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ABSTRACT. An element s of an (abstract) algebra A is a single element of A
if asb = 0 and a,b € A imply that as = 0 or sb = 0. Let X be a real or
complex reflexive Banach space, and let B be a finite atomic Boolean subspace
lattice on X, with the property that the vector sum K + L is closed, for every
K,L € B. For any subspace lattice D C B the single elements of Alg D are
characterised in terms of a coordinatisation of D involving B. (On separable
complex Hilbert space the finite distributive subspace lattices D which arise in
this way are precisely those which are similar to finite commutative subspace
lattices. Every distributive subspace lattice on complex, finite-dimensional
Hilbert space is of this type.) The result uses a characterisation of the single
elements of matrix incidence algebras, recently obtained by the authors.

INTRODUCTION AND PRELIMINARIES

Throughout, X will denote a non-zero real or complex reflexive Banach space,
and H will denote a non-zero complex separable Hilbert space. Also, F will denote
the real or complex field. By a subspace of X we mean a norm-closed linear manifold
and by an operator on X we mean a bounded linear transformation acting on X.
The set of operators on X is denoted by B(X). By a subspace lattice on X we mean
a family £ of subspaces of X satisfying (i) (0),X € £ and (ii) for every family
{Ly}r of elements of £, NrLy, € L,VrL, € L (where ‘v’ denotes ‘closed linear
span’). A subspace lattice on a Hilbert space is commutative if the (orthogonal)
projections onto any two of its members commute. (As usual Pj, will denote the
(orthogonal) projection onto the subspace L.) The abbreviation ‘CSL’ will be
used for ‘commutative subspace lattice’. A subspace lattice on X is Boolean if it
is complemented and distributive, and atomic if each of its elements is the (closed
linear) span of the atoms that it contains. The abbreviation ‘ABSL’ will be used for
‘atomic Boolean subspace lattice’. In any subspace lattice £ the ‘minus operation’
is the self-map defined by

L.=\/{MeL:LgM}

for any element L € £ (so that L & M = M C L_). The annihilator St of a
subset S C X is, as usual, given by St = {z* € X* : 2*(z) = 0, for every z € S},
where X™* denotes the topological dual of X. For any vectors f € X,e* € X* the
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1022 W. E. LONGSTAFF AND ORESTE PANAIA

operator e* ® f € B(X) is defined by e* ® f(z) = e*(x)f, for every z € X. For any
family £ of subspaces of X, Alg £ is the operator algebra given by

AlgL={TeB(X):T(L)C L, for every L € L}.

The results from abstract lattice theory that we use are to be found in [2].

Let n € ZT and let < be a partial order on {1,2,...,n} consistent with the
natural order in the sense that i < 7 = ¢ < j. Call a subset F of {1,2,...,n}
=<-hereditary (or simply hereditary if no confusion can arise) if it < j € F =i € F.
The union and the intersection of hereditary subsets are again hereditary, so the
set of hereditary subsets is a finite distributive lattice under the inclusion ordering.
We will denote this lattice by D, (=<). The non-zero join-irreducible elements of
D, () are the subsets {i : 1 <i<mandi=<j},1<j <mn. In particular, D, (=)
has height n.

If {H; :1<i<n}is a pairwise orthogonal family of non-zero subspaces of the
complex separable Hilbert space H satisfying H = @?:1 H;, the set of subspaces
{@®,cr Hi: F € Dp(=X)} is a finite CSL on the Hilbert space H, lattice-isomorphic
to D, (=) by the map F — @, H;. All finite CSL’s on separable Hilbert space
arise in this way. Indeed, let £ be a finite CSL on the Hilbert space H. Then,
as is well known, £ is distributive. Let {Kj : 1 < j < n} be the set of non-zero
join-irreducible elements of £, enumerated so that K; C K; = ¢ < j, and define the
partial order < on {1,2,...,n} by ¢ < j if K; C K. Then = is consistent with the
natural order. For each 1 <4 < n, K; N (K;)_ is the unique element of £ covered
by K;. Put H; = K; 6 (K;N(K;)-),1 <i<n. Then H; L H;if i # j. For,if i # j
and Kz g Kj, then Kz g Kj N (Kj)_ SO Hj g (Kj n (Kj)_)l g I(Zl g I{,Ll On
the other hand, if K; ¢ K , then K; C (K;)- so H;NH; C K;NK; C K;N(K;)—.
Thus H; N H; C (K; N (K;)-)* N (K; N (K;)-) so H; N H; = (0). Since the
projections Py, and Py, commute, it follows that H; 1L H;. Continuing, we also
have K; = {H; : H; C K}, for every 1 < j < n. This can be proved by
induction on the height of K; in £. Note that if the height of K is 1, then Kj;
is an atom of £ and K; N (K,)- = (0), so K; = H;. Forevery 1 < j <n,K; =
H; & (K;N(K;)-), where the height of K;N(K)_ is strictly less than the height of
K. Since K;N(K;)_ is the closed linear span of non-zero join-irreducible elements
each of height strictly less than that of K, it follows by the induction assumption
that K; = @{H; : H; C K;}. Since H = \/_, K, we have H = @_, H;. Also,
since H; C K if and only if K; C K, (H; C K; and K; € K, give K; C (K;)_
and so H; C K; N (K;)-), K; = @{H; : K; C Kj}, for every 1 < j < n. More
generally, since L = \/{K; : K; C L}, for every L € L, we have L = @{H; :
K; C L}. Clearly {j : K; C L} is =<-hereditary. Finally, note that for every
<-hereditary subset F of {1,2,...,n} we have @{H, : j € F} = V{K, : j € F}
(it j € F, then K; = @{H,; : K; C K;} and K; C K, implies that ¢ € F). Thus
BD{H;:jeFreL

In this way we see that the ‘building blocks’ of finite CSL’s are

(i) an orthogonal decomposition H = @, H; and
(ii) a partial order < on {1,2,...,n}, consistent with the natural order.

With notation as in the preceding paragraph, the non-zero join-irreducible ele-
ments of £ are the elements @{H; : ¢ < j},1 < j < n. An operator T € B(H)
belongs to Alg £ if and only if it leaves each of the subspaces {H; : i =X j}



SINGLE ELEMENTS OF FINITE CSL ALGEBRAS 1023

invariant; equivalently, the n x n (operator) matrix (T; ;) of T relative to the de-
composition H = @?:1 H; satisfies T; j; = 0 whenever ¢ Z j. Thus we may write

A1g£ = {(Ti,j) S B(H) : TiJ S B(Hj,Hi) and T;',j =0ifi A j}

The requirement that < be consistent with the natural order can be dropped
from the preceding three paragraphs. The reason that we have included it, and will
continue to do so, is that, with notation as in the preceding paragraph, Alg L be-
comes an algebra of upper-triangular operator-entried matrices when < is consistent
with the natural order.

An element s of an (abstract) algebra A is a single element of A if asb = 0
and a,b € A imply that as = 0 or sb = 0. (This notion is useful, for example, in
the representation theory of normed algebras [3].) If {u1,us,...,u,} is the usual
orthonormal basis for F™ and < is a partial order on {1,2,...,n} consistent with
the natural order, then

Ln(X)= {\/{uZ 21 € F}: Fisa =-hereditary subset of {1,2,...,n}}

is a finite CSL on F™ and Alg £,(=<) can be identified with the matrix incidence
algebra

.An(j) = {(CLL]') S Mn(F) Qi = 0if 4 ﬁ j}

The single elements of A,, (=) have been described, in terms of the partial order =<,
in [7] (see Theorem 1 below). We show below how this leads to a description of the
single elements of Alg £, for any finite CSL £. Actually, our main result applies in
a slightly wider context. Let D be a finite distributive subspace lattice on H with
the property that the vector sum K + L is closed, for every K, L € D. (This would
be the case if, for example, dim H < co.) Let the set of non-zero join-irreducible
elements of D be {K; : 1 < j < n}, enumerated so that K; C K; = ¢ < j. Then,
as in the commutative case, we can define H; = K; © (K; N (K;)_) and it turns out
that (see the proof of [4, Theorem 8]) H = >""" | H; where the H;’s are independent
(but not necessarily pairwise orthogonal) in the sense that H; N (3_;,; H;) = (0).
Moreover,

(%) D= {Z H; : Fis a =< -hereditary subset of {1,2,...,n}},
JEF

where again =< is defined by ¢ < j if K; C K;. Conversely, every such independent
decomposition H = """ | H; of H and consistent partial order < on {1,2,...,n}
gives rise to a finite distributive subspace lattice D on H, defined by (x) with the
property that K + L is closed, for every K, L € D. Of course, there is a natural
matrix representation of Alg D for such a subspace lattice D, as in the commutative
case. We will not pursue this further as there is nothing essentially different here
from the commutative case. Indeed, by [4, Corollary 7.1, Theorem 8] such a finite
distributive subspace lattice is similar to a finite CSL.

Given a finite distributive subspace lattice D on a real or complex Banach space,
with the property that the vector sum K + L is closed, for every K, L € D, the
expression K; © (K; N (K;)_) will usually make no sense (with (K;)_ calculated
in D, as earlier). So the subspace ‘blocks’ with which the representation of D
may be built are not immediately apparent. However, note that if the underlying
space is a Hilbert space, and H; = K; © (K; N (K;)-),1 < i < n, then {H; :
1 < i < n} is the set of atoms of an ABSL B on H satisfying D C B. Moreover,
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H; = K; N (K; N (K;)-) where ' denotes Boolean complement (taken in B). For,
H;, N (K; N (K;)-) = (0) so H; C (K; N (K;)-). On the other hand, if H; C
Ki (Kz N (Ki)—)/7 then Hj g K,L' N (Kz)_ and Hj g Ki7 SO Hj g (Ki)—- Thus

N
N

i € (K;)- so K; C K;. Also, K; C K; (since otherwise H; C K, C (K;)_) so
J

present note is primarily concerned. Namely, those finite distributive subspace
lattices D on X for which there exists a finite ABSL B on X with the property that
the vector sum K + L is closed, for every K, L € B, satisfying D C B. It is for such
distributive subspace lattices that we describe the single elements of Alg D below
(Theorem 2). If the underlying space is a separable complex Hilbert space H, such
finite distributive subspace lattices are precisely those that are similar to a finite
CSL [, Corollary 7.1]. If dim H < oo, every distributive subspace lattice on H is
of this type [l Corollaries 7.1, 8.1].

MAIN THEOREM

Throughout the remainder of this note we let D be a finite distributive subspace
lattice on X and let B be a finite ABSL on X such that D C B and such that
the vector sum K + L is closed, for every K, L € B. Let {L1, La,..., Ly} be the
set of atoms of B. Let {Ki,Ka,...,K,} be the set of non-zero join-irreducible
elements of D enumerated so that K; C K, implies that ¢ < j. Let = be the
partial order on {1,2,...,n} defined by ¢ < j if K; C K;. Foreach1 <i <n
put W; = K; N (K; N (Ki)_)/, where ’ denotes Boolean complementation in B, and
(K;)— is calculated in D. Then, W; € B,1 < i < n. Our main theorem is to be
used in conjunction with the following description of the single elements of A,, (<),
which we include for the convenience of the reader.

Theorem 1 ([[]). Let A,(=X) be a matriz incidence algebra over a field K. The
matriz S € A, () is a single element of A, (X) if and only if
(i))r;i#0andc; #0 (1<i,j<n)=s,,; #0,
(i1) i = j1 and i = jo, for somel < i <n = r; andrj, are linearly dependent,
(ii) i1 =X j and ia = j, for some 1 < j < n = ¢, and ¢, are linearly
dependent.
Here r; and c; denote the i-th row and the j-th column of S, respectively.

Before proving our main theorem it is convenient to make some observations.

Observations. 1. From the fact that K + L is closed, for every K, L € B it readily
follows that, for every finite set {Mj : 1 < k < p} of elements of B, >-7_, M}, is a
closed vector sum (equal to \/4_, My).

2. Each W; is the vector sum of a unique subset of {L; : 1 < k < m}. This
subset is non-empty since W; # (0). (Observe that W; vV (K; N (K;)-) = K; and
Win (KN (Kq)-) =(0).)

3. If i # j, the subsets of {Lj : 1 < k < m} comprising W; and W; are disjoint.
This is because W; N W; = (0). For, if i # j, then K; # K, so, without loss of
generality, K; ¢ K;. Then K; C (K;)_, so

’

W; "W, C (K; N K;) N (KN (K)-) C KN (K)-)N (KN (K;)-) = (0).
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4. For every 1 < j < n, K; = \V{W; : W; C K;}. This can be proved by
induction on the height of K; in D. If the height of K; is 1, then K is an atom
of D. Then K; N (K;)- = (0), so K; = W;. Since W; N W; = (0) if i # j,
K; = \{W, : W; C K;}. To employ the induction assumption observe that, for
every 1 <j <n,K; =W;V(K,;N(K;)-) where the height of K; N (K;)_ is strictly
less than that of K.

5. Since /[, K; = X we have \/_, W; = X. It follows that the subsets of
{L1,Lo,...,L,} which comprise the W;’s form a partition of {L1,La,...,Ly}.
Thus (see [Il Example 2.7(1)(ii)]) {Wh1, Wa, ..., W,} is the set of atoms of a finite
ABSL on X, C say, satisfying D C C C B. It is also clear that the vector sum K+ L
is closed, for every K, L € C, and that the Boolean complement appearing in the
definition of W; can be considered to be taken in C. In short, we may suppose at
the outset that m = n (that is, that C = B). We will assume this in what follows.

6. Forevery 1 < j <n,K; = \/Hj W;. To prove this it is enough, in view of
observation 4 above, to show that W; C K; < K; C K;. The backward implication
is obvious. Suppose that W; C K; and K; € K;. Then K; C (K;)_, so

Wi € (KN (Kq)-) N (KN (K)-) = (0),

which contradicts W; # (0). Thus W; C K; = K; C K.

7. For every <-hereditary subset F of {1,2,...,n} we have \/{W, : j € F} =
V{K, : j € F}. For, if j € F, then K; C \/{W, : i € F} using the preceding
observation. Hence \/{K; : j € F} C \/{W; : i € F}, and the reverse inclusion
is obvious. For every L € D,L = \/{K; : K; C L}, where {j : K; C L} is
hereditary. Thus L = \/{W, : K; C L}. This shows that the map ¢ : D,(=) — D
defined by ¢(F) = \/{W; : j € F} is surjective. If F,G are hereditary subsets of
{1,2,...,n}, then F C G < ¢(F) C ¢(G) (the reverse implication follows easily
from the fact that {Wy, Wa,...,W,} is the set of atoms of an ABSL). Thus ¢ is a
lattice-isomorphism. In particular, (K;)- =V, ., Wi = (V,<; Wi) = N,<; W}

8. By [I} Theorem 2.8], Bt = {M=* : M € B} is an ABSL on X* with set
of atoms {(W{)+, (W{)*+,...,(W.)*+}. The vector sum K + L is closed, for every
K,L € B*. For, each 2 € X has a unique decomposition = = Z?:l x; with
x; € W;,1 < i <mn,and the map P; : X — X defined by Pz = z; is linear and
closed, and so is bounded by the Closed Graph Theorem. Clearly (Wj’ )t C kerPy if
i# j and R(PF) C (W/)*, for 1 <i < n (where, for any operator T, R(T) denotes
the range of T'). In fact R(P}) = (W/)1, since Pfe* = e*, for every e* € (W/)L.
Thus P;(Z?:l e;) = e; whenever €} € (W]{)J-, 1 < j < n. The continuity of the
P* now shows that \/jeg(VV;)L = Ejeg(W;)L, for every subset € of {1,2,...,n}
and it follows that K + L is closed, for every K, L € B+. Hence each y* € X* has
a unique decomposition y* = Z;.l:l y; with y7 € (W;)J-, 1<j<n.

9. By [5, Lemmas 2.1, 3.1] it readily follows that an element S € Alg D is a
single element if and only if whenever g* € X* h € X are vectors for which elements
J,K € D exist, satisfying h € J,g* € (K_)*,J_ # X,K # (0), and ¢g*(Sh) = 0,
then Sh =0 or S*g* = 0.

Theorem 2. The operator S € B(X) is a single element of Alg D if and only if
there exist non-zero vectors f; € W, e; € (W;)J—,l <1,7 <n, and a single element

(5i,5) of An(X) such that S = 371 >0 s 5(ef ® fi). Moreover, S and (si ;) have
the same rank.
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Proof. Let (si;) € An(X) and let f; € Wy, el € (W)=, 1 <i,j < n, be arbitrary
vectors. We show that the operator

n n
§ =22 sule; ® f)
i=1 j=1
belongs to Alg D. For this it is enough to show that SKj, C Ky, forevery 1 < k < n.
If j A k, then K = \/ljk W, C W]f, so e} € (Ky)*. Thus, for every x € Ky,

Se =Y "3 sijej(@)f

i=1 j=k
But s;; =0if i A 7, so

Sx = Z(Z si,je;(a:))fi S \/ W; = K.
i<k j<k i<k
Thus S € Alg D.

Now, additionally, let (s;;) be a single element of A,(=<) and let fi,e},1 <
1,j < n, be non-zero vectors. We show that S is a single element of Alg D By
observation 9 above it is enough to show that if h € X, g* € X* and ¢*(Sh) = 0 and
there exist elements J, K € D such that h € J,g* € (K_)* and J_ # X, K # (0),
then Sh =0 or S*¢* = 0. Let g*(Sh) = 0. Now g*(Sh) = Z” 15,5 j( Vg™ (fi)-

Put § = >, g*(fi)u; and h = > iy €5 (h)uy (where {u1,uz,. .., u,} is the usual

orthonormal basis for F”). Then §,h € F* and ¢*(Sh) = (Sh|j), where S = (si,5)
is regarded as an operator on F™ (and (:|-) denotes the usual inner-product on
™). Now K_ = \/,cc Wi for some hereditary subset £ of {1,2,...,n}. It follows

that there exists K € L£,(=), with K # (0), such that (K)_ = Viee ur (the
map \cr Wi — Vjcrug, with F hereditary, is a lattice-isomorphism of D onto
Ln(X). Ifk €&, then Wy, C K_, so f, € K_ and ¢*(fi) = 0 = (g|ux). Hence
g € ((K)_)*. Similarly, there exists J € £, (<), with (J)_ # F”, such that
h € J. So, again by observation 9 above, since S is single and (Sh|§) = 0, we
have Sh = 0 or (S)*§ = 0. In the former case Sh = 0 and in the latter S*g* = 0.
(Note that in this part of the proof we did not use the fact that all of the vectors
fi € Wi,ej € (W;)J—,l <,j < n, are non-zero.)

Conversely, let S be a single element of Alg D. For every 1 < j < n,W; C K;
and, by [bl Lemma 3.2], SK; is at most one-dimensional. Hence SW; is at most
one-dimensional. Let SW; = (g;) with S¢; = gj,c; € Wj and let g; = > 1_, fr;
with fx; € Wi, 1 < k <n, be the unique decomposition of g;. (Here, and in what
follows, we let (x) denote the linear span of {z}, for every vector x.) Similarly, since
(W;)* C ((K;)_)*, for every 1 < i < n (see observation 7), and S*((K;)_ )" is at
most one-dimensional [5, Lemma 3.3], S*(W; )+ = (h*) with S*d* = h¥,d € (W;)*
and hf = Y, e; e € (VVl/)J-,l < [ < n, the unique decomposition of h} (see
observation 8).

First we show that if f; ; # 0 and f; x # 0, then (f; ;) = (fix). Now f;; # 0
gives g; & I/Vi/ so there exists e* € (VV;)L such that e*(g;) # 0. Then S*e* # 0
since S*e*(c¢;) = €*(g;). Thus S*(W;)* # (0) and ki # 0. For every z* € (W, )"
there exists a unique scalar A such that S*z* = Ah}. Then

a*(g5) = @™ (fij) = & (S¢j) = Ahi(ej) = Aei (¢j)-
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Taking z* equal to e* shows that e ;(c;) # 0. Similarly, e}, (cx) # 0. If f; ; and
fi.r were linearly independent there would exist y* € (Wz) such that y*(f; ;) =
and y*(fix) # 0 (there would exist a bounded linear functional y* on W; such that
y*(fi;) = 0 and y*(fi x) # 0. Now extend y* to a bounded linear functional on X
by defining y*(z) = y*(P;z), z € X; here P; is as in observation 8). If S*y* = uhf,
then y*(fij) = wpe;;(c;) = 0 and y*(fix) = pej (k) # 0, which is clearly a
contradiction. Thus (f; ;) = (fi ).

A similar proof shows that e ; # 0 and e ; # 0 imply that (e; ;) = (e ;). (Note
that e ; # 0 implies that h} ¢ VVjL so SW; # (0) and g; # 0. For every z € W,
there exists y such that e} ;(2) = vd; (fi,;) and e, ;(z) = vd}(fi,;) with &7 (fi ;) # 0
and di(fr;) # 0. If ef; and e} J were linearly independent, there would exist
z € Wj such that e} ;(z ) =0 and ej, ;(2) # 0. Contradiction.)

By considering the arrays of vectors (f;;),(e; ;) it now follows that there ex-
ist non-zero vectors f;,e,1 < 4,5 < n, with fz € Wz,ej (WJI) and scalars
Nigilig, 1 < 1,5 < m, Such that f;; = )\”f“ 7 = mije€j, for all ¢ and j. Note
that since d}(g,;) = hi(c;), for every ¢ and j, d}(g;) # O implies that g; # 0 and
hf # 0. The reverse implication also holds since S is single. (Note that ¢; € K;
and df € ((K;)-)*t. If di(g;) = 0, then df(Sc;) = 0, whence by singleness, and
observation 9 above, Sc¢; = 0 or S*df =0.)

Define the n x n scalar matrix (s; ;) by

— {Hi,j/\i,j/dé‘(gj) if g; # 0 and h} # 0,
v, —

0 otherwise.

We show that S = >71" | 377 i j(ef®fi). Let 1 <i,j <nandx € X be arbitrary.
Then z has a unique decomposition x = 22:1 T, with xp € Wi, 1 < k < n, and
there exist scalars ay, 1 < k < n, such that Sz = axgy. Now

hi(zj) = di (Sz;) = o;d; (g;) Zﬂl e)) () = pijej(x;) = pijes(a);

that is, a;d; (g;) = pi jej (). Also,

S sisle; @ fi)@) =) sije; (@) fi
=1 j=1 =1 j=1

and

n n

Sz = Sx; = Zz%fm Zzaj)\i,jfi-
1 i=1 j—1

j= j=1i=1

However, s; je;(z) = a;\; ;. For, if g; # 0 and h] # 0, then

* /’Li,j)\i,j *
s e (x) = ei(x) = ajN ;.
,J ]( ) df(gg) ]( ) VAV

On the other hand, if g; = 0 or hj = 0, then \; ; = 0 so once again s; jej(r) =
ajAi;. (Note that g; = > | A j fi where {f1, f2,..., fn} is linearly independent.
Also, if h¥ = 0, then S*(W;)* = (0) so R(S) C W;, g; € W, and \; ; = 0.) Thus
S=3T10 2o si(ef ® fi).
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because S € Alg D) K; Z (K;)— = (),<, W, (see observation 7) so K; C Kj; that
is, i < j. This shows that (s; ;) € A, (=X).

Next we show that (s;;) is a single element of A,(=). Now, for every 1 <
i < n,fi € W, so there exists Ef € (W)L such that Ef(fi) = 1. Also, since
e; & Wj{ there exists [; € W; such that e} (F;) = 1, for every 1 < j < n. Clearly
Ei(fj) = ej(F;) = 0ij. Let A= (a;;) and B = (b; ;) be elements of A, (<) with
A(Si’j)B =0. Put A = Z?:l Z;-l:l am(E;‘ ®fz) and B = Z?:l Z?:l b@j(e; ®Fl)
Then A, B € Alg D (see the first paragraph of the proof of the theorem). We have

Suppose that s;; # 0. Then X;; # 0 s0 g; & W, and hence (since g; € K;

AS = 3" aiwski)e; @ fi), SB=Y_ (> siibi;)(e; ® fi)

ij=1 k=1 ij=1 I=1

and
n

ASB = Z ( Z aikSk,1b15)(€] @ fi).

ij=1 k=1

Since ASB = 0 (note that > ki1 @ikSkbyj is the 4, j-th entry of A(s; ;)B), and S
is single, AS = 0 or SB = 0. Since {e;® fi: 1 <4,j <n}is a linearly independent
family of rank one operators it follows that A(s; ;) =0 or (s; ;)B = 0. Hence (s; ;)
is a single element of A, (<).

Finally we show that S and S = (si,7) have the same rank. Note that, if x € X
and z = 22:1 zy is the unique decomposition of z with zp € Wi, 1 < k < n,
then €5 ® fi(x) = ef(x;)fi and so Sz = Y7 \ifi where (A1, Ag,..., )" =
S(es (1), e5(x2), ... el (x,))T. Clearly then 320 |y f; € R(S) implies that (11, pe,

<y 1in)T € R(S). The converse is also true. For, with F; € W; satisfying er(Fy) =

1, if (p1, poy -y pin) = S(y1,72, -+, m) T, then SZZ=1 eFr = Z:'L=1 wifi €
R(S). The map T : R(S) — R(S) defined by T'(p1, pa, ..., pn)’ = Sy pifi
is a linear bijection. It follows that S and S have the same rank.

This completes the proof of the theorem. O

The preceding theorem shows that, for the type of subspace lattice D considered,
the structure of the single elements of Alg D is completely determined by the poset
of non-zero join-irreducible elements of D, partially ordered by inclusion. This is
consistent with [6] Theorem 3], which shows that the maximum rank that a single
element can have is determined by the relationship between the set of maximal
elements and the set of minimal elements of this poset. (It is not difficult to show
that the non-zero join-irreducible elements occcuring in the unique irredundant
representation of X are precisely the maximal ones.)

The preceding theorem can be interpreted matricially. For, by virtue of the
decomposition X = Y7 | W;, B(X) may be identified with the set of nxn operator-
entried matrices (75 ;), with T; ; € B(W;, W;),1 <i,j <mn, and

AlgD = {(T;,j) S B(X) : T;',j S B(Wj, Wz) and TiJ =0ifi A ]}
If fi € Wi and €] € (W;)l, 1 <i,7 < n, are non-zero vectors, then the (operator)

matrix (e ® f;) belongs to B(X). The theorem says that the single elements of
Alg D are obtained by taking the Hadamard (that is, entry-wise) product of such
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(operator) matrices with those (scalar) matrices (s; ;) which are single elements of

Ay

(=), the rank of the resulting operator being equal to the rank of the latter.
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