PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 129, Number 4, Pages 989-998

S 0002-9939(00)05686-0

Article electronically published on October 4, 2000
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(Communicated by Jonathan M. Borwein)

ABSTRACT. All strictly monotonic solutions of a general functional equation
are determined. In a particular case, which plays an essential role in the
axiomatization of rank-dependent expected utility, all nonnegative solutions
are obtained without any regularity conditions. An unexpected possibility of
reduction to convexity makes the present proof possible.

1. INTRODUCTION

The problem of axiomatizing preferences between uncertain binary alternatives
in which an additive representation holds over consequences when the chance event
is held fixed and a separable (product) representation holds between consequences
and events was raised by R. D. Luce [8]. Assuming that both consequences have
the same separable representation, the problem reduced to solving the functional
equation

(1) f(v) = flow) + flvg(w)) (v e [0,k[,we0,1])

with the unknown functions f : [0, k[ — [0, 4+o00[ (k €]0,40c0]) and ¢ : [0,1] — [0, 1].
While it is quite natural to assume that f is strictly increasing, mapping the domain
[0, k[ onto an interval [0, K[, and ¢ is strictly decreasing and onto [0, 1], equation
() has been completely solved by J. Aczél, R. Ger and A. Jarai [3] without any
such assumption. They found that the following is the complete list of solutions:

f(v) =0, q :[0,1] — [0, 1] arbitrary;

fw)=a (vel0,k]), [f(0)=0,
q(w) =0 (w€]0,1]), ¢(0)€]0,1] arbitrary;
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and
f(v) = av® (v e [0,k
g(w) = (1 —w)Ye (wel0,1]) (> 0, ¢ > 0 constants).

Luce first thought that this provided an axiomatization of rank-dependent ex-
pected utility (RDEU), whereas in reality it axiomatized only the stronger case of
rank-independent expected utility. Exploring more general representations, R. D.
Luce and A. A. J. Marley [9] noted that if one assumes different separable (prod-
uct) representations for the two consequences whose utilities are related by a strictly
increasing and surjective function g, one can proceed as follows.

One assumes that the expected utility U(z,C;y,C) from a gamble (z,C;y, C)
(the event C has consequence x, the complementary event C' has consequence y)
allows the representation

(2) folU(z, C1y, O)] = flu(@)W(O)] + filui (y) W1 (O],

where fo, f, f1: [0,k[— [0, +00[, fo(0) = f1(0) = 0, the functions W, W} map the
set of events onto [0, 1] and u maps the set of consequences onto [0, k[. Furthermore,
as mentioned above, u1 = g o u, where g : [0,k[— [0, k[ is a surjective (“onto”)
strictly monotonic function. Generalizing W1 (C) = 1 — W(C), also W1(C) =
g(W(C)) is assumed (¢ : [0,1] — [0, 1]; no monotonicity or surjectivity postulated).
If @ denotes the empty and E the universal event, then W (@) = Wy(#) = 0 and
W(E) = W1(E) = 1. Since (x,C;z,C) ~ z (z is the consequence whatever event
occurs), we will suppose U (z, C; z,C) = u(x) (independent of C'). So, on one hand,

folu(@)] = folU(z, Cy2,0)] = folU(z, E;2,0)] = flu(z)]
and thus fo = f. On the other hand,

flu@)] = folU(x,Cs2,C)] = folU(z,0: 2, E)] = fi[ur (2)] = fr(glu(z)])

]
and thus f1(t) = flg~1(t)]. So, with y = x, v = u(z), w = W(C), and W1 (C) =
g[W(C)] = q(w), we get from (@) the functlonal equation
) =

(3) f) = flow) + f (g7 (9)a(w))) (v e [0,k], we[0,1]),

where f : [0,k[— [0,4oc[, ¢ : [0,1] — [0,1], and g~! denotes the inverse of
g:[0,k[— [0, k[

The solution to this equation leads to a representation that, although rank de-
pendent in the sense that the representation depends on the preference order of
the consequences, is in fact more general than the one called RDEU. Reference 9]
explores some conditions that force the general representation to be RDEU.

Let k > —o0, I =]k, +00[, R} :=]0, +oo[. We solve the following generalization
of @) (written additively):

(4) F(t)—F(t+s)=H(G(t) +Q(s)) (tel,seRy)
(cf. [I0] where it is solved under different conditions) under the assumptions
(a) F:1—R,
(b) G : I — R is strictly monotonic,
(c) @: R+ — R,
(d) H:G(I)+ Q(R+) — Ry is strictly monotonic.

We first present the latter result and then apply it to solve the original equation
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2. DIFFERENTIABILITY PROPERTIES OF THE SOLUTIONS OF EQUATION (4)
AND A DIFFERENTIAL-FUNCTIONAL EQUATION

Theorem 1. Suppose that equation (@) holds for all t € I, s € Ry where the
functions F, G, Q, and H satisfy the assumptions (a)—(d). Then

(i) F is strictly decreasing,

(ii) F s strictly convex or strictly concave; as such F has a right derivative F
(and also a left derivative) everywhere and, except for at most countably many
places, F is differentiable,

(iil) @ is differentiable everywhere,

(iv) H™! is differentiable on the open interval J = {F(t) — F(t+s):t €I, s €
R+};

(v) G, exists everywhere on I,

(vi) Q', F' and G'_ satisfy the differential-functional equation
Q'(s) [FiL(t+s)— FL(t)] = G.(t)F(t + s) (tel, seRy),

(vil) G, preserves sign (i.e., is everywhere positive or everywhere negative) on I,
(viii) Q' preserves sign on R..

Proof. By assumption (d), H is a positive function; thus (i) follows from (4)
immediately. For all fixed s € Ry, @), (b), and (d) imply that the function
t— F(t) — F(t+ s) (t € I) is strictly monotonic. Therefore F is strictly Jensen
convex or strictly Jensen concave. Indeed, say, in the strictly decreasing case,
F(t)—F({t+s)>F({t+s)—F((t+s)+s), Le,

2F(t+s) < F(t) + F(t + 2s) (tel, seRy).

Furthermore, by (i), F is locally bounded. Therefore, by results in [7, Theorem
2, p. 145] or in [I2, Theorem B, p. 219], F' is strictly convex or strictly concave,
respectively. The rest of (ii) follows also from [7, Theorem 1, p. 156] and [12]
Theorems B, C, pp. 4-7].

For the proof of (iii), we note that, according to @), F(t) — F(t + s) is in the
codomain (in the set of function values) of H for all t € I,s € R;. Since H is
strictly monotonic, we can write () in the form

(5) H Y F{t)—Ft+s)=Gt)+Q(s) (tel,scRy).

Because of (i) and (ii), the set J defined in (iv) is in fact an open interval of
positive length in Ry. On the other hand, H~! is strictly monotonic and so, due
to Lebesgue’s theorem, H~! is differentiable almost everywhere on J (see, e.g.,
[5, Theorem 17.12, p. 264] or [I1), pp. 5-9]). Thus, taking into consideration the
properties of F' (obtained in (ii)), for each sy € R4, there is a point ¢y € I such
that F is differentiable at to + sop and H~! is differentiable at F(ty) — F(to + so).
Thus, while fixing ¢ = to, the left-hand side of (B is differentiable with respect to
s at sp; and thus @ is differentiable at sg. This proves (iii).

Notice that we have not proved yet that F' or H~! (or G) is differentiable ev-
erywhere. We are going to prove this for H~! on .J.

Let z9g = F(tg) — F(to + s0) € J (to € I,s0 € Ry) be given. Hence sy =
F~YF(ty) — 20] — to. Since the map (¢,2) — F~L[F(t) — 2] —t is defined and jointly
continuous on a neighbourhood of (tg, z9) and R is a neighbourhood of sg, there
exists a neighbourhood Ty x Zy of (o, z0) such that F~'[F(t) — z] —t € R4 for all
(t,z) € Ty x Zy. Choose in Ty an element #; such that the strictly decreasing F'~!
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is differentiable at F(t1) — 29, and let t = t1,s = F~YF(t1) — 2] — t1 in (B). We get
(6) H Y 2)=Gt1)+Q (F  (F(t1) —2) — t1) (z € Zy).

By the differentiability of ) and by the choice of t1, the right side of (@) is differen-
tiable w.r.t. z at zg. This proves the differentiability of H~! at zy. The point zg € J
being arbitrarily given, this proves (iv). Further, since F| exists everywhere, and
H~! is differentiable on J, equation (B) and the chain rule yield that G’ exists

everywhere on I, as asserted in (v).
We now differentiate equation (@) with respect to s and ¢ from the right to get

—(H‘l)'(F(t)—F(t+s>)Fi(t+s) = Q(s),
(HY) (F(t) = Pt +9)) (FL() - Filt+5) = G4(0)

for all t € I and s € Ry. Eliminating (Hil)/ (F(t) - F(t+ s)) from these two

equations, we get the differential-functional equation (vi).
Because F' is strictly decreasing and strictly convex or concave, we have (see [
Theorem 1, p. 156] and [I2] Theorem B, p. 5]),

(7)  FL(t) <0, and F} (t +s) — F/ (t) preserves its sign (tel,seRy).

If we had Q’'(s) = 0, then, from (vi) and (@), G, (t) = 0 which is impossible since
G is strictly monotonic. Hence Q’(s1) # 0 for some s; € R;. Taking s = s; in (vi)
we have (vii). Now letting s vary again in (vi), we also have (viii). O

3. SOLUTION OF A GENERAL FUNCTIONAL EQUATION
AND SOLUTION OF EQUATION (4)

With the notation

®) 1(s)=Q'(s) (seRy), () =G\ (t) and  y(t) = Fi(t) (tel)
equation (vi) is of the form
9) V)Wt +s) =) = ()t +s)  (tel, seRy),

where, by (@), (vii), (viii) and (§), the functions v, ¥, ¢ do not change signs
anywhere on their domain. This general functional equation has been solved by
J. Aczél, Gy. Maksa and Zs. Péles [4] in the case I = R. Much of the argument
therein cannot be applied for general I. Here we solve (@) on the general interval
I=1]k,+o0[ (k > —00).

In order to formulate the result, we introduce the sets Py (I) and P_(I) of all
pairs (¢, 1) (¢ # 0) for which the function

(10) ts p+ e (tel)

is everywhere positive or everywhere negative, respectively. The set of pairs (c, u)
where the function ([[0) does not change its sign is then

(11) P(I):=P (1)U P_(I).

Theorem 2. The functions ¢, : I — R, v : Ry — R are sign preserving solutions
of

(9) V)Wt +5) —(t) =@(t)(t+5s)  (tel, seRy)
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if, and only if, either

(12) o) = b= ) =-2  (tel#RscRy)
where p, q, and r are real constants, pq # 0, —r ¢ I; or
ct
(13) gl ==t W= )= e (teLseRy)
where a, b, ¢, and p are constants, abc # 0, (c,u) € P(I).
Proof. Equation (@) can be rewritten as
(14) L0t + s) = L(t) + m(t)n(s) (tel,seRy)
where
(15) =1/, m:= /Y and n:=—1/y

are again sign preserving. Since m(t)n(s) is either positive for all s and ¢ or negative
for all s and ¢, equation (I4)) implies that £ is strictly monotonic, and thus so is 7 .
By the results of Aczél-Chung [2] (see also Jérai [0]) ¢ has derivatives of all orders.
(In [2] and [6] there are linear independence conditions which, however, are not
needed for the differentiability of the function ¢ on the left-hand side.) This in turn
implies that m and n in ([4) have derivatives of all orders. Now we differentiate
([4) with respect to s and get the Pexider equation

(16) (t+s)=m(t)n'(s) (tel,seRy).

Hence ¢’ has the form

(17) 0(t) = are

with a1 # 0. Integrating we get either

(18) o) = “—clect +as

when ¢ # 0; or

(19) 0(t) = art + as

when ¢ = 0. Putting these back into ([I4]) we get, for some constant ag # 0,
(20) mit) = a—lgect, n(s) = as (e 1)

in the case ¢ # 0, or
(21) m(t) = —, n(s) = asais

as
in the case ¢ = 0. We get (I2) and (I3) from (I5), @20) and ZI)) after relabelling
the constants. An easy computation shows that the functions defined in (I2)) and
(I3) indeed satisfy equation (@) and do not change sign under the restrictions given
for the constants. O

Theorem 3. The functions Q, F, G, and H with the properties (a)—(d) satisfy
@) for allt € I and s € Ry if and only if either
(22)

Q(s)=—plns+Ci, F(t)=qln(t+r)+ B, G({)=pln(t+r)+ A4;,

H(f) = —¢ln (1 + e*%(éfAl—cl))
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where A1, By, C1 and p, q, r are constants withp #0, ¢ <0, —r ¢ I, or

—CS

(23) Q)= —dln i (seRy),
(24) G(t) =dln|p+ e + Ay (tel),
« e )
(25) F(t)—{ ﬁlnme 4+ 1)+ Bs if uw#0 (e,
ae” + By ifu=0
(26)
@ _ ~L(e-A2)|
PGSR SR LTREY ecow +ory)
aﬁe—g(ﬁ—z‘b) if =20
where
_ )+l if (c,pn) € Pr(D),
(27) eleu) = { 1 if (cp)eP (1)

Hered, a, ¢, 8, u, A2, By are constants constrained by d # 0, fc > 0, (¢, u) € P(I),
e(e, p)af > 0. (We have €(c,0) = +1 and so o >0 for p=0.)

Proof. Suppose that (@) holds for all t € I and s € Ry with functions F, G, H,
and @ satisfying (a)-(d). Then, by Theorem 1, Q is differentiable and G’, and F,
exist on I. Furthermore (Q) is satisfied by the functions 7, ¢, and ¢ defined in
®). Moreover, by (7)), (vii), and (viii), 7, ¢, and ¢ are sign preserving. Thus, by
Theorem 2, we have either

(@) Q=7 (seRy).  Fl)=—. CL()= (el#R)
with constants p, ¢, 7, pg # 0, —r ¢ I, or
(29)
Qs) = (seR).  Fl)-—'— @)= (e
]__ecs u—l—e“ ILL+GCt

with constants a, b, ¢, p, abc # 0, (¢, u) € P(I). Since F’ and G’, are continuous,
F and G are differentiable everywhere (see [7, Theorem 2, p. 156]). Thus @, F', and
G can be obtained from the equations (28)) and (29)) simply by integration. First
we consider [28]). We get by integration the asserted forms of @, F and G in (22)).
Putting this in {@l) we get

t+r (t+7r)/s t+r
S ) M i s S 7 (S W s
M ts qn[(t—l—r)/s]—i—l (pn s T 1+Cl>’

and whence the form of H in (22). The restriction ¢ < 0 follows from ([T)).

Next, by integrating (29) and putting the resulting forms of @, F', G into @) to
get H, we get the asserted forms in (2Z3)—(27) with d = a/c and a« = —b/c. (Notice
that dln|g| gives the constant of integration for ), while sign8 = signc. The
condition abc # 0 is equivalent to da # 0.) The restriction (¢, p)as > 0 follows
from the condition (d) that H is positive valued. Actually, the expression within
absolute value signs in (26)) is positive but in this form it is easier to verify that H,
together with (23), (Z4) and the first line of (ZH), satisfies equation ().

ql
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A direct computation yields that the functions thus obtained satisfy conditions
(a)—(d) if , and only if, the constants satisfy the stated constraint. O

4. THE SOLUTIONS OF EQUATION (3)
Let 0 < k < +00, 0 < k' < 400 be fixed. We consider (B)), that is,
(30) fv) = flow) + f (97 (g(v)g(w))) (ve [0kl wel01])

under the assumptions
(A) f:]0,k[— [0, +oc],
(B) g:[0,k[— [0,k is strictly monotonic and surjective,
(C) ¢:[0,1] — [0,1].
(Note that we allow in (B) also k' # k, both in |0, +00]).
Theorem 4. The functions f, g, and q with the properties (A), (B), (C) satisfy
BD) if and only if
e cither f =0 on [0,k[ and g, q are arbitrary,
e or g is arbitrary and there exists a constant ¢ > 0 such that

f(O):Oa and f(’l)):C (U€]O,k[),
0 <q(0) <1, and q(w) =0 (w €]0,1]),

e or there exist constants a >0, ¢ >0, d >0 and u > —k~° such that
g(w) =1 —w)?  (wel0,1]),
g(0) = f(0) =0, and
%ln(l—kuvc) ifu#0
av® ifu=0

g9(v) = 8(p+v°)"" and f(v) = { (v €]0, k),

where the convention k~¢ =0 if k = +o00 is adapted and

if k' =400, then pw=—k=¢ and § >0 is arbitrary;
if k' <+oo, then p>—k=¢ and & =K (u+ k)%

Proof. If: by substitution. Only if: We distinguish the following cases.

Case 1. Suppose that f is identically zero. Then (&0) holds with arbitrary g and
q satisfying (B) and (C), respectively, giving rise to the first family of solutions.

Case 2. Suppose that f is not identically zero on [0, k].

It will be convenient to deduce some immediate consequences of the assumptions
and determine f(0), g(0) beforehand and, a little later, ¢(0) and ¢(1). Assumption
(B) implies immediately that g(0) = g=*(0) = 0. Therefore, putting v = 0 into
B0), we get f(0) = 0. Since f > 0, (BU) also implies that f is increasing (since
f(g7 (g(v)g(w))) > 0)—not yet strictly increasing.

We show that there exists a wy €]0,1[ such that ¢(wy) < 1. Indeed, if we
had g(w) = 1 for all w €]0,1[, then B0) would give f(vw) = 0 for all v € [0, k[
and w €]0,1[, whence f = 0 would follow. This contradicts the current case 2
assumption.

From this we shall prove that f(v) > 0 for all v €]0,k[. Indeed, if f were zero
at a point vg, then f(v) = 0 also for all v € [0,vg[. Let vy be the greatest number
for which f(v) =0 on [0,v1]. Since f is not identically zero, we have that v; < k.
Take a ¢ such that

glwy)) <q1 <1 and g(v1)/q < K
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(so that g(v1)/q1 is in the domain of g~!). If we had vy > 0, then (B0) would yield
f(v) = flown) + f (g7 (g(v)g(wr))) =0

for v1 < v < min (vl/wl,g_l (g(vl)/ql)) because

vw; <wv;  and gfl(g(v)Q(wl)) < 971<9(U)(I1) < 1.

Thus f would be identically zero on [O,min (vl/wl,g*1 (g(vl)/ql)) [ Since v <
v1/w; and vy < g~ (g(v1)/q1), this contradicts the definition of v;. Therefore
vy = 0 and f(v) > 0 for v €]0,k[. (Notice, here and in the rest of case 2, the
similarity to and the difference from the proof of Lemma 2 in [3].)
Putting w =1 in @&0) and using that f vanishes only at 0, we get ¢(1) = 0.
Putting w = 0 in B0) we get

(31) f) = flg7 (9(v)a(0))) (v €0,k

This implies that ¢(0) > 0 (otherwise f would be identically zero).
For v €10, k[ and w €]0,1[ we observe the following equivalence between three
statements:

(32) f is constant on [vw,v] iff f(v) = f(vw) iff ¢(w)=0.

The first equivalence is due to the monotonicity of f, and the second is due to (30)
and the fact that f and g vanish only at 0.

Subcase 2.1. Suppose g(wo) = 0 for some wy €10,1[. Let vy €]0, k[ be given.
Then there exists v in |0, k[ slightly greater than vy such that vwy < vg < v. Hence
[vwo, v] is a neighbourhood of vy, and by ([B2)) f is constant on this neighbourhood.
This proves the local constancy of f at vg. The point vy in ]0, k[ being arbitrary,
this proves the constancy of f on the connected interval 0, k[, say f = ¢ > 0 on
10, k[. The constancy of f on |0, k[ and (82) in turn imply ¢(w) = 0 for all w €]0, 1[.
Conversely, it is easy to check that such f and ¢ indeed satisfy &0) for any function
g satisfying (B). This yields the second family of solutions.

Subcase 2.2. Suppose that ¢ is nowhere zero on |0,1[. By B2) f(vw) # f(v)
for all v €]0,k[ and w €]0,1[. This proves that the increasing f is injective on
10, k[, and so is in fact strictly increasing on [0, k[. Thus, it follows from (BIJ) that
v =g"1(g(v)q(0)), whence ¢(0) = 1. Summarizing our observations thus far for the
current subcase 2.2: we have

(33) f is strictly increasing on [0, k], f(0) =g(0) =0,
and
(34) q(0) =1, g(w) >0 forw €]0,1], q(1) =0.

For the time being we will restrict [B0) to v €10, k[ and w €]0, 1], and consider
the boundary information in (33]) and (84) only at the end.
As indicated in the Introduction, we shall solve equation (B (which is the same

as (30)) using (@).

Let Kk = —Ink, I =]k, +o0], and define
(35) F(t)=f(e™"), G(t)=—Ing(e™) (tel),
and

(36) Q(s)=—Ing(e™), H(&)=flg7' (%)) (s€Ry, €]k’ +oo|).
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It is straightforward to check that, as f, g, ¢ satisfy B0), (A), (B), (C), B3,
and (B4)), all conditions in Theorem 3 are satisfied by F', G, H, and @ ; hence they
must be of the forms ([22)—(26). The function @ in (BH) cannot, however, be of the
form stated in (22]), because this would yield that

q(w) = e 91 (= lnw)? (w €]0,1]).

The codomain of this ¢ (both for p > 0 and p < 0) is not a subset of [0, 1], contrary
to (C).

Thus we only have [23)), 24), ([25), and (26). Taking into consideration the
transformations (33)—(36]) we get,

(37)
gln|1—|—/wc|—|—Bg if w#0
g(v) = e *|p+v " and f(v) =¢ (v e,
av® + Bs ifu=0
and
1—we\?
(38) q(w) = 3 (w €]0,1]),
where d, «, ¢, 3, 1, Aa, Ba, are constants with
(39) d#0, e(lc,u)af >0, Bc>0 and (c,p) € P(I).

There are further restrictions to this system of constants. By comparing the func-
tions H in (26]) to those obtained from (B8) and B7) we get

B2:056:15

and thus ¢ > 0. Hence p + et > 0 for sufficiently large t € I =]x, +oo[. As p + e
preserves sign, this implies (¢, p) = 1, i.e., p+ e = p+v7¢ > 0 for all v €]0, k[.
By B9), o > 0 follows. The function ¢ in (B8) with § = 1, ¢ > 0, d # 0 satisfies
(C) if, and only if, d > 0. Hence the conditions in (B9) are strengthened to

ele,u)=1, d>0, a>0, =1, ¢>0 and p>—-k °

Observe that in these cases all the absolute value signs | - | can be replaced by
parentheses (-) in the formulae. Taking into account the boundary information
in (33), B4), and that ¢ : [0,k[— [0,%'[ is onto, we obtain the third family of
solutions. O

Remark. Notice that, while we had to suppose the monotonicity and surjectivity
of g in order to form g~!, no regularity (other than f(v) > 0, g(w) € [0,1]) was
supposed for f and ¢ — similarly as in [3]. Indeed, in the case g(v) = v, Theorem 4
is equivalent to the result in [3] as we quoted it at the beginning of this paper (the
full result in [3] is somewhat more general than what we quoted).

5. CONCLUSION

With the nontrivial solutions in Theorem 4 we get from equation (2) an explicit
expression for U(z, C;y, C) or, to make the expression simpler, for U(z, C;y,C) :=

U(z,C;y,C)°. We write also @ := u® and W := w®, that is, W (C) = W(C)°¢ and
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make use of fo = f, fi = fog~! and W(C) = ¢(W(C)), which we obtained in the
Introduction. Then we have

a(z)W(C) + a(y)[1 = W(O)] + pa(z)a(y) W (C)

(40)  U(z,C;y,C) = 1+ pa(y)W(C)

for all u > —k=¢. For 1t = 0 we obtain
(41) U, Csy,C) = a(z)W (C) +aly)[1 - W(O)],

the formula for rank-dependent expected utility, RDEU (with preference ranking
x 7 y; and a similar expression for < y). Notice that @, € [0, k°[, w € [0,1]. Tt
immediately follows from @I)) that U € [0,k so U € [0,k[. An easy calculation
shows also that ) and ¢ > 0,p > —k~¢ imply U >0, thus U > 0 and, if
@(x) > a(y) for z = y, then also U < k¢, thus U < k.
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