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POLYNOMIAL BOUNDS FOR RINGS OF INVARIANTS
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(Communicated by Michael Stillman)

ABSTRACT. HILBERT proved that invariant rings are finitely generated for lin-
early reductive groups acting rationally on a finite dimensional vector space.
Porov gave an explicit upper bound for the smallest integer d such that the
invariants of degree < d generate the invariant ring. This bound has factorial
growth. In this paper we will give a bound which depends only polynomially
on the input data.

1. INTRODUCTION

Suppose that G is a linearly reductive algebraic group over an algebraically closed
base field k£ of characteristic 0 and that G acts rationally on an n-dimensional vec-
tor space V. The coordinate ring O(V') of V' can be identified with the polynomial
ring k[X1,...,Xn]. The group G acts on O(V) and we will denote the ring of
invariants by O(V)%. HILBERT proved in 1890 that O(V)% is generated by finitely
many invariants as a k-algebra (see [10]). This proof was criticized for not being
constructive. In 1893 HILBERT gave another more constructive proof of his finite-
ness result (see [11]), but he did not give a degree bound for the generators of the
invariant ring.

About a century later, Popov did obtain an explicit degree bound (cf. [22], [23])
by combining HILBERT’s second proof with some results which were not known in
HILBERT’s time. Let us define

B(V) :=min{d | O(V)¥ can be generated by polynomials of degree < d }.
Then PoPOV’s bound is given by
B(V) <nLCM(L,2,...,0(V))

where LCM is the least common multiple. The constant (V) is the smallest integer
d with the following property: if v € V and and any non-constant homogeneous
invariant vanishes on v, then there exists a non-constant homogeneous invariant f
of degree < d such that f(v) # 0. This bound seems far from sharp, but so far it
was open whether a polynomial bound exists (see page 189 of [24]). In this paper
we will improve POPOV’s bound drastically to
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Theorem 1.1.
(1.1) B(V) < max{2,2s0*(V)}
where s := dim O(V)¥ < n.

Upper bounds for o(V) were given by Porov (see [22], [23]) and HIss (see
[12]). As remarked in [5] a good upper bound can be found using a formula of
KAZARNOVSKII (see [16]). We will give an explicit upper bound for o (V') expressed
in the degrees of polynomials defining the group G and the representation V.

Since G is affine, it is given as the zero set of polynomials hi, hs,... b €
k[Zy,...,Z] for some positive integers | and t. Because the representation is
rational, there are polynomials a;; € k[Z1,...,2Z:] (1 < 4,5 < n) such that the
representation p : G — GL(V) is given by

aia(g) aia2(g) - ain(9)
a271(g) a2,2(9) a2,n(9)

g— : . : s g €q.
an1(9) an2(g) - ann(9)

In Section 5 we will show that

Proposition 1.2. If p has finite kernel, then
(1.2) o(V) < H'=mA™
where H := max{deg(h1),...,deg(h;)}, A := max; j{deg(a; ;)} and m = dim(G).

2. AN EXAMPLE

Example 2.1. We take G = SL(W) where W is a ¢-dimensional vector space. Let
Vy = S4W) be the d-th symmetric power. If we choose a basis of W, we get
an embedding of G into the ¢ x ¢ matrices, which is a ¢?-dimensional space. The
coordinate ring of G is given by

O(G) = k[{Zi; |1 <4, j < q}]/(det((Zi ;) — 1).

So we havet = ¢?, m = ¢>—1 and H = q. The action of G on V is given by a matrix
(a; ;) where all a; ; have degree < d. So we can take A = d. By Proposition .2 we
now have

o(Vy) < qd? "

Note that s = dimO(V)¢ < dimV = n = (q'gfil). From Theorem [[L1] it now
follows that

B(Va) < 21141 P22,

Note that this upper bound depends only polynomially on d. If ¢ = 2, then we
have binary forms of degree d and 8(Vy) < 3(d + 1)dS. For ternary forms (¢ = 3)
we get B(Vy) < Z(d + 2)(d + 1)d*®.

In some special cases, sharper estimates than PoPov’s bound were already
known. GORDAN proved finite generation of the invariant rings for G = SLo in 1868
(see [9]), before HILBERT. JORDAN used these techniques to obtain 8(Vy) < db (cf.
[14], [15]), which is just slightly better than our estimate for ¢ = 2. For a finite
group G, NOETHER gave the estimate (V) < |G| where |G| is the group order. If
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G is not cyclic, then one even has better bounds (see [25] and [26]). WEHLAU gave
a good degree bound for tori in [27].

In [I1], HILBERT actually describes an algorithm for computing invariants. This
has been worked out in [24]. For finite groups, algorithms are described in [8], [I7]
and [18]. In [3] and [4], the author describes an algorithm for computing generators
of the invariant ring for linearly reductive groups. This algorithm is based on
the finiteness proof in HILBERT’s earlier paper (cf. [10]). If the EISENBUD-GOTO
Conjecture (cf. [6]) is true, then polynomial bounds for generators of the invariant
rings can be deduced from that algorithm. Theorem [[I]gives a similar upper bound
for B(V') without relying on the EISENBUD-GOTO conjecture. This can be seen as
empirical evidence for this conjecture.

3. SOME BASIC RESULTS

We first recall some results of HILBERT’s constructive proof (see [LI]). The
nullcone is defined as

Ny :={veV | f(v)=0forall fec O(V)Y homogeneous of degree > 0 }.

If f1,..., fr are polynomials in a coordinate ring O(X) of an affine variety X, then
we will denote their common zero set in X by Z(f1,..., fr). We define o(V) as
the smallest integer d such that homogeneous invariants fi,..., f, exist of degree
<d with Z(f1,..., fr) = Ny. HILBERT gave an upper bound for o(V') ([I1], §14).
Using his Nullstellensatz HILBERT proved:

Proposition 3.1 ([I1], §4). If f1, fa, ..., fr € O(V)Y are homogeneous invariants
such that their common zero set Z(f1,..., fr) is equal to Ny, then the invariant
ring O(V)Y is a finitely generated module over k[f1, fa, ..., fr].

Suppose that R is a graded algebra over k. A set {p1,...,ps} € R of homoge-
neous polynomials is called a homogeneous system of parameters of R if

(1) p1,p2,...,ps are algebraically independent,

(2) R is a finitely generated k[p1, ..., ps]-module.
One can actually find a homogeneous system of parameters for O(V)“. Given
homogeneous invariants f1, ..., f» € O(V)%, one can find a homogeneous system of
parameters as follows: Put f/ = fid /% Where d; == deg(f;) for all i and d is the least
common multiple of dy,ds,...,d,. Then f{,..., f/ are homogenous of degree d and
we can apply the Noether Normalization Lemma (see §1 of [11] or [28], Chapter
VII, §7, Theorem 25):

Lemma 3.2. Suppose that X is an affine variety and R = O(X) is a graded do-
main, R = @;-y R; with Ry = k (i.e., X is an irreducible cone). Assume that
fi,-.., fr € R are homogeneous. Let s be the Krull dimension of k[f1,..., fr]. If
P1,D2, ..., Ps are generic k-linear combinations of fi,..., fr, then k[f1,..., fr] is a
finite k[p1, ..., ps|-module, and

Z(pl,. ..,ps) = Z(fl,.. .,fr).

Let s = dim(O(V)%) and take py, . .., ps generic combinations of f], f5,..., f. as
above. It follows that O(V) is a finite k[py, . .., ps]-module and that py, ..., ps are
algebraically independent. So pi,...,ps is a homogeneous system of parameters.
We have a degree bound

(3.1) deg(p;) :=d =LCM(dy,...,ds) <LCM(L,2,...,0(V)).
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There exists a polynomial g such that k(py, ..., ps, q) is the quotient field of O(V)C.
The invariant ring O(V)% is the integral closure of k[p,...,ps] in the finite field
extension k(p1,...,ps,q). At this point HILBERT refers to KRONECKER who had
a theory for computing such integral closures. HILBERT does not give an explicit
bound for the degrees of generators.

In [22] and [23] Porov showed that by combining HILBERT’s construction of
invariants with more recent results in commutative algebra one actually obtains
an upper bound for the degree of generators for a connected semisimple group G.
First of all, HOCHSTER and ROBERTS proved the following theorem.

Theorem 3.3. If G is a linearly reductive group acting rationally on V, then the
invariant ring O(V) is Cohen-Macaulay (cf. [13]).

For a graded Cohen-Macaulay ring R = @ﬁo R; finitely generated over Ry = k,
let a(R) be the degree of the Hilbert series as a rational function (see [2], Definition
4.3.6). The number —a(R) is the smallest ¢ such that the i-graded piece (wg); # 0
where wg is the canonical module (see [2], Definition 3.6.13 and the remark before
Definition 4.3.6). KEMPF proved that always a(O(V)¢) < 0 (see [T9]). Knopr
improved the result of KEMPF:

Theorem 3.4. For an arbitrary linearly reductive G we have
a(O(V)F) < — dim(O(V))
(see [20] ).
We obtain PoPov’s bound by applying the following lemma.

Lemma 3.5. Suppose that R = 69;20 R; is a graded Cohen-Macaulay domain over
Ry = k and p1,...,ps is a homogeneous system of parameters of R. Then there
exist homogeneous hy, ..., h; € R such that

R=Phi®©Pha@®---® Ph;
with P := k[p1,...,ps] and deg(h;) < >°7_, deg(p;) + a(R) for all j.
Proof. 1t is equivalent with the Cohen-Macaulay property that R can be written as
R=Phy ® Pho®--- @ Ph
with h1,...,h; € R homogeneous. Consider the Hilbert series
e
[[— (1 —t)

where e; := deg(h;) and d; := deg(p;). It follows that

F(R,t) := i dim(R;) t =
=0

€; < Zdl + a(R)
i=1

O
As in HILBERT’s proof, one gets a homogenous system of parameters p1, ..., ps
with deg(p;) < LCM(L,2,...,0(V)) (see (31))). From Theorem [34land Lemma B

we obtain homogeneous hq, ..., h; such that

deg(h;) <> deg(pi) < sSLCM(L,2,...,0(V)),
i=1
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so it follows that
B(V) < sLCM(L,2,...,0(V)).

This is the bound given by PorPov. The bound is huge because of taking the least
common multiple, which was necessary for applying the Noether Normalization
Lemma. In the next section we will improve the bound by using a generalization
of Lemma [B.5] to avoid the Noether Normalization Lemma.

4. PROOF OF THE MAIN THEOREM

Lemma 4.1. SupposeY is an affine variety over k and assume that Let R :== O(Y)
is graded such that R = @;-, R; and Ry = k. Suppose that f1, fa,..., fr € R are
homogeneous of positive degree and | < r — s where s := dimk[f1,..., f]. Then
there exist homogeneous

Ply---yDr Ek[fl,...,fr,Xl,...,Xl] CR[Xl,XQ,...,Xl]
such that
1) Z(fr,. s frr X1y, X)) = Z(p1,...,pr) CY x K,
(2) pi(0,...,0) = f; for all i.

Proof. We will prove the lemma using induction with respect to I. Suppose that
I =1 and dimk[f1,..., fr] <r. The map

F=(fi,....fr): Y = k"
is not dominant. One can find an « = (a1,as,...,q,) € k" which is not in the
image of F. Define p; € R[X1] as p; := f; — aiX{i"' where d; is the degree of f;. We
claim that Z(f1,..., fr, X1) = Z(p1,...,pr) CY x k. The inclusion “C” is clear
and we will now prove “2”. Suppose that (y,z) € Z(p1,...,pr) CY x k. Assume
that « # 0. Since R is graded, Y has a natural action of the multiplicative group
k\ {0} such that every element of degree d is a semi-invariant with weight d. Now
we have
file™ly) —ai = 27 fily) — i = 2~ %ipi(y,x) = 0

for all 4. This contradicts the choice of a € k. So x = 0 and

fiy) = pi(y,0) =0
for all 3.
Suppose now that [ > 1. From the induction hypothesis we get

hl;--'7h7"Ek[fl7"'af7"7Xla"'7Xl—1]

such that

(1) Z(fl,...,fr,Xl,...,lel) = Z(hl,...,hr) CcY x k‘lil,

(2) hi(0,...,0) = f; for all 4.
Because

dimk[hl,...,hr] é dimk‘[fl,...,f,,,Xl,...,Xl,l] = S+l— 1 é r—1

we can apply the | = 1 case to k[h1,...,h.]. We get p1,...,p, € k[h1,..., h, X]]
such that

(1) Z(h1,...,hp, X)) = Z(p1,...,0r) CY x K,
(2) pi(Xh “ o aXl—170) = hi Xl, e 7Xl—1) for all 3.
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Therefore it follows that

(1) Z(fl;---yfr;Xh---aXl):Z(hlw--ahr;Xl):Z(pla---7p7")7
(2) pi(0,...,0) = h;(0,...,0) = f; for all 4. O

Proposition 4.2. Suppose that R = @io R; is a graded Cohen-Macaulay do-
main over Ry = k. Assume that fi1, fa,..., fr € R are homogeneous of positive
degree such that R is a finite k[f1,..., fr]-module. Then there exist homogeneous
hi,...,h; € R such that

(1) R is generated by hq,...,h; as a k[f1,..., fr]-module,

(2) deg(hs) < S, deg(fi) — r + a(R) + dim(R).

Proof. Let s :=dim R = dim k[f1, ..., f-]. By Lemmal[ZT] there exist homogeneous

Ply---yPr Ek‘[fl,...,fr,Xl,...,Xr,S]
such that
(1) Z(pl, - ,p,«) = Z(fl, .. ,f,«,Xl, - aXr—s) = {(0,0)} CcCY x ]CT_S,
(2) pi(0,...,0) = f; for all 4.

We have that R[X,...,X,_] is finite over the ring k[p1,...,p,] by [28], Chapter
VII §7, page 198. We have

dimk[p1,...,pr] = dim R[ X, ..., X,—s]
=s+(r—s)=r.

It follows that pi,...,p, are algebraically independent, so p1,...,p, is a homoge-
neous system of parameters. Note that the Hilbert series FI(R[X1,..., X, 5], 1) is
equal to FI(R,t)/(1 —¢)"*, s0 a(R[X1,...,X,_s]) = a(R) + s —r. By Lemma B3
we get k[pi1,...,pr]-module generators uy,...,u; of R[Xy,..., X, ] such that

deg(u;) <> deg(pi) + a(R[X1,. .., X,_])
i=1

= Zdeg(fi) + a(R) + dim(R) — r.

Define h; := u;(0,...,0) for all j. Then hq,...,h; generate R as a k[f1,..., fr]-
module. O

Proof of Theorem [[Jl We will now apply the proposition to invariant rings. Let
R=0O(V)% and s := dim O(V)¥. By the definition of o(V) there exist fi,..., f, €
O(V)% such that Z(f1,...,fr) = Ny C V and d; := deg(f;) < (V) for all i. By
replacing f; by some power, we may assume that %O'(V) <d; <o(V) for all i. If
now for example fi,..., fs+1 have the same degree, then by the Noether Normal-
ization Lemma (Lemma B2) we can choose generic linear combinations hq, ..., hy
of fi,..., fs+1 such that

Z(f1,-- oy for1) = Z(h1,... hs)

and we can replace f1,..., fsy1 by h1,...,hs. So without loss of generality we may
assume that {f1,..., f.} contains at most s polynomials of each degree. By Propo-
sition[BI] O(V)¥ is finitely generated as a k[f1, ..., f,]-module. By Proposition &2
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and Theorem [34] there exist homogeneous invariants h1, hs, ..., h; which generate
O(V)% as a k[f1,..., fr]-module and

deg(hy) < 37 deg(fi) — r+ dim(O(V)%) + a(O(V)%) < 3 deg(f;) — r
=1

=1
=§:m%ua—ngs[ﬁgil+&V%#H+~~+&WWW—U

and this is equal to
s(202(V) = 2a(V)), if o(V) is even,
s(2a2(V) - 2), it o(V) is odd.

Clearly f1,..., fr,h1,...,h; generate O(V)% as a k-algebra. Now deg(f;) < o(V)
and deg(h;) < 2s0?(V) for all i and j. This proves that

BV) < max{o(V), 250*(V)}.
In fact we claim that
B(V) < max{2, gSJQ(V)}.

Clearly, if s = 0, then there are only constant invariants, so §(V) = 0. If s > 0 and
o(V) = 3, then 2s0%(V) > 20(V) = o (V). O

5. UPPER BOUNDS FOR o (V)

Poprov completed his degree bound by giving an explicit bound for o(V') fol-
lowing the ideas of HILBERT. Hiss found a sharper bound for o(V'), which doesn’t
depend on the dimension n of V, following ideas of KNOP (see [12] and [5]). In
[5] it was shown that one can find an even better bound using the formula of
KAZARNOVSKII (see [16] and [I] for a generalization).

Proof of Proposition[I.3. Suppose that p : G — End(V) is a representation with
finite kernel and define dgen (V) as the degree of p(G), i.e., the number of intersection
points of p(G) with m generic affine hyperplanes, where m := dim G. In [§] it was
shown that

(V) < bgen(V).

Suppose now that O(G) = k[Z1,...,Z:]/(h1,..., i), and that the representation
p is given by

ari(g) ar2(9) - ain(9)
az2,1(9)  az,2(9) az2.n(9)
g : . : , 9eG,
aml(g) an,Q(g) ot Qnn (9)
with a;; € k[Z1,...,Z] for all ¢,j. Put H = max{deg(h1),...,deg(h;)} and A =
max; j{deg(a;;)}. Let hi,...,h}_,, be generic linear combinations of hi,...,hy.
The zero set of hY,...,h;_,, is a union of m-dimensional varieties. One of these

components is G. Choose m generic hyperplanes, given by generic linear combina-
tions a’,...,a,, of all a; ; and 1. The set S = {g € G | d{(g9) = -+ = a},,(g9) = 0}
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has > dgen (V) elements (equality holds, when p is injective). We now have #S < Q,
where @ is the number of solutions v € k! with

(5.1) ay(v) = ay(v) = -+ = a,(v) = hy(v) =+ =Dy, (v) = 0.

Note that @ is finite. Let @}, ..., a,,, Ell, e h;fm be the homogenized polynomials

on the projective space P*. Now deg(a;) < A and deg(ﬁ;) < H for all i,j. Their
intersection may not be transversal, but by a generalized version (see [7], §12.3) of
BEzOUT’s theorem, the intersection

—/ -/
=/ __ _ = _ _ _
@) =--=a, =h =--=h,_, =0

has at most A™ H*~" irreducible components. Therefore (5.1]) has at most H!=™ A™
solutions and we conclude that o(V) < dgen(V) < Q < H'"™A™. This proves
Proposition [1.2 O
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