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(Communicated by David R. Larson)

ABSTRACT. This paper presents a generalization of the invariant subspace the-
orem of Helson and Lowdenslager along the lines of de Branges’ generalization
of Beurling’s theorem.

1. INTRODUCTION

The Helson-Lowdenslager invariant subspace theorem is a significant general-
ization, as well as an extension to the Lebesgue space L? of the unit circle, of
Beurling’s famous invariant subspace theorem. Their theorem characterizes the
class of all simply invariant subspaces of L2. See section 2 for details as well as [2],
[3] and [4]. The theorem and its proof are important from several points of view.
One of these is the fact that the proof is essentially free from the function theory
of the disc. This enables the theorem to be stated and proved in very general situ-
ations. Equally important, the theorem enables a great deal of function theory to
be derived in these very general situations. See [2], [3] and [4].

In recent times, L. de Branges has also generalized Beurling’s theorem as well
as its vector valued versions due to Lax and Halmos [5]. In the scalar context
de Branges’ theorem characterizes the class of all Hilbert spaces that are contrac-
tively contained in the Hardy space H? and on which multiplication by the coordi-
nate function acts as an isometric operator. This theorem is the starting point of
the theory of complementary spaces developed by de Branges [1], and furthered by
Sarason [6], [7] and numerous other contributors.

This note is concerned with the presentation of a theorem which generalizes
the Helson-Lowdenslager theorem along the lines of De Branges’ generalization of
Beurling’s theorem. As an immediate corollary we deduce the Helson-Lowdenslager
theorem. We also present some examples which show that a straightforward gen-
eralization of De Branges theorem to the L? case is impossible.

2. TERMINOLOGY AND A PRELIMINARY RESULT

The unit circle in the complex plane will be denoted by T and the open unit disk
by D. The familiar Lebesgue and Hardy spaces on T will be denoted by LP and
H?, respectively. It is well known that HP can also be viewed as a space of analytic
functions on D. Recall that L2, and consequently also H?, are Hilbert spaces under
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the usual inner product. A Hilbert space M is said to be boundedly contained in a
Hilbert space H if M is a vector subspace of H (in the algebraic sense) and if the
inclusion map is bounded, i.e. ||z|,, < C|z| 1, for all z in M and some constant
C. When C = 1, we say that H is contractively contained in M. For further details
on all the above we refer to [2], [3], 4] and [5].

The operator of multiplication by the coordinate function z will be denoted by
S. It is easy to see that S is an isometry on L? and hence also on H?. A closed
subspace M of L? is said to be simply invariant under S if S(M) is a subset of
M and S(M) # M, which we denote S(M) C M. For our purposes, a Hilbert
space M which is boundedly contained in L? will be said to be simply invariant if
S(M) C M.

If T is an operator on some Hilbert space K, then we let R(T") denote the range
of T, which is a (not necessarily closed) subspace of IC. However, if we endow R(T')
with the norm, [|h[|z ) = inf{[|k[|x : Tk = h}, then R(T) is a Hilbert space in this
norm called the range space of T and it is boundedly contained in K. When T is a
contraction then the range space of T' is contractively contained in /.

We use M, to denote the operator of multiplication by ¢ on L2.

We record the following result for later use:

Theorem 2.1. Let H be boundedly contained in L. Then S acts unitarily on H
if and only if there exists a function ¢ in L™ such that H = R(My) isometrically,
i.e., [[h]ly = ||hHR(M¢) for all h in H. When H is contractively contained in L* we

have ||¢|| ., < 1.

Proof. Assume that S acts unitarily on M and let C' : H — L? denote the bounded
containment. Then there exists a unitary operator W : H — H such that SC =
CW. This means that SCC*S* = CC*, because W is unitary. Hence, CC* = M,
for some 1 in L with ¢ > 0 and so H = R(C) = R(My) where ¢ = 1'/2 by
Douglas’ factorization theorem. Moreover, ||h|[;, = [[h]lg ) = ||hHR(M¢) .

Conversely, if H = R(My) isometrically for some ¢ in L>°, then h € H implies
e h,eT%h are both in H and hence S is one-to-one and onto. Finally,

k]l = inf{llgll 2 : g = h} = inf{|lgll 2 : bg = eTh} = |[e®h]|,, ,

from which it follows that S is an isometry on H, and hence unitary. O

We have the following immediate consequence:

Corollary 2.2. Let H be boundedly contained in L* and let S act unitarily on H.
Then H N L™ # {0} if and only if H # {0}.

Proof. The result is obvious since, by Theorem BT, H = R(My) and so {¢} C
HNL>. O

3. THE FAILURE OF DE BRANGES THEOREM IN L2

The theorem of de Branges (scalar version) [I] states: Let M be a Hilbert space
such that:

(i) M is contractively contained in H?,

(i) S(M) € M and S is an isometry on M.
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Then there is a b in the unit ball of H*° such that
M = bH?
and

||beM - Hf“H2

for all fin H?, i.e., M = R(M,) isometrically.

This clearly generalizes the theorem of Beurling, which says that if M is a closed
subspace of H? invariant under the action of S, then there is an inner function b
(ie., || =1 a.e. on T) such that M = bH?.

The Helson-Lowdenslager theorem is a generalization and extension of the above
theorem of Beurling to the space L? and states: Let M be a closed subspace of L?
such that S(M) C M. Then there is a unimodular function ¢ (|¢| =1 a.e. on T)
in L? such that M = ¢H?.

A straightforward generalization on L? of the Helson-Lowdenslager theorem
along the lines of de Branges’ generalization of Beurling’s theorem is not possi-
ble. In other words, the following question has an answer in the negative: Let M
be a Hilbert space such that:

(i) M is a vector subspace of L.
(ii) S(M) C M and S acts isometrically on M.
(i) [[fllag < [1fll 2 for all fin M.
Then does there exist a b in L* not vanishing on any set of positive measure and
such that M = bH? with ||bf|| v, = |||l for all f in H??
The following examples illustrate why the situation can be as bad as possible:
(A) Let Ey, E2, E3 be mutually disjoint measurable subsets of T' with m(E;) >
0, =1,2,3. Then

XEiHQQXEjHQ = {0},
XEiH2 m‘)(‘EJL2 = {0}7 Z?] = 1a2737 1#]

Hence, M = Xp, H? + Xp,H? + Xp,L? is a vector subspace of L?, algebraically
isomorphic to the direct sum.
Define

2 2 2 2
1 XE g1 + X, 92 + Xes g3l = loalls + [lg21l5 + [lgsll5 -

Clearly || f||; = |Ifl ;2 for all f in M. Hence M is contractively embedded in L?
and S acts isometrically on M with S(M) C M.

However, in the M norm, we find that Xp, H?> | Xg, H? 1 Xp, L*. If M was
equal to bH? for any b in L* such that |[bf| v, = || f|l ;2 » then S would be a shift
of multiplicity one on M, as is the case in the theorem of de Branges and in the
Helson-Lowdenslager theorem. However, we find that S has a unitary part given
by its restriction to Xg,L? and it has a shift part of multiplicity 2 given by its
restriction to the subspace Xg, H? + XE, H2.

(B) Let E3 be as above and let M = X, L? + H? with

2 2 2
X559 + hlla = 2(ll9ll5 + [1A]]5)-

Clearly M is contractively contained in L? and S acts as an isometry on M with
S(M) C M. However S has a unitary part and a shift part of multiplicity one.
Hence, arguing as above M # bH? for any b in L.
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4. THE HELSON-LOWDENSLAGER-DE BRANGES THEOREM
We are now in a position to state and prove the following:

Theorem 4.1. Let M # {0} be a simply invariant Hilbert space contractively con-
tained in L? and on which S acts isometrically. Further, suppose that there is a
p, 2<p<oo and § >0 such that

(4.1) [fllag < OMfI, — (for all fin MOLP).

Then there exists a unique b (up to a scalar multiple of modulus 1) in the unit ball
of L, which is non-zero a.e. such that

(1) M =bH? with ||bf]| v, = |||l g2 for all f in H?,

00, p=2,
(2) b=! € L® where s = pQT, 2<p< (deb‘lnsgé,
2, p = 00.

(Note: We do not assume in (@) that M N LP # {0} for p > 2.)

Proof. By the Wold-Halmos decomposition, [5],
(4.2) M=HOENDOSWN)D---

where S is unitary on H and N' = M © S(M) and the summands are orthogonal
in M. Let M; = M & H. We shall first analyze M;. We assume that M; # {0}
and hence NV # {0}, a fact we shall justify later. Let b be an arbitrarily chosen
non-zero element of unit norm in M. Let f(z) = >~ a,2™ be any fixed element
of H? and put f,(2) = Y ;_, axz®. Then || f, — f||;2 — 0 as n — oo. Now observe
that by the decomposition (£.2)

(4.3) 16fnll g = 1l L2

and so {bf,} is a Cauchy sequence in M;j. Since M; is a Hilbert space there is a
g in M such that ||bf, — gl — 0 as n — oo. This implies by the contractivity
condition that ||bf, —g|/;= — 0 and so bf, — g almost everywhere (at least a
subsequence does). Since we already know that f,, — f almost everywhere we
conclude that bf,, — bf almost everywhere and so bf = g. Since ¢ is in L? and f
is an arbitrarily chosen element of H? we infer that b multiplies H? into M and
hence into L? and so b is in L>°. This forces us to deduce that A/ C L> since b was
any element of /. We can also see from (€2]) that

16l pg = 171l 2

for all f in H? and for any non-zero b in N.

We now show that no element of N can vanish on any set of positive measure
unless it is zero. Choose any nonzero d in N. Assume that d is identically zero on
a set of positive measure, say E. Let

n on K,
kn =
1  on E°.

Then k,, € L*> for each n. Put
hn = exp(ky, + zl;n)
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where k denotes the harmonic conjugate of k, so that h,, € H> for all n. Hence
dh,, € M for all n by the above argument, replacing b by d. Thus,

th||L2 = ”dhn”M <9d ||dhn||Lp .

By the definition of h,,, the right hand side of the above inequality is bounded by
a fixed constant which is independent of n and the left hand side is unbounded.
This contradiction forces us to conclude that d cannot vanish on a set of positive
measure.

Next we show that A is one dimensional. Suppose not. Then, by the condition
S(M) C M and the assumption that ' # {0} we can fix a b and by both of
unit norm in A such that b; L b in M. Then in view of [{2) it is easy to see
that bH? 1 by H? in M. Since b is in L and in M; we see that {b} C M; N LP.
Further, z(MNL?) C M iNLP. Let A(M;NL?) denote the annihilator of M;NLP.
This is a closed subspace of L7 T and zA(M; N LP) C A(M; N LP). Choose any f
in A(My N LP). Let {pn(2)} be a sequence of analytic polynomials that converges

boundedly and pointwise to exp —(|f| + ¢ ‘f‘) Clearly then p,(z)f converges to

exp—(|f| +¢ ‘f’)f in L7 so that [exp—(|f] + i ‘f‘)]f is in A(M; N LP) N L.
Hence, we can and do choose an f in A(Mj N LP), which is in L*°. Then

/sz”d@zo, n=0,1,2,...
T

and
/fblz”dezo, n=0,1,2,...
T
so that
fo=k
and
fbr =k

where, k, k1 are in H*°. Since b and k do not vanish on any set of positive measure,
we conclude that f does not vanish on any set of positive measure. Thus

k
b=—
f
and
k
b1:71.

Consider the function % which does not vanish on any set of positive measure.

This is equal to bk; and it is in bH?. It is also equal to bk and hence it is in
b1 H?. However, we have observed earlier that bH? N by H? = {0}. Thus, k—jfl =0
which contradicts the fact that this function does not vanish on any set of positive
measure. Therefore, N is one dimensional.

We now show that the space H = {0}, which justifies our assumption that
My # {0}. We first observe by Corollary 2.2 that if H # {0}, then H N L? has
a non-zero element of L>°. Let this element be ¢. Let f be a non-zero element in
the annihilator of M N LP. Certainly f is in the annihilator of M; N LP and so
by reasoning employed above in dealing with the situation concerning k£ and k; we
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can assume that f does not vanish on any set of positive measure. Now pz" is in
HNLP for all n =0,4+1,42, ... . Therefore, we conclude that

/ foem?de =0
T

for all integers n. This means that fy = 0 and hence ¢ = 0. This contradiction
obviously stems from our assumption that H # {0}.

We have thus far shown that in the decomposition [@2) N = {ab: a € C} and
H = {0}. This gives us M = bH?, |[bf| », = || f|l = for all f in H? and b does not
vanish on any set of positive measure.

To complete the proof of the theorem we need to establish (2). Suppose 2 < p <
o0. Let, for each positive integer n, E, = {e" : |b(e??)| > 1} and let for a fixed
real 7,

rlog|b| on E,,
kn =
0 on E7,

hn = exp(ky, + zl;n)
We then obtain the inequality

(2 [, 1bI”" d6)'/? 1l

o7l g < 655 S 1017 1| )P

I IA

Letting n — oo in the above set of inequalities we obtain

1 1 1
(_/ |b|2rd9)5 S(S(_/ |b|p(1+r) dg)l/p.
2 T 2 T

Choosing r = 72 < 0 we have 2r = p(1 + ) = —s. Hence the above inequality
yields

1 —118 l7%
(5 [ 170 <
that is, ||b_1HS <.

When p = 2, we need only look at the inequality
[Rll L2 = [1bAllpg < O [[0R] 2

to deduce that
1 21112 2
— -1
5= | =1

for all trigonometric polynomials A, from which it easily follows that Hb’l ||Oo <.

Finally, when p = 400, » = —1 we find, upon taking limits in the inequalities
(35 I3, 16> d6)"/% < ||hnlly = Ibhnl| o < & ||bha]|,, and by using the easily deduced
fact that ||bh, |, — d, that

1ol < a.
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5. SOME CONSEQUENCES OF THE THEOREM

In this section we discuss some immediate consequences of the theorem. The
first is the theorem of Helson and Lowdenslager.

Corollary 5.1 (Helson-Lowdenslager, [2], [3]). Let M be a simply invariant sub-
space of L?. Then there exists a b in L™=, |b| =1 a.e. such that

M = bH?.

Proof. Tt is rather straightforward to check that M satisfies all the conditions of
our theorem with p = 2 and § = 1. Hence there is a b in the unit ball of L such
that M = bH? and ||b_1HC>o < 1. Thus, |b| = 1 almost everywhere. O

The second consequence asserts that there are no non-trivial simply invariant
subspaces contractively contained in L for some r > 2 on whom S acts isometrically
and which satisfy the condition (4.1]) of our theorem.

Corollary 5.2. Let M be a simply invariant Hilbert space contractively contained
in L" for some r > 2. Suppose that S acts isometrically on M and that M satisfies
the condition (41)) of Theorem [{.1] for some p > 2. Then M = {0}.

Proof. Assume M # {0}. By the facts that L" C L? and the L? norm is dominated
by the L™ norm (for functions in L") we conclude that M satisfies the conditions
of our theorem. Hence there is a b in L>® such that M = bH?. However, this
is not possible as for each b in L® there is an f in H? such that bf ¢ L". This
contradiction shows that M = {0}. O
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