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NON-LINEARITY OF THE
PLURICOMPLEX GREEN FUNCTION

FRANK WIKSTROM

(Communicated by Steven R. Bell)

ABSTRACT. We consider the pluricomplex Green function with multiple poles
as introduced by Lelong. We give a partial solution to a question concerning
the set where the multipole Green function coincides with the sum of the
corresponding single pole Green functions.

1. INTRODUCTION

The pluricomplex Green function with multiple poles was introduced by Le-
long [8] in 1989, but has received relatively little attention until recently. For quite
some time, no explicit example of a pluricomplex Green function with more than
one pole was known. The first (partial) example is due to Carlehed [I] who com-
puted the Green function for the bidisc with two poles, under the assumption that
both poles are located on the plane zo = 0. At the time of writing, the Green
function for the bidisc with two poles in general position is not known. In 1997
the first complete example, the two pole Green function for the ball, was computed
independently by Coman [2] and Edigarian and Zwonek [5].

In this paper we give a partial solution to a problem by Lelong concerning the set
where the multipole Green function is equal to the sum of the corresponding single
pole functions. We give a complete characterization of this set for domains where
the Green functions involved can be constructed using infima over analytic discs
in the spirit of Lempert, i.e. for domains where the pluricomplex Green function
coincides with the Lempert function . There is a conjecture that this is the case
for convex domains.

To start us off, let us recall the definition of the pluricomplex Green function.

Definition 1.1. Let Q be a bounded domain in C" and let A = {(wj, v;)}}_; be
a finite subset of Q x R;. Let £4 denote the set of all plurisubharmonic functions
on {2, having a logarithmic pole of weight (at least) v; at each wj;, i.e. for u to be

a member of L4, we require that
u(¢) —vlog|¢ —w;| < O(1), as ( — wj.
We define the pluricomplex Green function with poles in A by
g(z, A) = sup{u(z) : u < 0,u € La}.
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The case when the pole set A is a singleton has been studied extensively; see,
for example, [3, [6]. It is a remarkable fact that the single pole Green function in
convex domains can be constructed using one-variable techniques. More precisely,
let © be a bounded domain (not necessarily convex, or even hyperconvex). Fix
w € Q and consider the pluricomplex Green function ¢(-) = g(-, w) with pole at w.
If ¢ : A — Q is an analytic disc in , with ¢(0) = w, then g o ¢ is a subharmonic
function on the unit disc in C. Obviously, g o ¢ is negative and has a logarithmic
pole at 0. Hence, g o ¢ is a member in the defining family for the Green function
on A with pole at 0, and thus g(¢(¢)) < log|¢|. Let us introduce the following
notation:

Definition 1.2. Let 2 be a bounded domain in C". Define the Lempert function
§: 2xQ—RU{—o0} by

(2, w) = inf {log |¢[ : 3f € O(A,Q), s.t. f(0) =2, f(¢) =w},
where O(A, Q) denotes the set of all holomorphic mappings from the unit disc
A C C into Q.

Clearly, from the above discussion, we always have that ¢ < §. It is a deep
theorem due to Lempert [9], that for convex domains, g = §. Therefore, it is
tempting to try a similar approach to deal with the multipole Green function and
it is natural to extend the definition of § to cover this case.

Definition 1.3. Let © be a bounded domain in C" and let A = {(w;,v;)}

j—1 be
a finite subset of {2 x Ry. Define

§(z,A) =inf { Y “wilog|¢j 1 3f € O(A,Q), s.t. f(0) =z, f(() = wy, Vj

j=1
In some situations, it is more convenient to instead study 64, where

64(=) = min (z B),

but we will see later on (cf. Theorem[2.4]) that for convex domains, §(z, A) = 64 (z).

Note that if 2 is a bounded domain and A is a finite subset of {2 x R, then
d(z,A) < 0, since it is always possible to pass an analytic disc through z and A.
As in the case of one pole, it is straightforward to verify that g(z, A) < 6(z, A).
Coman [2] has shown that if 2 is a ball in C™, and A consists of two points of equal
weight, then g(z, A) = 6(z, A). It seems reasonable to conjecture that this equality
holds in every convex domain.

Conjecture 1.4. Let Q be a bounded convexr domain in C™, and let A be a finite
subset of @ x Ry. Then g(z, A) = 6(z, A).

Recently, there have been other similar approaches to understanding the Green
function with multiple poles better using “disc formulas”; see Edigarian [4] and
Lérusson and Sigurdsson [7].

2. SOME PROPERTIES OF THE LEMPERT FUNCTION

The most natural setting to study the Lempert function is in taut domains.
Every hyperconvex domain (recall that a domain is hyperconvezr if it admits a
bounded plurisubharmonic exhaustion function) is taut, so in connection with the
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pluricomplex Green function, we do not lose very much by restricting ourselves to
this class of domains. We recall the definition of tautness.

Definition 2.1. Let 2 be a domain in C". We say that (2 is taut if for any sequence
Jn € O(A,Q) there exists a subsequence f,; such that either
o fn, = f € O(A,Q) locally uniformly, or
e for each compact subset K of A and each compact subset L of Q, f,, (K)NL
is empty for all sufficiently large j.

Recall that the Lempert function is defined as an infimum over a large family of
discs. An interesting and important question is whether this infimum is attained by
a specific disc or not. It is not difficult to prove, using a normal family argument,
that in the case of one pole, the infimum is always attained. Moreover, Lempert
proved that if Q is strictly convex, it is attained by an essentially unique disc. In
the case of several poles, we can prove the following:

Theorem 2.2. Let Q) be a bounded taut domain, and let A be a finite subset of
0 x Ry containing at least two points. If §(z, A) is not attained by any analytic
disc, then

> mi ).
0(z,A) > Iglg{r,tlé(Z’A)

Proof. Let A = {(wj, l/j)}§=1. Take a sequence of analytic discs ¢y, where ¢y (0) =
z, and ¢k(C](»k)) = wj for every k and every 1 < j < p, where } ;v; 10g|(§k)|
converges to 0(z, A), as k — oo.

By passing to a subsequence, using that € is taut, we may assume that ¢y
converges locally uniformly to some ¢ € O(A, Q). Also (if necessary, by passing to
a subsequence again), we may assume that Qj(.k) — (€ A, for each j as k — oo.

If no ¢; € A, ¢ is an analytic disc attaining the infimum in the definition of
d(z, A). Otherwise, assume that, say, (; € Afor1 <j <mand (; € 9A for m+1 <
j < p. (Note that not every (; can be in 0A, as this would imply that §(z, A) = 0.)
Then ¢ is a member in the defining family for 0(z, {(w1,1),... , (Wm,vm)}), and

O

thus 6(z, A) > 0(z, {(w1,11), .., (W, Vi) }).

Corollary 2.3. Let Q) be a bounded taut domain in C", and let A be a finite subset
of Q. Then for every z € Q there exists an analytic disc ¢, such that $(0) = z,
passing through a (non-empty) subset {wj,,... ,w;,. } of {w1,...,wp}, such that ¢
attains the infimum in the definition of 64(2) = 6(z, {(wj,, v, )y- -+, (wj,,, v, )})-

Proof. If A is a singleton, a normal family argument close to the one used in the
previous proof will show that the corollary is true for this case.

Otherwise, by the previous theorem, either there is an analytic disc attaining
the infimum, or §4(z, A) = (2, B) for some proper subset B C A, and 6(z, B) is
attained by an analytic disc passing through z and the points in B. O

We will use the term extremal disc (with respect to z and A) for any analytic
disc satisfying the conclusions of Corollary [Z3] If A is a singleton and € is convex,
these extremal discs are geodesics for the Kobayashi metric, and the pluricomplex
Green function is harmonic along the extremal discs. We call these discs complez
geodesics.

In the multipole case, it is not known whether the pluricomplex Green function
is harmonic along the extremal discs, but using a maximum principle argument, it
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is not difficult to show that if §(z, A) = g(z, A) for some z € Q (£2 not necessarily
being convex), then the equality holds along any extremal disc for z and A, and
the pluricomplex Green function is harmonic along this disc. Also, in this case the
extremal disc will be extremal with respect to any point in its image and A.

Let us conclude this section by showing that, for bounded convex domains,

§(z, A) = 64(2).
Theorem 2.4. Let Q be a bounded convex domain in C", and let A = {(wj,v;)}}_,
be a finite subset of Q x Ry. Then §(z, A) = §4(2) for all z € Q.

Proof. Clearly, 64(z) < 6(z,A). Conversely, fix any B C A. For simplicity of
notation, let us assume that B = {(w;,v;)}J;, m < p, and let ¢ be an analytic
disc, such that ¢(0) = z, ¢((;) =w;, 1 < j < m.

Let r > 1, where r is so small that r(; € A for every j, and define ¢, : A — Q
by ¢.(¢) = ¢(r~'¢). Define K as the convex hull of ¢,.(A) U {wy41}. Since
¢ (A) U {wm41} CC Q, we can find an € > 0, such that the distance between K
and 00 is at least 2de, where d = max;cx [Wm+1 — ¢ (C)]-

Define

f(C) = ¢T(C) + G(C) (wm+1 — O (C))a

where a is a holomorphic function on A satisfying
1. —e<Rea<1l+e¢,

2. |Ima| < ¢,
3. a(0) =0,
4. a(r¢;) =0, for 1 < j <m,

ot

a(¢*) = 1, for some ¢* with |(*| > 1/r.
Let us assume that such a function a exists. Then f(¢) = f1(¢) + f2(¢), where

f1(€) = 6:(Q) + (Rea()) (wm+1 — ¢,(C)) and fo(C) = i (Ima(C)) (wm+1 — &r(C)).
Now, f1(¢) € K+ B(0,dg), and f3(¢) € B(0,de). Hence f(¢) € K+ B(0,2de) C ,
and £(0) = 2, /(r¢;) = wy, 1 < j <m, (C*) = wms1. Consequently,

m
8(2, BU{(Wmy1,vm11)}) < Y vjlog|ré| + vmyalog|C7].
Jj=1

Letting r — 1, we see that

m

3(z, BU{(wmt1,Vms1)} Z v;log |1,

and by taking the infimum over all possible dlSCS @, it follows that
6(z, BU{(wmt1,vm+1)}) < 6(z, B).

Repeating this construction, adding one point at a time, we conclude that §(z, A) <
d(z, B). To finish the proof, we only have to prove the existence of a holomorphic
function a with the properties above.

To do this, let D be a bounded simply connected domain with real-analytic
boundary in C, such that {0,1} C D C {z: —e < Rez < 1+4¢,|Imz| < ¢}. Let
pp be a Riemann mapping A — D, such that pp(0) = 0. Define v: A — A, by

¢
CH 1 —r(jj
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Note that v is a proper mapping from A onto A, and there is some (* € A, such
that pp(v(¢*)) = 1. In the construction of D, by making sure that 1 is sufficiently
close to 0D, we can assume that |¢*| > 1/r. Finally, letting a = pp o+, we obtain a
holomorphic function @ : A — D, such that a(0) = pp(0) =0, a(r¢;) = pp(0) =0,
and a(¢*) = 1. O

3. LELONG’S QUESTION

How can we estimate the multipole Green function? If A = {(w;,v;)}_; C
Q x R4, we have one immediate estimate, namely

P

1 i )< A) < mi B).
(3.1) Zlvyg(awy) < 9(z, A) < min 9(=, B)

]:

This follows directly from the definition of the different Green functions. The
function on the leftmost side is a member in the defining family for g(-, A) and
similarly, g(-, A) is in the defining family for each of the functions in the rightmost
side. With a similar reasoning, we note that

P
(3.2) Zyjé(z,wj) < d(z, A).
j=1

Lelong []] considered the question when the first inequality in (1) is in fact an
equality. He showed that the set By = {2 : >, v;9(z,w;) = g(z, A)} is closed and
has no isolated points. For the ball, he also showed that E4 has empty interior and
conjectured that this is always the case. Carlehed [I] pointed out that Lelong’s
conjecture fails for the bidisc and the case of two poles. Carlehed also noted that
if the domain is strictly convex and A contains two points, the set E; is never
empty, since it must contain the complex geodesic connecting the two poles. From
his arguments it follows that the set £, for the bidisc has non-empty interior since
it must contain every extremal disc connecting the two points. The set E,; can
be thought of as a way of measuring the non-linearity of g and/or the complex
Monge-Ampere operator.

Let us generalize these results.

Theorem 3.1. Let Q be a bounded convexr domain in C™ and let A = {(w1,v1),
(wa,va)} be a subset of Q x Ry consisting of two points. The set Es = {z €
0:0(z,A) = 11d(z,w1) + v20(z,w2)} is equal to the union of (the images of) all
complex geodesics connecting w1 and ws.

Proof. Let ¢ be a complex geodesic connecting wy and we. By the invariance result
of Lempert, this disc is also extremal for any pair of points in ¢(A). Take z € ¢p(A).
By a change of coordinates, we may assume that z = ¢(0) and ¢({;) = w;, j = 1,2.
Since ¢ is extremal for (z,wi) and (z,ws2), we have that log|(;| = 6(z,w;). On
the other hand, from the definition of §(z, A), we see that d(z, A) < vqlog|C| +
volog|Ca] = 110(z,w1) + v28(z,ws). Using [B2), we can conclude that §(z, A) =
116(z,w1) + v2d(z, we).

For the converse, assume that z € Es. Since z € Es, and 6(z, w;) = g(z,w;) < 0,

§(z, A) < min{11(z, w1), v20(z, w2)}.
This implies (Theorem ZZ) that there is an extremal disc, ¢, w.r.t. z and A passing
through both w; and wy. More precisely, ¢(0) = z, ¢(¢;) = w;, j = 1,2, and
vilog (1| + valog|la| = 0(z, A).
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By assumption v10(z,w1) + v2d(z,we) = §(z, A) = v1log|C1| + v2log|(a], but
since ¢ is a member of the defining family for both 6(-,w;), 6(z,w;) < log|¢;l,
this last inequality must in fact be an equality. Hence, ¢ is a complex geodesic
connecting w; and ws. O

Remark. The above proof is easily modified to the case of more than two poles.
The corresponding condition is then that Es = {z : §(z, 4) = ijeA vjo(z,w;)}
equals the set of complex geodesics connecting wy and wy and passing through all
the w;’s. Also, we see that, for convex domains, Es C E,. If z € Ej, we have that

g(z,A) <6(z,A) = Zyjé(z,wj) = Zl/jg(z,wj).

To prove that Es = E4, at least with a similar method, we must assume that
8(z, A) = g(z, A), but if we believe in Conjecture [L4] this is true for every convex
domain. Anyway, for domains where § = g, Theorem [3.1] holds with Ej replaced
by Ej,.

If we assume that €2 is strictly convex, there is a unique complex geodesic con-
necting wy and ws, and in this case Fys is a single analytic disc.

In the case when we have more than two poles, the set Es is generically empty
(with a suitable interpretation of what is happening at the poles). The only possi-
bility that Ej is non-trivial when A contains three points, is when all poles lie on
a common complex geodesic.

It is also interesting to note that the set Es is independent of the weights v;, at
least in convex domains. Indeed, Theorem [B.1] shows that Fs only depends on the
location of the poles, not on their respective weights.
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