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A BIFURCATION RESULT FOR HARMONIC MAPS FROM AN
ANNULUS TO S2 WITH NOT SYMMETRIC BOUNDARY DATA

C. GRECO

(Communicated by Linda Keen)

Abstract. We consider the problem of minimizing the energy of the maps
u(r, θ) from the annulus Ωρ = B1\B̄ρ to S2 such that u(r, θ) is equal to
(cos θ, sin θ, 0) for r = ρ, and to (cos(θ + θ0), sin(θ + θ0), 0) for r = 1, where
θ0 ∈ [0, π] is a fixed angle.

We prove that the minimum is attained at a unique harmonic map uρ
which is a planar map if log2 ρ + 3θ2

0 ≤ π2, while it is not planar in the case

log2 ρ+ θ2
0 > π2.

Moreover, we show that uρ tends to v̄ as ρ → 0, where v̄ minimizes the
energy of the maps v(r, θ) fromB1 to S2, with the boundary condition v(1, θ) =
(cos(θ + θ0), sin(θ + θ0), 0).

1. Introduction

Let Ωρ = {(x, y) ∈ R2 | ρ2 < x2 + y2 < 1} be an annulus of R2, let θ0 ∈ [0, π] be
fixed, and let

γ = γ(r, θ) =

{
(cos θ, sin, θ, 0) if r = ρ,

(cos(θ0), sin(θ + θ0), 0) if r = 1.

We consider the problem of minimizing the energy functional

Eρ(u) =
∫

Ωρ

|∇u|2 dxdy

in the class

E = {u ∈ H1(Ωρ, S2) | u = γ on ∂Ωρ}.
The critical points of the functional Eρ, and, in particular, its minima, are

harmonic maps which satisfy the Dirichlet boundary condition u = γ on ∂Ωρ.
It is well known that the minimum of Eρ is always attained at some point up

of E , and in the following we shall prove that this minimum point is unique, and
satisfies some kind of symmetry.

On the other hand, we consider the same problem for planar harmonic maps,
namely for maps whose image u(Ωρ) lies in the equator S1 of S2.
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The latter problem has a simple solution, that is,

u0(r, θ) = (cos(θ + χ0(r)), sin(θ + χ0(r)), 0),(1.1)

where

χ0(r) =
θ0 log(r/ρ)
log(1/ρ)

,(1.2)

so it is a natural question to wonder when u0 is also a solution of the first.
The main result of this paper shows that this is the case for log2 ρ + 3θ2

0 ≤ π2,
namely for θ0 ≤ π/

√
3 and ρ ≥ e−

√
π2−3θ2

0 , while for log2 ρ + θ2
0 > π2, namely for

ρ < e−
√
π2−θ2

0 , we have a situation of “escape in the third dimension”.
In the case log2 ρ + 3θ2

0 > π2 and log2 ρ + θ2
0 ≤ π2, the behavior of the energy

functional is not clear; we have probably a planar minimum, but we have not been
able to prove this.

Let us consider now the minimum v̄ of the energy functional on the set

EB = {v ∈ H1(B1, S
2) | v = γ on ∂B1}.

Since the energy functional is invariant for rotations, from the results of [2] we
know that the minimum is unique, and we have, in polar coordinates,

v̄(r, θ) = (cos Ψ̄(r) cos(θ + θ0), cos Ψ̄(r) sin(θ + θ0), sin Ψ̄(r))(1.3)

where

Ψ̄(r) = 2 arctg
(

1
r

)
− π

2
.(1.4)

We prove that the minimum uρ of Eρ converges to v̄ as ρ → 0, uniformly over
the compact subsets of B1\{(0, 0)}, and the minimum Eρ(uρ) goes to 8π.

This kind of bifurcation phenomena has been studied in [1] in the case of radially
symmetric boundary data, namely in the case θ0 = 0. In [1] the bifurcation point
is e−π, so that our result is a natural generalization of this situation.

Finally, we remark that, in the case θ0 = π, no bifurcation can occur, in the
sense that for all values of ρ ∈ ]0, 1[, the map uρ is not contained in S1.

2. Proof of the results

Let E0 be the class of the maps u = u(r, θ) ∈ E such that

u(r, θ) = (cos Ψ(r) cos(θ + χ(r)), cos Ψ(r) sin(θ + χ(r)), sin Ψ(r))(2.1)

for some functions Ψ : [ρ, 1]→ [0, π/2], χ : [ρ, 1]→ R, with χ(ρ) = 0, χ(1) = θ0.
First of all, we shall prove that, if Eρ(u) = minE Eρ, then u ∈ E0, and it is

unique.
The proof is based on the symmetrization method of [3] (see also [4], [5]), and

we sketch it for the reader’s convenience.

Theorem 2.1. If Eρ(u) = minE Eρ, then u ∈ E0; moreover, if Eρ(u1) = Eρ(u2) =
minu∈E Eρ(u), then u1 = u2.

Proof. Let u ∈ E be such that Eρ(u) = minE Eρ. Then, in polar coordinates,

Eρ(u) =
∫ 1

ρ

(∫
Sr

(
∂u

∂r

)2

+
1
r2

(
∂u

∂θ

)2

ds

)
dρ,

where Sr = {(x, y) ∈ R2 | x2 + y2 = r2}.
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We set

eN (r) =
∫
Sr

(
∂u

∂r

)2

ds, eT (r) =
∫
Sr

1
r2

(
∂u

∂θ

)2

ds,(2.2)

and consider the components of u in the radial, tangential and vertical directions:

uN(r, θ) = 〈u(r, θ) | (cos θ, sin θ, 0)〉,
uT (r, θ) = 〈u(r, θ) | (− sin θ, cos θ, 0)〉,
uZ(r, θ) = 〈u(r, θ) | (0, 0, 1)〉.

(2.3)

Then, a simple calculation shows that

eN(r) =
∫
Sr

((
∂uN

∂r

)2

+
(
∂uT

∂r

)2

+
(
∂uZ

∂r

)2
)
ds

and

eT (r) =
1
r2

∫
Sr

(
∂uN

∂θ

)2

+
(
∂uT

∂θ

)2

+
(
∂uZ

∂θ

)2

+ (uN )2 + (uT )2 − 2
∂uN

∂θ
uT + 2

∂uT

∂θ
uN ds.

We consider now the function ũ with components

ũN (r, θ) ≡ ũN (r) =
1

2πr

∫
Sr

uN(r, θ)ds,

ũT (r, θ) ≡ ũT (r) =
1

2πr

∫
Sr

uT (r, θ)ds,

ũZ(r, θ) ≡ ũZ(r) =
√

1− ũN (r)2 − ũT (r)2.

Clearly ũ ∈ E0, and we prove now that

ẽN (r) ≤ eN (r),(2.4)

ẽT (r) ≤ eT (r),(2.5)

where ẽN (r) and ẽT (r) are the analogues of (2.2) for the function ũ.
In fact, since

∂uZ

∂r
=

∂

∂r

(√
1− uN (r)2 − uT (r)2

)
,

we have

eN (r) =
∫
Sr

(∂uN
∂r

)2

+
(
∂uT

∂r

)2

+

〈(
∂uN

∂r ,
∂uT

∂r

)
| (uN , uT )

〉2

1− (N2)2 − (uT )2

 ds

so (2.4) follows from the convexity of the function G(v, w) = |w|2 + 〈w|v〉2
1−|v|2 (see [5],

Lemma 1).
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Moreover, since the components of ũ do not depend on θ, we have:

1
r2

∫
Sr

(
∂(u− ũ)

∂θ

)2

ds =
1
r2

∫
Sr

(
∂u

∂θ

)2

ds− 1
r2

∫
Sr

(
∂ũ

∂u

)2

ds

= eT (r) − ẽT (r),

so that (2.5) follows.
Since u is a minimum of Eρ, we have eT (r) = ẽT (r), so that u − ũ is constant

on Sr, thus u = ũ.
In order to prove uniqueness, let us suppose that the minimum of Eρ is attained

at u1 and u2, with u1 6= u2, and set u3 = (u1 + u2)/2.
Using the fact that the components of ui, i = 1, 2, 3, do not depend on θ, we get

1
2

(eT1 (r) + eT2 (r)) − eT3 (r) =
1

4r2

∫
Sr

(uN1 − uN2 )2 + (uT1 − uT2 )2 ds,

where eTi (r) is the analogue of (2.2) for ui, so

eT3 (r) <
1
2

(eT1 (r) + eT2 (r)).

On the other hand, we have, because of the convexity of G(v, w),

eN3 (r) ≤ 1
2

(eN1 (r) + eN2 (r)).

Then

Eρ(u3) <
1
2

(Eρ(u1) + Eρ(u2)) = min
u∈E

Eρ(u),

a contradiction.

Now, let us consider the energy Eρ for the functions (2.1), with the substitution
r = et:

Eρ(u) = 2π
∫ 0

log ρ

(ϕ′2 + (1 + σ′2) cos2 ϕ)dt,

where ϕ(t) = Ψ(et) and σ(t) = χ(et).
It is easy to see that the critical points (ϕ, σ) of Eρ satisfy the following system

of ordinary differential equations:{
ϕ′′ + (1 + σ′2) sinϕ cosϕ = 0,
−σ′′ cosϕ+ 2ϕ′σ′ sinϕ = 0

(2.6)

on [log ρ, 0].
From (2.6) we have that ϕ is concave on [log ρ, 0] and symmetric with respect

to t = (log ρ)/2, with a maximum point at t = (log ρ)/2, whereas σ(t) = θ0 −
σ(log ρ − t), namely σ is symmetric with respect to θ0/2, and it is convex on
[log ρ, log ρ/2], and concave on [log ρ/2, 0].

Moreover, from the second equation of the system, we get d(σ′ cos2 ϕ)/dt = 0,
so that

σ′(t) cos2 ϕ(t) = λ(2.7)

on [log ρ, 0], and, by inserting this in the first equation, d(ϕ′2+sin2(ϕ)+λ2tg2(ϕ))/dt
= 0.
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Finally, we notice that

Eρ(u)− Eρ(u0) = 2π
∫ 0

log ρ

(
ϕ′2 − sin2 ϕ+ σ′2 cos2 ϕ− θ2

0

log2 ρ

)
dt,

where u0 is the function (1.1).
Then we can prove the following theorem.

Theorem 2.2. Let ρ ∈ ]0, 1[; we have:
10) if log2 ρ+ θ2

0 > π2, then minu∈E Eρ(u) < Eρ(u0);
20) if log2 ρ+ 3θ2

0 ≤ π2, then minu∈E Eρ(u) = Eρ(u0).

Proof. Let us suppose first that log2 ρ+ θ2
0 > π2, that is, ρ < e−

√
π2−θ2

0 , and set

u(r, θ) = (cos Ψ(r) cos(θ + χ0(r)), cos Ψ(r) sin(θ + χ0(r)), sin Ψ(r)),

where χ0 is the function defined in (1.2). Then we have

min
u∈E

Eρ(u)− Eρ(u0) ≤ Eρ(u)− Eρ(u0)

= 2π
∫ 0

log ρ

(
ϕ′2 − sin2 ϕ+

θ2
0

log2 ρ
cos2 ϕ− θ2

0

log2 ρ

)
dt

= 2π
∫ 0

log ρ

(
ϕ′2 −

(
1 +

θ2
0

log2 ρ

)
sin2 ϕ

)
dt.

Setting ϕ(t) = β sin(πt/| log ρ|) as in [1], and using the fact that ρ < e−
√
π2−θ2

0

implies π2/ log2 ρ < (1 + θ2
0/ log2 ρ), we have

2π
∫ 0

log ρ

(
ϕ′2 −

(
1 +

θ2
0

log2 ρ

)
sin2 ϕ

)
dt

< 2π
(

1 +
θ2

0

log2 ρ

)∫ 0

log ρ

(
β2 cos2

(
πt

| log ρ|

)
− sin2

(
β sin

(
πt

| log ρ|

)))
dt,

so that Eρ(u) − Eρ(u0) < 0 for some value of β, and this proves the first claim of
the theorem.

Let us suppose now that log2 ρ+ 3θ2
0 ≤ π2, and let u ∈ E0 be such that

Eρ(u) = min
u∈E

Eρ(u).

We want to show that ϕ ≡ 0, so that u = u0. Arguing by contradiction, we suppose
ϕ 6= 0; then we have M ≡ maxt∈[log ρ,0] ϕ(t) > 0.

Because of the concavity of ϕ on [log ρ, 0], we get

ϕ(t) ≥ 2M
log ρ

(log ρ− t)

on [log ρ, log ρ/2], so that ∫ 0

log ρ

ϕ2dt ≥ | log ρ|
3

M2.

Since ∫ 0

log ρ

ϕ′2dt ≥ π2

log2 ρ

∫ 0

log ρ

ϕ2dt
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and π2/ log2 ρ > 1, we have∫ 0

log ρ

(ϕ′2 − ϕ2)dt ≥
∫ 0

log ρ

(
π2

log2 ρ
− 1
)
ϕ2 dt ≥

(
π2

log2 ρ
− 1
)
| log ρ|

3
M2.(2.8)

From (2.7) we get

λ = σ′(t) cos2(ϕ(t)) ≥ σ′(t) cos2M

and, integrating over [log ρ, 0]:

λ ≥ θ0

| log ρ| cos2 M.

Then

σ′2(t) cos2(ϕ(t)) = λσ′(t) ≥ σ′(t) θ0

| log ρ| cos2M.(2.9)

By using (2.8) and (2.9), we get

min
u∈E

Eρ(u)− Eρ(u0) = Eρ(u)− Eρ(u0)

= 2π
∫ 0

log ρ

(
ϕ′2 − sin2 ϕ+ σ′2 cos2 ϕ− θ2

0

log2 ρ

)
dt

= 2π
∫ 0

log ρ

(
(ϕ′2 − ϕ2) + (ϕ2 − sin2 ϕ) + σ′2 cos2 ϕ− θ2

0

log2 ρ

)
dt

≥ 2π
((

π2

log2 ρ
− 1
)
| log ρ|

3
M2 +

θ2
0

| log ρ| cos2M − θ2
0

| log |

)
= 2π

((
π2

log2 ρ
− 1
)
| log ρ|

3
M2 − θ2

0

| log ρ| sin
2M

)
> 0,

since log2 ρ+ 3θ2
0 ≤ π2 implies(

π2

log2 ρ
− 1
)
| log ρ|

3
≥ θ2

0

| log ρ| ,

and M is strictly positive. We have obtained a contradiction, so that M = 0, and
the theorem is proved.

Let us denote now by uρ the minimum point of the functional Eρ; we set

uρ(r, θ) = (cos Ψρ(r) cos(θ + χρ(r)), cos Ψρ(r) sin(θ + χρ(r)), sin Ψρ(r)),

so that

Eρ(uρ) ≡ Eρ(ϕρ, σρ) = 2π
∫ 0

log ρ

(ϕ′2ρ + (1 + σ′2ρ ) cos2(ϕρ))dt,

where ϕρ(t) = Ψρ(et) and σρ(t) = χρ(et).
We recall that ϕρ and σρ are solutions of the system (2.6), namely{

ϕ′′ρ + (1 + σ′2ρ ) sinϕρ cosϕρ = 0,
−σ′′ρ cosϕ+ 2ϕ′ρσ′ρ sinϕρ = 0,

(2.10)

and that

σ′ρ(t) cos2 ϕρ(t) = λρ(2.11)

on [log ρ, 0].
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We want to study the behaviour of uρ as ρ→ 0. For this purpose, it is convenient
to introduce some notation for the sets of the functions u = u(r, θ) from Ωρ and B1

to S2 with standard radially symmetric boundary conditions.
We set

Ēρ = {u ∈ H1(Ωρ, S2) | u(ρ, θ) = u(1, θ) = (cos θ, sin θ, 0)},
ĒB = {u ∈ H1(B1, S

2) | u(1, θ) = (cos θ, sin θ, 0)},

and denote by Ēρ and Ē the corresponding energy functionals.
From [1], [4] we know that the minima of the functionals Ēρ and Ē are attained

at a unique map ūρ and ū respectively (modulo reflections), which is radially sym-
metric, namely

ūρ(r, θ) = (cos(Ψ̄ρ(r)) cos θ, cos(Ψ̄ρ(r)) sin θ, sin(Ψ̄ρ(r)))

and

ū(r, θ) = (cos(Ψ̄(r)) cos θ, cos(Ψ̄(r)) sin θ, sin(Ψ̄(r))).

The map ū corresponds to the stereographic projection of B1 onto the northern
hemisphere, so that

Ψ̄(r) = 2 arctg
(

1
r

)
− π

2
.

Moreover, after the substitution r = et, we have

Ēρ(ūρ) = 2π
∫ 0

log ρ

(ϕ̄′2ρ + cos2(ϕ̄ρ))dt,

where ϕ̄ρ(t) = Ψ̄ρ(et).
As ρ → 0, the map ūρ tends to ū uniformly over the compact sets contained in

B1\{(0, 0)}, and the minimum Ēρ(ūρ) tends to 8π = Ē(ū) + 4π (see [1], Theorem
2).

We now prove the following theorem.

Theorem 2.3. As ρ → 0, the map uρ tends to v̄ (see (1.3)) uniformly over the
compact set of B1\{(0, 0)}, and Eρ(uρ) tends to 8π.

Proof. Since uρ is a minimum point, replacing the functions ϕρ and σρ with ϕ̄ρ and
θ0 − tθ0/ log ρ respectively, we have

Eρ(uρ) ≤ 2π
∫ 0

log ρ

(
ϕ̄′2ρ +

(
1 +

θ2
0

log2 ρ

)
cos2(ϕ̄ρ)

)
dt

= Ēρ(ūρ) +
2πθ2

0

log2 ρ

∫ 0

log ρ

cos2(ϕ̄ρ)dt.

On the other hand, since ūρ is the minimum point of Ēρ, we have

Eρ(uρ) ≥ 2π
∫ 0

log ρ

(ϕ′2ρ + cos2(ϕρ))dt ≥ 2π
∫ 0

log ρ

(ϕ̄′2ρ + cos2(ϕ̄ρ))dt = Ēρ(ūρ),

so that

Ēρ(ūρ) ≤ Eρ(uρ) ≤ Ēρ(ūρ) +
2πθ2

0

log2 ρ

∫ 0

log ρ

cos2(ϕ̄ρ)dt.
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Passing to the limit as ρ→ 0, we get

lim
ρ→0

Eρ(uρ) = 8π.(2.12)

Moreover, (2.12) implies that
∫ 0

log ρ ϕ
′2
ρ dt is bounded as ρ→ 0, so (ϕρ)ρ converges

weakly in H1
loc(]−∞, 0]) to a function ϕ̂ :]−∞, 0]→ [0, π/2]. Notice that, modulo

subsequences, ϕρ → ϕ̂ uniformly on the compact subsets of ] − ∞, 0], so ϕ̂ is a
continuous and concave function, and ϕ̂(0) = 0.

We want to show that

ϕ̂(t) = 2 arctg
(

1
et

)
− π

2
,

and that σρ → θ0 uniformly on the compact subsets of ]−∞, 0], which implies that
uρ tends to v̄ uniformly on the compact subsets of B1\{(0, 0)}.

For this purpose we now need the following simple lemma.

Lemma 2.1. We have ϕ̂ ∈ C∞(] − ∞, 0]), ϕρ → ϕ̂, σρ → θ0 in C∞loc(] − ∞, 0])
(modulo subsequences), and ϕ̂′′ + sin ϕ̂ cos ϕ̂ = 0 on ]−∞, 0].

Proof. Let L < 0 be fixed, and let ρ < e2L, so that log ρ/2 < L. Since σρ is concave
on [log ρ/2, 0], we have σ′ρ(L) ≤ σ′ρ(t) on [log ρ/2, L]; then

θ0

2
> σρ(L)− σρ

(
log ρ

2

)
=
∫ L

log ρ/2

σ′ρ(t)dt ≥ σ′ρ(L)
(
L− log ρ

2

)
,

so that σ′ρ(L)→ 0 as ρ→ 0.
Since σ′ρ(L) ≥ σ′ρ(t) on [L, 0], we have σ′ρ(t) → 0 uniformly on [L, 0]. At this

point the lemma follows by using standard arguments.

Proof of Theorem 2.3 continued. From Lemma 2.1, we have ϕ̂′′+sin ϕ̂ cos ϕ̂ = 0 on
]−∞, 0], so the map

û(r, θ) = (cos(Ψ̂(r)) cos θ, cos(Ψ̂(r)) sin θ, sin(Ψ̂(r))),

where Ψ̂(r) = ϕ̂(log r), is harmonic from B1 to S2. Because of [1], Theorem A.1
and Corollary, û = ū, and this completes the proof.
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