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LIFTING WREATH PRODUCT EXTENSIONS

ELENA V. BLACK

(Communicated by Michael Stillman)

Abstract. Let G and H be finite groups and let K be a hilbertian field. We
show that if G has a generic extension over K and H satisfies the arithmetic
lifting property over K, then the wreath product GoH of G and H also satisfies
the arithmetic lifting property over K. Moreover, if the orders of H and G
are relatively prime and G is abelian, then any extension of G by H (which is
necessarily a semidirect product) has the arithmetic lifting property.

Introduction

The purpose of this note is to strengthen the main result of [Bl2], at the same
time providing a much shorter proof which is more geometric and intuitive. The
result concerns the arithmetic lifting property, which in some sense can be viewed
as an “inverse” of the regular use of the Hilbert Irreducibility Theorem.

The question of arithmetic lifting of Galois extensions of a field K, pursued by the
author for some time, arises naturally when one considers the standard approach
to the Inverse Galois problem for K through algebraic geometry. The idea of this
approach is to first construct a G-Galois branched covering of the projective line
over a base field K and then invoke the Hilbert Irreducibility Theorem ([Se]) to
obtain a G-Galois extension of K. It is natural to ask if one can obtain every G-
extension of K in this way, i.e., if every G-Galois extension of K is the specialization
of a geometric G-Galois branched covering of P1

K defined over K. If the answer to
this question is affirmative for a finite group G over a field K, we say that G has
the arithmetic lifting property over K. This question is closely related [Bl1] to the
so-called Noether’s problem and generic Galois extensions introduced by Saltman
[Sa]. Many groups have been shown to have the arithmetic lifting property (see
[Bl1]). In [Bl2] we consider certain semidirect products. The purpose of this note
is to remove some hypotheses on the building blocks of these semidirect products
thus strengthening the main result of [Bl2]. Let G and H be finite groups and let
K be a hilbertian field. The main result of this note is to show that if G has a
generic extension over K and H satisfies the arithmetic lifting property over K,
then the wreath product G oH also satisfies the arithmetic lifting property. In [Bl2]
a similar result is obtained but only for G = A an abelian group. As a consequence
of our main result here, we show that if G = A is abelian and the orders of G
and H are relatively prime, then any semidirect product GoH has the arithmetic
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lifting property. This also strengthens similar results on semidirect products in
[Bl2], where G = A must be cyclic.

As we already mentioned the proof in this note not only strengthens the previous
result but is also shorter, more geometric and intuitive. One should note however,
that the proof in [Bl2] is constructive, and the arithmetic liftings of Galois exten-
sions are explicitly described. The proof in this note is existential. We present this
proof in section 1 after a brief section 0 containing relevant definitions.

0. Notation and definitions

Let G be a finite group and let K be a field. We denote a function field of P1
K

by K(t) where t is an indeterminate. For the convenience of the reader we recall a
few relevant definitions here. All of those can be found in [Bl1] and [Bl2].

Let κ be an algebraically closed field. Let X be an irreducible, smooth, projective
algebraic curve over κ. Let X → P1

κ be a dominant morphism; i.e., a non-constant
rational map. We say that X → P1

κ is a branched covering. A G-Galois branched
covering (often called a G-covering) is a branched covering X → P1

κ together with
an isomorphism of G with Gal(κ(X)/κ(t)), where the corresponding function field
extension is Galois. Let K be a subfield of κ. We say that X G→ P1

κ has a model
XK

G→ P1
K over K if the following holds:

i) XK is a connected, complete, smooth curve over K, such that XK ×Spec K
Spec κ ' X ;

ii) the maps XK → P1
K and X → P1

κ are compatible;
iii) the function field extension K(XK)/K(t) is Galois with group G.
iv) the G-action on κ(X) = K(XK) ⊗K κ is compatible with the G-action on

K(XK).
We will also say in this case that XK

G→ P1
K is a regular G-covering defined over

K.
A field extension L/K(t) is called regular if K̄ ∩L = K, where K̄ is a separable

algebraic closure of K; in other words K is algebraically closed in L. Note, in
particular, that an extension L/K(t) corresponds to the function field extension of
some branched covering XK → P1

K defined over K if and only if it is regular. If
XK → P1

K is a regular G-Galois branched covering and y is a K-rational point on
P1
K , the fiber of XK → P1

K over y corresponds to an extension of K-algebras A/K.
We call this extension A/K a specialization of XK → P1

K at the point y. If y is
inert, i.e. the inverse image of y (in the scheme sense) is one closed point, then the
corresponding extension of K-algebras is a G-Galois field extension.

By an arithmetic lifting of a field extension L/K we mean a G-Galois regular
branched covering XK → P1

K together with a K-rational point y ∈ P 1
K , such that

this covering specializes to L/K at the point y. We say that a finite group G has
the arithmetic lifting property over a field K if every G-Galois field extension of K
has an arithmetic lifting.

A generic extension for a finite group G over the base field k is an étale G-Galois
covering of a basic open set U ⊂ Ank for some n, such that the versal specialization
property holds. Namely, for any G-Galois extension L/K of k-algebras with K a
field, there is a K-rational point in U , such that specialization of the above-named
G-extension at this point yields L/K. This notion of generic extension has been
introduced by Saltman [Sa]. His original definition of a generic extension for G over
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k was given in terms of Galois extension of rings [Sa, p.255]. (For the definitions of
the Galois extensions of rings see [CHR].)

Two branched coverings X1 → Y and X2 → Y are called disjoint over Y if
whenever there is a commutative diagram

X1 X2

↘ ↙

Z

↓

Y

then Z → Y is an isomorphism. On the function field level, this corresponds to
linear disjointness of K̄(X1) and K̄(X2) over K̄(Y ) where K̄ is a separable algebraic
closure of K.

1. Generalized arithmetic lifting property

of wreath product extensions

Throughout this section K is a hilbertian field, G and H are finite groups, such
that G has a generic extension over K and H has the arithmetic lifting property
over K. We let the wreath product of G and H be denoted by Γ, i.e., Γ = G oH .
The main result of this paper is the following theorem.

Theorem 1.1. Let K be a hilbertian field. Let G and H be finite groups such that
G has a generic extension over K and H has the arithmetic lifting property over
K. Let Γ = G oH and let L/K be the Γ-Galois extension of K-algebras. Let E/K
be the H-Galois subextension of L/K and assume that E/K is a field extension.
Then there exist a regular Γ-Galois branched covering YK

Γ→ P1
K defined over K,

such that it specializes to L/K at t = 0.

Corollary 1.2. With G,H, Γ and K as in Theorem 1.1, Γ has the arithmetic lifting
property over K.

Corollary 1.3. With the set-up of Theorem 1.1, assume in addition that G is
abelian and the orders of G and H are relatively prime. Then any extension of G
by H, which is necessarily a semidirect product G o H, has the arithmetic lifting
property.

Proof of Theorem 1.1. Let L/K be a given Γ-Galois extension of K-algebras. Let
N =

⊕
h∈H Gh, where each Gh is a copy of G. Then Γ = G oH = N oH , where

H acts on N by permuting the direct summands in the usual way. Let E be the
fixed ring of N . By hypothesis E is a field. Let U denote the maximal field in L,
so L is a direct sum of fields isomorphic to U and E ⊂ U .
• Step 1. Since L/K is a Γ-Galois extension of K-algebras, by Lemma 3.4 of [Sa]

there exists aK-subalgebra T ⊂ L containingE, such that T/E is Galois with group
G, and such that the multiplication map defines an isomorphism L ∼=

⊗
h∈H h(T ).

Here the tensor product is over E.
• Step 2. Next we use the arithmetic lifting property for H to obtain a regular

branched covering XK
H→ P1

K defined over K and specializing to E/K at t = 0.
(The fact that E/K is a field extension is important here.)
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On the function field levelXK → P1
K corresponds to a regularH-Galois extension

of fields K(X)/K(t). We may pick a primitive element x of this extension with
f(x, t) ∈ K[t] its minimal polynomial over K(t). We arrange our choice of f(x, t),
so that the polynomial in one variable f(x, 0) is the minimal polynomial for a
primitive element of E/K which we will denote by λ ∈ E.

Since K is hilbertian, there exist infinitely many pairwise linearly disjoint over K
H-Galois field extensions of K corresponding to different specializations of XK →
P1
K . Since U/K has only finitely many intermediate subfields, we can pick one of

the specializations of XK → P1
K , say at t = a ∈ K, to satisfy the following two

properties. First, this specialization is the H-Galois extension of fields (denoted
F/K) such that F is linearly disjoint from U over K. Second, f(x, a) is the minimal
polynomial for a primitive element of F/K which we will denote by α ∈ F . For
future reference we denote the point of X lying above t = a in the covering X H→ P1

by Pa. Similarly, we denote by P0 the point of X above t = 0.
• Step 3. Recall that G is assumed to have a generic extension over K, which

implies in particular that there exists a regular G-Galois extension of K(u) where
u is an indeterminate. This fact allows us to use Theorem 2.2 from [MaMa, IV]
which states that any H-Galois extension of K can be embedded parametrically
into a G o H-Galois extension assuming that G is a Galois group of some regular
extension of K(u). This means that there exists a Γ-Galois extension F/K(u) with
H-Galois subextension F (u)/K(u) such that F is algebraically closed in F . Here
u = (u1, u2, ..., un) with ui indeterminates. Thus there are infinitely many Γ-Galois
field extensions of K, pairwise linearly disjoint over F , with fixed field of N equal
to F . We pick one which is linearly disjoint over F with U ⊗K F and denote it
F̃ /K. Note that U ⊗K F/K is a field extension because U and F are linearly
disjoint over K and it has only finitely many intermediate subfields, so such choice
is possible. We use Saltman’s lemma ([Sa], Lemma 3.4) again to obtain M/F which
is a G-Galois extension of F such that F̃ ∼=

⊗
h∈H,F h(M).

• Step 4. In Theorem 5.3 of [Sa] it is shown that if G has a generic extension, then
G satisfies the following lifting property introduced by Saltman: for any semilocal
K-algebra S with Jacobson radical J(S), and all G-Galois extensions B′/K ′ with
K ′ = S/J(S), there is a Galois extension S′/S such that S′ ⊗S (S/J(S)) ∼= B′.
Let K(u) denote a function field of P1

K . Let ℘1 be a prime ideal of K[u] generated
by the irreducible polynomial f(u, 0) and ℘2 be a prime ideal of K[u] generated
by the irreducible polynomial f(u, a). (Recall that f(u, 0) ∈ K[u] is the minimal
polynomial for λ ∈ E and f(u, a) ∈ K[u] is the minimal polynomial for α ∈ F
from Step 2.) There is a semilocal ring R ⊂ K(u) with two primes such that
localizations of R are local rings associated to ℘1 and ℘2, and R/J(R) = E ⊕ F .
Note that T ⊕M is naturally a G-Galois extension of E ⊕ F . The lifting property
says that this extension lifts to a G-Galois extension of K-algebras R′/R, and we
set L = R′ ⊗R K(u). Then L/K(u) is a G-Galois extension of fields since M/F
is a specialization and M is a field. It is a regular extension since M is linearly
disjoint over K from any field contained in T and T/E is also a specialization. Thus
it corresponds to a regular G-Galois branched covering of P1 defined over K and
specializing at E-rational point (corresponding to ℘1) to T/E and at F -rational
point (corresponding to ℘2) to M/F . We denote this covering Z G→ P1.
• Step 5. Let us return to the H-Galois covering X → P1 (from Step 2). On func-

tion field level it corresponds to a regular H-Galois extension of fields K(X)/K(t).
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Recall that x ∈ K(X) is a primitive element of this extension and f(x, t) is a
minimal polynomial of x over K(t). Since any nonconstant rational function on X
defines a map from X to a projective line, we have that x defines a map from X

to P1, which we denote X
φ→ P1. Let Zx → X be a pull-back of Z G→ P1 along this

map X
φ→ P1, i.e., we have the following commutative diagram:

Z ←−−−− Zx

G

y y
P1
K

φ←−−−− X

We observe that Zx → X is Galois with a group G and is defined over K. It is clear
that Zx is irreducible since at the point Pa of X (see Step 2) Zx → X specializes to
the field extension M/F . Similarly for any h ∈ H the element h(x) ∈ K(X) defines

a map X
φh→ P1. As above we can obtain regular G-Galois covers Zh(x) → X as

pullbacks of Z G→ P1 along these maps X
φh→ P1. Note that all Zh(x) are irreducible

because of the specialization at the point Pa of X .
We claim that, for h1 6= h2 ∈ H , Zh1(x) → X and Zh2(x) → X are disjoint over

X . One can see that from the fact that they specialize to linearly disjoint field
extensions over F at F -rational point Pa of X lying above t = a in the covering
X

H→ P. (h1(M) and h2(M) are linearly disjoint over F , since the tensor product⊗
h∈H,F h(M) = F̃ is a field.)
• Step 6. Let Y =�h∈H,X Zh(x) → X be the fibered product of all Zh(x) → X

over X . This is clearly an irreducible Galois covering of X with Galois group⊕
h∈H Gh where each Gh is a copy of G. Consider the covering Y → P1 obtained

by composing Y → X
H→ P1. It is clear that this covering Y → P1 is the Γ-Galois

branched covering which is defined over K. Finally, it specializes at t = 0 to L/K
and at t = a to F̃ /K which are disjoint over K, and thus these two specializations
force this covering to be regular.

Proof of Corollary 1.2. It follows immediately from Theorem 1.1. If L/K is any Γ-
Galois extension of fields, from Theorem 1.1 we obtain a regular Γ-Galois branched
covering Y → P1 defined over K which specializes to L/K at t = 0. This cor-
responds precisely to Γ having the arithmetic lifting property, according to the
definition of this property.

Proof of Corollary 1.3. Let G = A be an abelian group, which has a generic exten-
sion over K. Suppose the orders of A and H are relatively prime. We consider any
extension of H by A which is necessarily a semidirect product A o H . Let L′/K
be an A oH-Galois extension of fields. We need to show that it lifts to a regular
AoH-Galois covering defined over K. As in [Bl2] we use Saltman’s idea to reduce
to considering wreath product instead [Sa]. We present it here for the convenience
of the reader. Let N =

⊕
h∈H Ah, where each Ah is a copy of A. The group H

acts on N by permuting the direct summands in the usual way. The semidirect
product N oH is the wreath product of A with H . Suppose now, that G̃ = AoH
is any semidirect product of A and H . Then G̃ is a homomorphic image of the
wreath product Γ = A oH . If the orders of A and H are relatively prime then the
surjection A oH → AoH splits.
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Since the surjection f : Γ→ G̃ splits, there exists a subgroup G′ of Γ, isomorphic
to G̃, and such that ker(f) ∩ G′ = (1) and Γ = ker(f)G′. Thus we can identify
the Galois group of L′/K with G′. Let L = IndΓ

G′(L
′) [Sa, Prop.0.3]. Then the

extension of K-algebras L/K is Galois with the group Γ. (Here L need not be a
field, but it is of course the direct sum of fields.) Note that if E denotes the fixed
field of A in L′, then E is also a fixed field of N in L. By Theorem 1.1 there exists
a Γ-Galois regular branched covering Y → P1 defined over K which specializes
to L/K at some K-rational point y. It is clear that Y/ker(f) = Y ′ → P1

K is a
G̃-Galois regular covering specializing to L′/K at the point y. (Recall that f here
is a homomorphism Γ→ G̃.)

Remark. We assume that K is a hilbertian field. In our proof this assumption
is used in steps 2 and 3 to obtain “good” specializations of Galois extensions of
purely transcendental extensions of K. If K is any field, then K = K(s) with s
inderterminate is hilbertian. It has been observed by P. Dèbes that if a finite group
G has the arithmetic lifting property over K(s), then it has this property over K.
The converse of this is unknown.

Note also that if a group G has a generic extension over K, then it has it over
any overfield of K, in particular over K(s). Thus, in the results of this note one
may remove the hypothesis on the base field being hilbertian at the expense of
assuming that H must satisfy the arithmetic lifting property over K(s) instead of
just over K.
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