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A HELSON-LOWDENSLAGER-DE BRANGES THEOREM IN L2

VERN I. PAULSEN AND DINESH SINGH

(Communicated by David R. Larson)

Abstract. This paper presents a generalization of the invariant subspace the-
orem of Helson and Lowdenslager along the lines of de Branges’ generalization
of Beurling’s theorem.

1. Introduction

The Helson-Lowdenslager invariant subspace theorem is a significant general-
ization, as well as an extension to the Lebesgue space L2 of the unit circle, of
Beurling’s famous invariant subspace theorem. Their theorem characterizes the
class of all simply invariant subspaces of L2. See section 2 for details as well as [2],
[3] and [4]. The theorem and its proof are important from several points of view.
One of these is the fact that the proof is essentially free from the function theory
of the disc. This enables the theorem to be stated and proved in very general situ-
ations. Equally important, the theorem enables a great deal of function theory to
be derived in these very general situations. See [2], [3] and [4].

In recent times, L. de Branges has also generalized Beurling’s theorem as well
as its vector valued versions due to Lax and Halmos [5]. In the scalar context
de Branges’ theorem characterizes the class of all Hilbert spaces that are contrac-
tively contained in the Hardy space H2 and on which multiplication by the coordi-
nate function acts as an isometric operator. This theorem is the starting point of
the theory of complementary spaces developed by de Branges [1], and furthered by
Sarason [6], [7] and numerous other contributors.

This note is concerned with the presentation of a theorem which generalizes
the Helson-Lowdenslager theorem along the lines of De Branges’ generalization of
Beurling’s theorem. As an immediate corollary we deduce the Helson-Lowdenslager
theorem. We also present some examples which show that a straightforward gen-
eralization of De Branges theorem to the L2 case is impossible.

2. Terminology and a preliminary result

The unit circle in the complex plane will be denoted by T and the open unit disk
by D. The familiar Lebesgue and Hardy spaces on T will be denoted by Lp and
Hp, respectively. It is well known that Hp can also be viewed as a space of analytic
functions on D. Recall that L2, and consequently also H2, are Hilbert spaces under
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the usual inner product. A Hilbert spaceM is said to be boundedly contained in a
Hilbert space H if M is a vector subspace of H (in the algebraic sense) and if the
inclusion map is bounded, i.e. ‖x‖H ≤ C ‖x‖M for all x in M and some constant
C. When C = 1, we say that H is contractively contained inM. For further details
on all the above we refer to [2], [3], [4] and [5].

The operator of multiplication by the coordinate function z will be denoted by
S. It is easy to see that S is an isometry on L2 and hence also on H2. A closed
subspace M of L2 is said to be simply invariant under S if S(M) is a subset of
M and S(M) 6= M, which we denote S(M) ⊂ M. For our purposes, a Hilbert
spaceM which is boundedly contained in L2 will be said to be simply invariant if
S(M) ⊂M.

If T is an operator on some Hilbert space K, then we let R(T ) denote the range
of T, which is a (not necessarily closed) subspace of K. However, if we endow R(T )
with the norm, ‖h‖R(t) = inf{‖k‖K : Tk = h}, then R(T ) is a Hilbert space in this
norm called the range space of T and it is boundedly contained in K. When T is a
contraction then the range space of T is contractively contained in K.

We use Mφ to denote the operator of multiplication by φ on L2.
We record the following result for later use:

Theorem 2.1. Let H be boundedly contained in L2. Then S acts unitarily on H
if and only if there exists a function φ in L∞ such that H = R(Mφ) isometrically,
i.e., ‖h‖H = ‖h‖R(Mφ) for all h in H. When H is contractively contained in L2 we
have ‖φ‖∞ ≤ 1.

Proof. Assume that S acts unitarily on H and let C : H → L2 denote the bounded
containment. Then there exists a unitary operator W : H → H such that SC =
CW. This means that SCC∗S∗ = CC∗, because W is unitary. Hence, CC∗ = Mψ

for some ψ in L∞ with ψ ≥ 0 and so H = R(C) = R(Mφ) where φ = ψ1/2 by
Douglas’ factorization theorem. Moreover, ‖h‖H = ‖h‖R(C) = ‖h‖R(Mφ) .

Conversely, if H = R(Mφ) isometrically for some φ in L∞, then h ∈ H implies
e−ιθh, e+ιθh are both in H and hence S is one-to-one and onto. Finally,

‖h‖H = inf{‖g‖L2 : φg = h} = inf{‖g‖L2 : φg = e+ιφh} =
∥∥eιφh∥∥H ,

from which it follows that S is an isometry on H, and hence unitary.

We have the following immediate consequence:

Corollary 2.2. Let H be boundedly contained in L2 and let S act unitarily on H.
Then H ∩ L∞ 6= {0} if and only if H 6= {0}.

Proof. The result is obvious since, by Theorem 2.1, H = R(Mφ) and so {φ} ⊆
H ∩ L∞.

3. The failure of de Branges theorem in L2

The theorem of de Branges (scalar version) [1] states: LetM be a Hilbert space
such that:

(i) M is contractively contained in H2,
(ii) S(M) ⊆M and S is an isometry on M.
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Then there is a b in the unit ball of H∞ such that

M = bH2

and

‖bf‖M = ‖f‖H2

for all f in H2, i.e., M = R(Mb) isometrically.
This clearly generalizes the theorem of Beurling, which says that ifM is a closed

subspace of H2 invariant under the action of S, then there is an inner function b
(i.e., |b| = 1 a.e. on T ) such that M = bH2.

The Helson-Lowdenslager theorem is a generalization and extension of the above
theorem of Beurling to the space L2 and states: Let M be a closed subspace of L2

such that S(M) ⊂ M. Then there is a unimodular function φ (|φ| = 1 a.e. on T )
in L2 such that M = φH2.

A straightforward generalization on L2 of the Helson-Lowdenslager theorem
along the lines of de Branges’ generalization of Beurling’s theorem is not possi-
ble. In other words, the following question has an answer in the negative: Let M
be a Hilbert space such that:

(i) M is a vector subspace of L2.
(ii) S(M) ⊂M and S acts isometrically on M.
(iii) ‖f‖M ≤ ‖f‖L2 for all f in M.

Then does there exist a b in L∞ not vanishing on any set of positive measure and
such that M = bH2 with ‖bf‖M = ‖f‖L2 for all f in H2?

The following examples illustrate why the situation can be as bad as possible:
(A) Let E1, E2, E3 be mutually disjoint measurable subsets of T with m(Ei) >

0, i = 1, 2, 3. Then

XEiH2 ∩ XEjH2 = {0},
XEiH2 ∩ XEjL2 = {0}, i, j = 1, 2, 3, i 6= j.

Hence, M = XE1H
2 + XE2H

2 + XE3L
2 is a vector subspace of L2, algebraically

isomorphic to the direct sum.
Define

‖XE1g1 + XE2g2 + XE3g3‖2M = ‖g1‖22 + ‖g2‖22 + ‖g3‖22 .

Clearly ‖f‖M ≥ ‖f‖L2 for all f in M. Hence M is contractively embedded in L2

and S acts isometrically on M with S(M) ⊂M.
However, in the M norm, we find that XE1H

2 ⊥ XE2H
2 ⊥ XEeL2. If M was

equal to bH2 for any b in L∞ such that ‖bf‖M = ‖f‖H2 , then S would be a shift
of multiplicity one on M, as is the case in the theorem of de Branges and in the
Helson-Lowdenslager theorem. However, we find that S has a unitary part given
by its restriction to XE3L

2 and it has a shift part of multiplicity 2 given by its
restriction to the subspace XE1H

2 + XE2H
2.

(B) Let E3 be as above and let M = XE3L
2 +H2 with

‖XE3g + h‖2M = 2(‖g‖22 + ‖h‖22).

Clearly M is contractively contained in L2 and S acts as an isometry on M with
S(M) ⊂ M. However S has a unitary part and a shift part of multiplicity one.
Hence, arguing as above M 6= bH2 for any b in L∞.
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4. The Helson-Lowdenslager-de Branges theorem

We are now in a position to state and prove the following:

Theorem 4.1. Let M 6= {0} be a simply invariant Hilbert space contractively con-
tained in L2 and on which S acts isometrically. Further, suppose that there is a
p, 2 ≤ p ≤ ∞ and δ > 0 such that

‖f‖M ≤ δ ‖f‖p (for all f in M∩ Lp).(4.1)

Then there exists a unique b (up to a scalar multiple of modulus 1) in the unit ball
of L∞, which is non-zero a.e. such that

(1) M = bH2 with ‖bf‖M = ‖f‖H2 for all f in H2,

(2) b−1 ∈ Ls where s =


∞, p = 2,
2p
p−2 , 2 < p <∞
2, p =∞.

and
∥∥b−1

∥∥
s
≤ δ,

(Note: We do not assume in (4.1) that M∩ Lp 6= {0} for p > 2.)

Proof. By the Wold-Halmos decomposition, [5],

M = H⊕N ⊕ S(N )⊕ · · ·(4.2)

where S is unitary on H and N =M	 S(M) and the summands are orthogonal
in M. Let M1 =M	H. We shall first analyze M1. We assume that M1 6= {0}
and hence N 6= {0}, a fact we shall justify later. Let b be an arbitrarily chosen
non-zero element of unit norm in M. Let f(z) =

∑∞
n=0 αnz

n be any fixed element
of H2 and put fn(z) =

∑n
k=0 αkz

k. Then ‖fn − f‖L2 → 0 as n→∞. Now observe
that by the decomposition (4.2)

‖bfn‖M = ‖fn‖L2(4.3)

and so {bfn} is a Cauchy sequence in M1. Since M1 is a Hilbert space there is a
g in M1 such that ‖bfn − g‖M → 0 as n → ∞. This implies by the contractivity
condition that ‖bfn − g‖L2 → 0 and so bfn → g almost everywhere (at least a
subsequence does). Since we already know that fn → f almost everywhere we
conclude that bfn → bf almost everywhere and so bf = g. Since g is in L2 and f
is an arbitrarily chosen element of H2 we infer that b multiplies H2 into M and
hence into L2 and so b is in L∞. This forces us to deduce that N ⊂ L∞ since b was
any element of N . We can also see from (4.2) that

‖bf‖M = ‖f‖L2

for all f in H2 and for any non-zero b in N .
We now show that no element of N can vanish on any set of positive measure

unless it is zero. Choose any nonzero d in N . Assume that d is identically zero on
a set of positive measure, say E. Let

kn =

{
n on E,

1 on Ec.

Then kn ∈ L∞ for each n. Put

hn = exp(kn + ik̃n)
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where k̃ denotes the harmonic conjugate of k, so that hn ∈ H∞ for all n. Hence
dhn ∈M for all n by the above argument, replacing b by d. Thus,

‖hn‖L2 = ‖dhn‖M ≤ δ ‖dhn‖Lp .
By the definition of hn, the right hand side of the above inequality is bounded by
a fixed constant which is independent of n and the left hand side is unbounded.
This contradiction forces us to conclude that d cannot vanish on a set of positive
measure.

Next we show that N is one dimensional. Suppose not. Then, by the condition
S(M) ⊂ M and the assumption that N 6= {0} we can fix a b and b1 both of
unit norm in N such that b1 ⊥ b in M. Then in view of (4.2) it is easy to see
that bH2 ⊥ b1H

2 in M. Since b is in L∞ and in M1 we see that {b} ⊆ M1 ∩ Lp.
Further, z(M1∩Lp) ⊆M1∩Lp. Let A(M1∩Lp) denote the annihilator ofM1∩Lp.
This is a closed subspace of L

p
p−1 and zA(M1 ∩Lp) ⊆ A(M1 ∩ Lp). Choose any f

in A(M1 ∩ Lp). Let {pn(z)} be a sequence of analytic polynomials that converges
boundedly and pointwise to exp−(|f | + i

∣∣∣f̃ ∣∣∣). Clearly then pn(z)f converges to

exp−(|f | + i
∣∣∣f̃ ∣∣∣)f in L

p
p−1 so that [exp−(|f | + i

∣∣∣f̃ ∣∣∣)]f is in A(M1 ∩ Lp) ∩ L∞.
Hence, we can and do choose an f in A(M1 ∩ Lp), which is in L∞. Then∫

T

fbzndθ = 0, n = 0, 1, 2, . . .

and ∫
T

fb1z
ndθ = 0, n = 0, 1, 2, . . .

so that

fb = k

and

fb1 = k1

where, k, k1 are in H∞. Since b and k do not vanish on any set of positive measure,
we conclude that f does not vanish on any set of positive measure. Thus

b =
k

f

and

b1 =
k1

f
.

Consider the function kk1
f which does not vanish on any set of positive measure.

This is equal to bk1 and it is in bH2. It is also equal to b1k and hence it is in
b1H

2. However, we have observed earlier that bH2 ∩ b1H2 = {0}. Thus, kk1
f = 0

which contradicts the fact that this function does not vanish on any set of positive
measure. Therefore, N is one dimensional.

We now show that the space H = {0}, which justifies our assumption that
M1 6= {0}. We first observe by Corollary 2.2 that if H 6= {0}, then H ∩ Lp has
a non-zero element of L∞. Let this element be ϕ. Let f be a non-zero element in
the annihilator of M ∩ Lp. Certainly f is in the annihilator of M1 ∩ Lp and so
by reasoning employed above in dealing with the situation concerning k and k1 we
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can assume that f does not vanish on any set of positive measure. Now ϕzn is in
H ∩ Lp for all n = 0,±1,±2, . . . . Therefore, we conclude that∫

T

fϕeinθdθ = 0

for all integers n. This means that fϕ = 0 and hence ϕ = 0. This contradiction
obviously stems from our assumption that H 6= {0}.

We have thus far shown that in the decomposition (4.2) N = {αb : α ∈ C} and
H = {0}. This gives us M = bH2, ‖bf‖M = ‖f‖H2 for all f in H2 and b does not
vanish on any set of positive measure.

To complete the proof of the theorem we need to establish (2). Suppose 2 < p <
∞. Let, for each positive integer n, En = {eiθ :

∣∣b(eiθ)∣∣ > 1
n} and let for a fixed

real r,

kn =

{
r log |b| on En,

0 on Een,

hn = exp(kn + ik̃n).

We then obtain the inequality

( 1
2π

∫
En
|b|2r dθ)1/2 ≤ ‖hn‖2

= ‖bhn‖M ≤ δ( 1
2π

∫
T
|b|p |hn|p dθ)1/p.

Letting n→∞ in the above set of inequalities we obtain

(
1

2π

∫
T

|b|2r dθ) 1
2 ≤ δ( 1

2π

∫
T

|b|p(1+r)
dθ)1/p.

Choosing r = p
2−p < 0 we have 2r = p(1 + r) = −s. Hence the above inequality

yields

(
1

2π

∫
T

∣∣b−1
∣∣s) 1

2−
1
p ≤ δ,

that is,
∥∥b−1

∥∥
s
≤ δ.

When p = 2, we need only look at the inequality

‖h‖L2 = ‖bh‖M ≤ δ ‖bh‖L2

to deduce that

1
2π

∫
T

(δ2 |b|2 − 1) |h|2 dθ

for all trigonometric polynomials h, from which it easily follows that
∥∥b−1

∥∥
∞ ≤ δ.

Finally, when p = +∞, r = −1 we find, upon taking limits in the inequalities
( 1

2π

∫
En
|b|2r dθ)1/2 ≤ ‖hn‖2 = ‖bhn‖M ≤ δ ‖bhn‖∞ and by using the easily deduced

fact that ‖bhn‖∞ → δ, that ∥∥b−1
∥∥

2
≤ δ.
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5. Some consequences of the theorem

In this section we discuss some immediate consequences of the theorem. The
first is the theorem of Helson and Lowdenslager.

Corollary 5.1 (Helson-Lowdenslager, [2], [3]). Let M be a simply invariant sub-
space of L2. Then there exists a b in L∞, |b| = 1 a.e. such that

M = bH2.

Proof. It is rather straightforward to check that M satisfies all the conditions of
our theorem with p = 2 and δ = 1. Hence there is a b in the unit ball of L∞ such
that M = bH2 and

∥∥b−1
∥∥
∞ ≤ 1. Thus, |b| = 1 almost everywhere.

The second consequence asserts that there are no non-trivial simply invariant
subspaces contractively contained in Lr for some r > 2 on whom S acts isometrically
and which satisfy the condition (4.1) of our theorem.

Corollary 5.2. Let M be a simply invariant Hilbert space contractively contained
in Lr for some r > 2. Suppose that S acts isometrically on M and that M satisfies
the condition (4.1) of Theorem 4.1 for some p > 2. Then M = {0}.

Proof. AssumeM 6= {0}. By the facts that Lr ⊂ L2 and the L2 norm is dominated
by the Lr norm (for functions in Lr) we conclude that M satisfies the conditions
of our theorem. Hence there is a b in L∞ such that M = bH2. However, this
is not possible as for each b in L∞ there is an f in H2 such that bf 6∈ Lr. This
contradiction shows that M = {0}.
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