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ABSTRACT. The results of this paper concern the expected Lp norm of ran-
dom polynomials on the boundary of the unit disc (equivalently of random
trigonometric polynomials on the interval [0,27]). Specifically, for a random
polynomial

n—1
an(0) = > Xpe'*?
0
let

27
llgnl[2 = /0 l4n(O)IP d0/(2r).

Assume the random variables Xy, k > 0, are independent and identically dis-
tributed, have mean 0, variance equal to 1 and, if p > 2, a finite pt” moment
E(|X%|P). Then

E D
and
(r)p
E dn _
Bl ) — G+ ra )
as n — oQ.

In particular if the polynomials in question have coefficients in the set
{+1,—-1} (a much studied class of polynomials), then we can compute the
expected Ly norms of the polynomials and their derivatives

E
(Hf/";”p) _ (F(l +p/2))l/p
n
and
E(llaf” 1) -
TM — (2r+1)7Y2(T(1 +p/2)) /7.
This complements results of Fielding in the p := 0 case, Newman and

Byrnes in the p := 4 case, and Littlewood et al. in the p = oo case.

1. INTRODUCTION

There are a number of difficult old conjectures that concern the possible rates
of growth of polynomials with all coefficients in the set {4+1,—1}. Since many of
these were raised by Littlewood we denote the set of such polynomials by £,, and
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1464 PETER BORWEIN AND RICHARD LOCKHART

refer to them as Littlewood polynomials. Specifically

n

Ln:=<p:plx)= Zajxj, a; € {-1,1}

3=0
In [Li-66] Littlewood conjectures that it is possible to find p,, € £,, so that

Civn+1<|pu(z)| < Covn+1

for all complex z of modulus 1. Such polynomials are often called “flat”. Because
the Ly norm of a polynomial from £,, is exactly v/n + 1 the constants must satisfy
Cy <1 and Cy > 1. This is discussed in some detail in problem 19 of Littlewood’s
delightful monograph [Li=68]. A sequence of polynomials that satisfies just the
upper bound is given by the Rudin-Shapiro polynomials. No sequence is known
that satisfies the lower bound.

This conjecture is complemented by a conjecture of Erdés [Er-62] that the con-
stant Cy is bounded away from 1 (independently of n). This is also still open.
Although a remarkable result of Kahane [Kah-85| [Kah-80] shows that if the polyno-
mials are allowed to have complex coefficients of modulus 1, then “flat” polynomials
exist and indeed that it is possible to make C; and Cs asymptotically arbitrarily
close to 1. Equally remarkable is a result of Beck [Bec-91] who proves that “flat”
polynomials exist from the class of polynomials of degree n whose coefficients are
400th roots of unity.

The relationship between these problems and Barker polynomials is discussed in
[Sa-90]. The most famous problem concerning polynomials with coefficients in the
set {0, —1,+1} is the celebrated, now resolved, Littlewood conjecture [Ko-80]. It
asserts that the L1 norm of a polynomial >77_, +2% must grow at least like log(n).
Here and in what follows the L, norms are on the boundary of the unit disk in the
complex plane.

In [Sa-54] it is shown that for all but o(2") Littlewood polynomials the supremum
on the unit disc lies between c;y/nlogn and cav/nlogn. In fact, Haldsz [Ha-73)
shows that lim||g,/v/nlogn||cc = 1 almost surely. See also [An-83].

The expected L4 to the fourth power of a Littlewood polynomial of degree n is
computed by Newman and Byrnes [Ne-90]. They show that

E(llpll3) = 2(n +1)* = (n+ 1)

where p is a random element of L,,.

In the Ly case Fielding [Fi=70] computes the expected norm (which in this case
is the Mahler Measure) over the polynomials with complex coefficients of modulus
1. He proves that

E(|[pllo) = exp(—y/2)v/n(1 + O(n~"/**?))

where «y is Euler’s constant. See also [UL-8§].

Our principal aim in this paper is to to compute the expected L, norms of Ran-
dom Littlewood polynomials. The complete results are stated in the next sections.
For random Littlewood polynomials, ¢, € £,,, we have

E(llgnll»)

L (DL py2)
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and for their derivatives

E(ll¢"])
n@r+1)/2

From this and the inequality [Bor-95, p. 406]

— (2r + 1) V2D (1 + p/2)) 7.

g7l
n||%||p B

we can deduce an expected Bernstein Inequality for Littlewood polynomials, namely

|lanlp ) 1
E n — —.
(nl |gnllp V3
This should be compared to interesting results of Nazarov and Queffélec and Saffari
[Qe-96] which say that

laally
w2 nllaully

for all p > 1 except p = 2 where the limsup is 1//3.
Of course, because of the monotonicity of the L, norms it is relevant to rephrase
Littlewood’s conjecture in other norms. It has been conjectured that

Ipll3 = (7 = 8)n*/6

for p € £,, and n sufficiently large. This would be best possible and would imply
Erdds’ conjecture above. See [Bor-98| for a discussion of this.

Random polynomials have been much looked at, particularly the location of their
roots. See for example [Bh-86], [Bri-75] and [Kac-48].

2. RESULTS

Consider a random polynomial
n—1
Qn(g) = Z Xkeike
0
for 0 < 6 < 2m. We study the p!* power of the L, norm of g,; that is,

27
IanII§Z:/O |gn (0)|P 6/ 2.

Theorem 1. Fiz 0 < p < co. Assume that the random variables Xy, k > 0, are
independent and identically distributed, have mean 0, variance equal to 1 and, if
p > 2, a finite p" moment E(|Xk|P). Then

E(llgn})
np/2
as n — oo. If, in addition, E(|Xy|*?) < oo, then

—T(1+p/2)

||Qn||p

Syl (1 +p/2)'/P

in probability and

Al lb) o1 4 py2yy e,
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For +1 coefficients randomly chosen the moment conditions are trivially satisfied
for all finite p. Numerical confirmation of the principle results based on computa-
tions up to degree 24 is presented in Figures 1 and 2. The calculations are courtesy
of Lesley Robinson [Ro-97]. Figure 1 shows the average Ls and L4 norms (normal-
ized by division by v/n + 1) for the Littlewood polynomials up to degree 24. Figure
2 is a similar graph for L3 and L} (normalized by division by (n+1)3/2 and (n+1)?
respectively).

Proof. In what follows all unlabelled sums run from 0 through n — 1. Define

opo(0) =) cos*(j6)

and
o s(0) = sin®(j6)
and write
ol = 0
and, for 6 not a multiple of =,
) =25

Then

Lemma 2.1. There is a constant M, free of n, k and 0 such that
M

|akn(0)] + [bkn (0)] < 7
Postpone the proof of the lemma and consider an arbitrary sequence 6,,. The
lemma permits application of the Lindeberg central limit theorem to show that for

an arbitrary sequence 6,

n—1 n—1
Xy, cos(kb,,
Cn(en) = ZO o k(e )( ) = Za’kﬂl(@n)Xk
n,c\Un 0

converges in distribution to standard normal and, provided no 6, is an integer
multiple of 7,

S0 Xy sin(k6,,)
O—n,s(en)

converges in distribution to standard normal. Moreover, for any fixed # not an
integer multiple of 7, the elementary convergences o2 ./n — 1/2, 02 /n — 1/2
and Y cos(kf)sin(kf)/n — 0 show that the covariance matrix of (Cy(0), S, (6))
converges to the 2-by-2 identity so that (Cy(0),S,(0)) converges in distribution
to (Z1,Z2) where the Z; are independent standard normals. It follows for such
6 that |g,,(0)|>/n converges in distribution to (Z%? + Z2)/2 which has a standard
exponential distribution.

Sn(0n) =
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For p > 2, a theorem of Bernstein ([Be-39|, [Br-70]) asserts that, in the central
limit theorem, p** moments converge to the p** moment of the normal distribution
provided an analogue of the Lindeberg condition holds. In particular,

E(C (6)7) / ful? exp(—u?/2) du
provided
S B(lan [P XelP1(a2,, X2 > 7)) — 0

for each positive  (and analogously for S, replacing ay , by bgn). (For p < 2 we
could proceed straight from the central limit theorem.) The quantity in question
is bounded by

> lawaPE(Xo[PLXE > nn/M?) < Y lanaPE(1XolPL(XE > nn/M?)) .

But Y |ax.n|? is, for p > 2, bounded by > ai’n =1 and X, has a finite p”* moment
so the bound converges to 0.

Now note
2 2 2 2 p/2
P /nP/2 _ Uﬂ70(9)cn(9) + O-n,s(e)‘sn(e)
gn (0)|” /. < "
/2 p/2
a2 (0" o2 (0
Szp/Q_l < n,;( )) |Cn(9)|p+ ( n,;L( )) |Sn(9)|p

< 22| Ca(O)F + [Sa(B)F].

Putting g,(0) = E(|ga(6)|?/n?/?) and h,(8) = 2°/>7'E(|C,(0)7 + [S,(0)[7) we
see that 0 < ¢, < h, almost everywhere and that h, converges uniformly on
(0,7) U (m,27) to 2P/?E(]Z|P) where Z is standard normal. If we establish that
gn converges almost everywhere to I'(1 4+ p/2), then the theorem will follow by
dominated convergence.

To do so we can apply the following result. Suppose U,, and V,, are random vari-
ables with U, converging in distribution to some U, V,, converging in distribution
to some V and 0 < U, <V,,. If E(V,;) — E(V) < oo, then E(U,,) — E(U). (This
is the Dominated Convergence Theorem for convergence in distribution.)

Use the result with U,, = |g,(0)[P/nP/?, which converges in distribution, for 6
not an integer multiple of 7, to U = ((Z2 + Z2)/2)P/?, and

Vi = 2P/271[|C(0,) [P + S (0[]

which converges in distribution to V. = 2P/2=1(|Z;|P 4 | Z5|P). Since E(U) =
(1 + p/2) we are done.
To establish the convergence in probability we compute the variance of |[gn|[}/

nP/2 and show that this converges to zero. It suffices to show that

E(|lgn27)

npb

21 2w
||Qn|| / / 91,92 del d92,

—T2(1+p/2).

However,
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where g,(l*)(f)l,ﬂg) = E(|gn(01)gn(02)P)/n?. For fixed 6; and 62, neither an in-
teger multiple of m, it is easily checked that the variance covariance matrix of
(Cn(61), Sn(61),Cn(02), Sn(f2)) converges to the 4-by-4 identity matrix. In view
of the Lindeberg condition already checked the random vector converges in distri-
bution to the standard normal and |g,(01)g,(02)|P)/nP converges in distribution
to (Z% + Z2)P(Z2 + Z3)P /2% where Zi, ... ,Z, are independent standard normal.
Since

95 (61,602) < h$)(6y,00) = (E(|qn(91)l2”) n E(an(92)|2p)> /2

np np

we may apply the first part of the theorem and the dominated convergence theorem

()

to conclude that g, converges almost everywhere to I'2(1 4+ p/2). Moreover we

have already checked that hg) converges almost everywhere to I'(1 4 p) and that

27 27
/ / h$) (01, 05) dOy dby/(4n?) — T(1 +p).
0 0

Hence

2 27
/ / g (61, 02) dOy dby/(4m?) — T2(1 + p/2)
0 0

by dominated convergence. This establishes the convergence in probability.
The final statement of the theorem is simply dominated convergence applied via
the elementary inequality ||g,/n'/?|[, <1+ [|gn/n'/?|[P. O

Proof of Lemma. For 6 < x/(2n) and 1 < j <n — 1 we have 2j0/7 < sin(j0) < j0
whence

2\/Zj:11j292 2y/n—1Dn@2n—-1) — vn

Moreover, on [0,7/(2n)] the function cos(k#) is monotone decreasing for all k < n.
Hence

ko Vérk < \/67r/2

|bk,n| é

|akn(0)] <

IN

On the other hand if 6 > 7/(2n), then
Z{COS2(k9) —sin?(k6)} = sin?(nf) + sin(nh) cos() cos(nh)/ sin(8).

Since
sin(6)
cos(6)
we see that for 7/(2n) < 0 < 7/2 we have

‘Z{cosz(kﬁ) —sin?(k0)}| <1+ 1/tan(d) <1+ 2n/7 < don

= tan(f) > 6
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for a dp < 1 and all n > 3. It follows that

1—
Z cos? (k0) > 5 % n

and
1-9¢
Z sin?(k@) > 5 O

from which the lemma follows for 0 < 8 < /2. Use easy symmetries of the weights
ak.n and by, to get all values of 6. O

Similar techniques permit the extension of our main result to the derivative qﬁf)

of order r.

Theorem 2. Fiz 0 < p < co. Assume that the random variables Xy, k > 0, are
independent and identically distributed, have mean 0, variance equal to 1 and, if
p > 2, a finite pt* moment E(|Xx|P). Then

E(llg\|[2)
n(2r+1)p/2

as n — oo. If, in addition, E(|Xx|?P) < oo, then

— (2r +1)7P20(1 4 p/2)

a1,

e~ @+ D)~V +p/2)?

in probability and

E(|lgs” -
Ellon ) (or 1) 72001 4+ p/2) 7
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