = ¢(logr), is harmonic from By to S2. Because of [I], Theorem A.1
and Corollary, 4 = @, and this completes the proof. O
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